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Abstract

Measurement error in the covariates of regression models is a common problem in

epidemiology, generally causing bias in estimates of covariate effects. In the first

part of the thesis we examine the effects of, and methods to allow for, classical co-

variate measurement error in regression models for continuous, binary, and censored

time-to-event outcomes. We describe the most commonly used estimation methods,

including regression calibration (RC), maximum likelihood (ML), the conditional

score method, multiple imputation (MI), and moment reconstruction.

We demonstrate how, for continuous and binary outcomes, MLEs for particular

parametric specifications can be obtained by fitting a simple linear mixed model to

the error-prone measurements. We also illustrate how MLEs for certain paramet-

ric specifications can be obtained by the Monte-Carlo Expectation Maximization

(MCEM) algorithm. This includes a novel proposal for multiply imputing the co-

variate measured with error for Cox proportional hazards outcome models using

rejection sampling. Simulations are used to compare the performance of the meth-

ods.

In the second part of the thesis we consider the extension of these methods to life-

course studies. We show that our proposal for ML estimation in the case of classical

covariate measurement error and the MCEM algorithm can both be extended to this

more general setting. In applications we typically do not know which aspects of a

longitudinal trajectory influence the outcome of interest, leading us to fit a number

of different models. We show that naive application of RC gives biased parameter

estimates when important aspects of the longitudinal trajectory are omitted from

the outcome model. We show how multiple imputations, which are a by-product of

the MCEM algorithm, may be used to obtain consistent estimates in such situations.

In the final part of the thesis we use data from the Framingham Heart Study to

illustrate the application of RC and our proposed estimation approaches.
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Acronyms

CS Conditional score

CHD Coronary heart disease

CVD Cardiovascular disease

EM Expectation Maximization

MAR Missing at random

MCAR Missing completely at random

MCEM Monte-Carlo Expectation Maximization
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ML Maximum likelihood

MNAR Missing not at random

MOM Method of moments

RC Regression calibration
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SD Standard deviation
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Chapter 1

Introduction

1.1 Classical covariate measurement error in re-

gression models

Regression models are the workhorses of statistics. Typically, a regression model

specifies how the conditional distribution of an outcome of interest depends on one

or more variables, which are referred to as covariates. This dependence is usually

characterized by a small number of parameters. Given a suitable sample of data

on the outcome and covariates, these parameters can be estimated, the method of

maximum likelihood being the most popular approach.

Such regression models by default assume that the values of the covariates are

known exactly, that is they are perfect observations of the variable we wish to in-

clude in the model as a covariate. Often the assumption that covariates are measured

without error is valid or reasonable - gender and age at study entry would be exam-

ples in most settings. However, sometimes the value we observe can be considered

an error-prone measurement of the underlying covariate of interest. The difference

between the value we observe and the ‘true’ value of the covariate is termed mea-

surement error. In certain situations it may be impossible to ever observe the value

of the underlying covariate, and we only have information about it through error-

prone measurements. The reasons observed values differ from the underlying ‘true’

value obviously depend on the covariate in question. For example, a single blood

pressure measurement will differ from the person’s mean value (defined over some

period) because of both instrument error and because of genuine temporal biological

variation around the mean blood pressure for that period.

Ignoring such covariate measurement error generally results in biased estimates of

the parameters of the regression model. In the simplest case of a continuous outcome

variable and a single continuous covariate measured with classical non-differential

error, the effect of measurement error is to attenuate estimates of the slope towards

the null value, so that the association between the outcome and covariate appears

less strong. Such attenuation was termed ‘regression dilution’ by MacMahon et
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al [1], since the magnitude of associations are diluted towards the null. However,

once the regression model has two or more covariates, it is generally not the case that

parameter estimates are always attenuated [2], and so the term ‘regression dilution’

has the potential to mislead.

Errors in the measurement of covariates are common in epidemiological studies.

Examples include dietary epidemiology (e.g. dietary records as error-prone measures

of true intake of particular nutrients [3]), cardiovascular epidemiology (e.g. single

measurements of biological risk factors such as blood pressure as measurements of

an ‘underlying’ level [1]), and environmental epidemiology (e.g. radiation exposure

as a result of atomic bombs, estimated on the basis of a person’s location and

shielding [4]). While it is often recognised that measurement error in the exposure

of interest causes bias, it is perhaps less appreciated that measurement error in

confounders also in general results in biased estimates of exposure effects [5]. If a

confounder is measured with error, the resulting estimates for exposure effects are

only partially adjusted for the confounder.

In response, during the 20th century much research was conducted into both the

effects of covariate measurement error and methods to allow for these effects. The

initial focus was given to covariate measurement error in linear regression models

for continuous outcomes [6,7]. As use of generalized linear and survival models has

become widespread in the the last thirty years, research efforts have correspondingly

addressed the effects of covariate measurement errors in such models [8].

Recognition of the effects of covariate measurement error in epidemiology led to

the application of some of these methods, with the aim of obtaining unbiased esti-

mates of the effects of exposures of interest. Examples include correction for mea-

surement error in dietary exposures in relation to breast cancer risk [3] and coronary

heart disease risk [9]. Other studies have investigated correction for measurement

error and temporal variability in measurements of blood pressure [1], cholesterol [10],

and recently homocysteine [11] and fibrinogen [12].

Arguably, covariate measurement error pervades epidemiology to a far greater

extent than is implied by the relatively limited application of methods to deal with

covariate measurement errors. This is likely due to a number of factors. A large

number of different approaches to dealing with covariate measurement error have

been proposed in the statistical literature. Although some are simple to use, such

as the so called method of moments correction method [13], many are complex to

implement, which likely acts as a barrier to their widespread application in epidemi-

ology. Linked to this is the relative scarcity of the implementation of such methods

in standard statistical software packages. As there are now so many different meth-

ods for dealing with covariate measurement error, it may be difficult for researchers

to decide which is the most appropriate to use. Another reason for the limited use

14



of measurement error correction methods may be lack of appropriate data which are

needed to make a correction.

In Part I of this thesis we review the statistical approaches which have been

proposed for dealing with classical measurement error in continuous covariates. In

Chapter 2 we describe the general setting for the following chapters, which includes

defining classical and Berkson errors, the distinction between measurement error

and misclassification in categorical covariates, the concept of non-differential errors,

and the types of data which can be used to estimate the magnitude of measurement

errors. We focus on the situation in which the exact value of the underlying covari-

ate(s) cannot be observed, but replicate error-prone measurements are available. In

Chapters 3, 4, and 5 we deal with continuous, binary, and censored survival time

outcomes respectively. For each outcome type, we review the known results for the

effects of classical covariate measurement error on parameter estimates. We then

describe some of the estimation methods which have been proposed, and show how

they relate to each other. We demonstrate how, for continuous and binary outcomes,

maximum likelihood (ML) estimates can be obtained, under certain parametric as-

sumptions, by fitting a standard linear mixed model to the error-prone measure-

ments of covariates. We also show how the Monte-Carlo Expectation Maximization

(MCEM) algorithm can be used to obtain ML estimates. This includes a novel

proposal for how rejection sampling can be used to multiply impute the covariate

measured with error when the outcome model is Cox’s proportional hazards model.

For each outcome type, we compare the performance of the various estimation meth-

ods through simulation, and give details of their availability in statistical software

packages, with the aim of aiding researchers in both choosing an appropriate method

and giving guidance regarding their implementation.

1.2 Extensions to life-course studies

1.2.1 Motivation

In recent years there has been interest in estimating the associations between the

levels of putative risk factors during life with subsequent development of disease.

In 1990, MacMahon et al [1] published a paper examining the associations of dias-

tolic blood pressure with stroke and coronary heart disease (CHD) from nine large

prospective studies. This was the first study in which an attempt was made to

estimate associations between what MacMahon et al termed the ‘usual’ level of a

variable (diastolic blood pressure (DBP)) and an outcome (incidence of stroke or

CHD). MacMahon et al described how most epidemiological studies relate a single

baseline measurement of a risk factor to subsequent incidence of disease, but that
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“because such measurements are subject to substantial random fluctu-

ations (due partly to the measurement process and partly to some real

but temporary deviations from an individual’s usual DBP), uncorrected

use of just the baseline DBP can result in systematic and substantial

underestimation of the strength of the real association of disease with

usual DBP (the “regression dilution”).”

One of the included studies (the Framingham Heart Study [14]) included both base-

line and repeat measurements of DBP made every two years post-baseline. The

repeat measurements were used to estimate a correction factor which was used to

correct the attenuated associations obtained from using a single baseline DBP mea-

surement, which was claimed to result in estimates of the association between ‘usual’

DBP and incidence of stroke or CHD. Such an approach implicitly assumes that each

individual has an underlying constant blood pressure throughout their lifetime and

that it is only this level that is related to risk of stroke or CHD. Measurements of

their blood pressure differ from the underlying level because of measurement error

and because of “temporary deviations from an individual’s usual DBP”. The cor-

rection for measurement error resulted in relative risk estimates that were increased

by around 60% in the study by MacMahon et al . The authors thus concluded

that diastolic blood pressure makes a larger contribution to risk of stroke and CHD

than had previously been thought from studies which did not allow for the effects

of measurement error and within-subject variability over time.

If individuals do have a single ‘usual’ level of blood pressure over their adult

lifetime, the correction factor for measurement error resulting from repeat measure-

ments made at varying times since a baseline measurement would be the same, apart

from sampling variability, irrespective of the time interval between the two measure-

ments. However, the results of MacMahon et al using repeat DBP measurements

made at two and four years post-baseline from the Framingham Study indicated that

a larger correction for measurement error would be needed if repeat measurements

four years post-baseline were used instead of two years post-baseline, although this

was not discussed in their paper. If the correction factors vary with the time interval

between baseline and repeat measurements, this means that individuals do not have

a constant underlying DBP level, casting doubt on the magnitude of the correction

made by McMahon and colleagues.

In 1999 Clarke et al [15] reported further results for measurement error cor-

rection in cohort studies, using data from the Framingham and Whitehall studies.

They examined how the magnitude of the correction for measurement error in risk

factors varied as the interval between baseline and repeat measurements increased.

Their results confirmed that the magnitude of the correction in parameter estimates

increased as the interval between baseline and repeat measurements increased, for

systolic and diastolic blood pressure, and blood cholesterol. Since the amount by
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which uncorrected estimates are corrected by depended on the time interval be-

tween the baseline and repeat measurements, Clarke and colleagues proposed how

an appropriate correction factor should be obtained:

“To assess the relevance of the usual levels of a risk factor during some

particular exposure period (e.g. the second decade of follow-up) to dis-

ease risk, correction factors may need to be based on remeasurements

made after an interval approximately equivalent to the midpoint of the

relevant period (e.g. after about 15 years of follow-up).”

Clarke et al thus implicitly acknowledged that a risk factor such as DBP may un-

dergo long term changes throughout an individual’s lifetime, with a different usual

level in each decade of exposure:

“uncorrected associations of disease risk with baseline measurements un-

derestimate the strength of the real associations with usual levels of these

risk factors during the first decade of exposure by about one-third, the

second decade by about one-half, and the third decade by about two-

thirds.”

Recently Frost and White have shown that such corrections for measurement error

and within-subject variability do not give unbiased estimates of a meaningful param-

eter, unless current risk of the outcome of interest depends only on the risk factor’s

current level, and earlier levels of the risk factor have no independent effect [16].

1.2.2 A life-course approach

It is increasingly recognised that when interest lies in estimating the associations

between risk factors which vary over time with subsequent disease, statistical meth-

ods should explicitly account for such variation. The term ‘life-course epidemiology’

has been used to refer to the study of the long term effects of physical and social

exposures at different points in life on subsequent disease [17]. A life-course ap-

proach involves consideration of the inter-relationships between different exposure

variables, in addition to the trajectories over time of individual exposures. Expo-

sures many years previous to disease incidence may be of interest, including those

occurring during “gestation, childhood, young adulthood and later adult life” [17]

or even inter-generational exposures. From a practical perspective, answering such

questions first requires that longitudinal studies collect sufficient information re-

garding the longitudinal trajectories of exposures of interest, by making repeated

measurements on subjects over time.

The statistical modelling of such data presents a number of methodological chal-

lenges, as discussed by De Stavola et al [18]. First, appropriate models must be

specified for the longitudinal measurements which allow for the evolution of the ex-

posures and confounders of interest to differ between subjects. Such models must
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allow both for the correlations between levels of a particular exposure over time, as

well as for correlations between levels of different variables. Often the times at which

longitudinal measurements are made differs between subjects, leading to unbalanced

data. Similarly some subjects may miss scheduled measurements at particular time

points, for a variety of reasons, leading to missing data.

In response to such challenges, over the last 15 years there has been a large

amount of research effort into statistical modelling and estimation approaches for

such studies. By viewing the aspects of longitudinal trajectories thought to influence

the outcome of interest as the outcome model’s true covariates, methods originally

conceived for dealing with classical measurement error have been extended to the

life-course/longitudinal setting. This has resulted in an array of different estimation

approaches. However, analogous to the simpler case of classical measurement error,

these statistical methods have had less penetration into applied work than might

be expected. As for classical covariate measurement error, this is likely due to the

perceived complexity and lack of availability in statistical software packages for such

methods.

In Part II of the thesis we consider the extension of the methods described for

dealing with classical covariate measurement error to such life-course settings. In

Chapter 6 we set up a framework for our subsequent developments in which the

longitudinal error-prone measurements are assumed to follow a linear mixed model.

In Chapters 7, 8, and 9 we consider estimation in the case of continuous, binary,

and censored survival time outcomes. We show that our earlier proposals for ML

estimation can be extended to the life-course setting. We again use simulations

to compare the performance of some of the estimation methods, and discuss their

relative merits in terms of bias, efficiency, and ease of use.

In applications we typically do not know which aspects of a longitudinal tra-

jectory influence the outcome of interest, leading us to fit a number of different

models for how the outcome depends on the longitudinal measurements. We discuss

the implications of this, and show why naive application of one estimation method

(regression calibration) to fit a number of different models may result in biased

estimates, and we propose approaches to overcome this.

In Part III we use data from the Framingham Heart Study to illustrate the

application of our proposed estimation approaches, and compare the results with

those obtained using a simpler approach. We consider models which relate the risk

of cardiovascular disease (CVD) to both current and earlier levels of systolic blood

pressure (SBP).

We summarize our contributions and conclusions in Chapter 14, and outline

areas for future research.
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Part I

Classical covariate measurement

error
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Chapter 2

Background

In this chapter we describe the general setting for our investigation of classical co-

variate measurement error. We first outline the basic building blocks for a model

which incorporates covariate measurement error. We describe the classical measure-

ment error model, and contrast it with Berkson error. We introduce the concept of

non-differential measurement error, an assumption on which many methods which

allow for covariate measurement error rely. Lastly we consider the typical data

sources from which information on measurement errors can be obtained and discuss

estimation of measurement error model parameters.

2.1 The outcome model

We denote by Yi the outcome of interest for subject i. Our primary interest lies in

estimating the parameters of a regression model relating Yi to one or more covariates.

We call this the outcome model. We divide the outcome model covariates into those

which are observed with measurement error, Xi = (Xi1, Xi2, .., Xip)
T , and those

observed without error, denoted Zi = (Zi1, Zi2, .., Ziq)
T . We sometimes refer to Xi

as the true, or underlying covariate, in contrast to an error-prone measurement of

it.

In this thesis, we focus on the case where the components of Xi are continu-

ous. In Section 2.2.4 we explain some of the differences between measurement error

and misclassification, and the impact this has on methods of correction. The out-

come model defines how Xi and Zi are assumed to influence the distribution of the

outcome Yi. Often this involves specifying how the conditional distribution of Yi

depends on Xi and Zi, but this is not necessarily the case. For example in a lin-

ear regression outcome model we may specify only the conditional mean function,

without specifying the distribution of the residual errors.

We assume the effects of Xi and Zi on Yi are parametrized by βX and βZ

respectively. If Yi, Xi and Zi were observed, we assume that estimation of βX and

βZ could be carried out by some method, such as maximum likelihood.
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2.1.1 Covariates fixed or random

Covariates are usually treated as fixed in repeated sampling in the context of re-

gression models. In some cases, this is appropriate because the covariates represent

design features which would be fixed in repeated sampling. However, in many stud-

ies, such as in observational epidemiology, subjects are ideally randomly sampled

from the population of interest. The observed values of covariates are then random

samples from the covariate distribution in the population. For example, in an epi-

demiological study of the relationship between blood pressure and risk of coronary

heart disease, we might measure blood pressure once at the beginning of the study

in each subject. If we were to repeat the study by sampling a new set of study sub-

jects, we would obtain a new set of covariate values Xi, which are samples from the

distribution of true blood pressures in the population from which we have sampled.

In such cases the covariates might be more appropriately treated as random for

the purposes of estimation and inference. However, standard practice is to treat co-

variates as fixed, even in situations where the covariates are random. The frequentist

justification for this practice is as follows. If the covariates are random variables,

then their distribution in the population is characterized by a set of parameters.

If these parameters are variationally independent from the outcome model parame-

ters, we lose no information by basing estimation and inference on the conditional

distribution f(Yi|Xi) [19].

Covariate measurement error means that Xi is usually unobserved. In principle,

we can proceed by treating theXi as unknown, but fixed constants, or as unobserved

values which are random draws from the covariate distribution in the population.

Methods to allow for covariate measurement error which are based on treating Xi as

fixed unknown parameters in most cases result in inconsistent estimators (see page

151 of [8]). This is perhaps unsurprising, given the fact that the usual properties of

maximum likelihood estimators do not hold when the number of parameters is of

the same order of magnitude as the sample size [20]. For this reason, we treat Xi

throughout the thesis as random.

2.2 The measurement model

The covariates Xi are not, in general, observed on subjects. Instead, each subject

has one or more error-prone measurements of Xi. The measurement model speci-

fies how the observed error-prone measurements are related to the unobserved Xi.

Carroll et al (page 26 of [8]) distinguish between two broad alternative approaches

to this specification. In the first, we specify how the distribution of Wi depends on

Xi. This approach includes the classical measurement error model (Section 2.2.1).

The alternative is the so called ‘regression calibration model’ approach, whereby we
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specify the conditional distribution ofXi given Wi and if present, Zi. This approach

includes the so called Berkson error model (Section 2.2.2).

2.2.1 Classical measurement error

Single covariate

We first define classical measurement error in the case of an error-prone measure-

ment of a scalar covariate Xi. For a single error-prone measurement Wi of Xi, the

measurement error in Wi is classical if

Wi = Xi + Ui, (2.1)

such that E(Ui|Xi) = 0 (E denotes expectation), so that the measurements are

unbiased for Xi. This means that E(Ui) = E(E(Ui|Xi)) = 0 and that Cov(Xi, Ui) =

0, since:

Cov(Xi, Ui) = E((Xi − µX)(Ui − 0))

= E(XiUi)− µXE(Ui)

= E(E(XiUi|Xi))

= E(XiE(Ui|Xi))

= 0

where µX denotes the mean of Xi. The fact that Xi and Ui are uncorrelated means

that the variance of the error-prone measurements Wi is given by

Var(Wi) = σ2
X + σ2

U (2.2)

where σ2
X and σ2

U are the variances of Xi and Ui respectively. The reliability coeffi-

cient of Wi is defined as the ratio of the variance of Xi to the variance of Wi:

λ =
σ2
X

σ2
X + σ2

U

(2.3)

In particular applications we may wish to make the stronger assumption that Xi

and Ui are independent. An example of non-independence between Xi and Ui is

where the variance Var(Ui|Xi) depends on Xi.

Extensions of the classical error model defined here have been used in a number

of applications. For example, Freedman et al considered a measurement error model

whereby error-prone measurements Wi = γ0 + γXXi + Ui [21]. By setting γ0 = 0

and γX = 1, we see that the standard classical error model is a special case of this

more general error model.
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Multiple covariates

In the case of multivariate Xi, a single (multivariate) error-prone measurement Wi

of Xi is subject to classical error if:

Wi = Xi +Ui (2.4)

where E(Ui|Xi) = 0. Again this implies E(Ui) = 0 and Cov(Xi,Ui) = 0. We de-

note the variance covariance matrix of Ui by ΣU . This covariance matrix need not

be diagonal. Non-zero off diagonal elements then correspond to correlation between

the measurement errors of a single (multivariate) measurement of Xi. As an exam-

ple, suppose Xi corresponds to a subject’s true systolic and diastolic blood pressure.

Then it may be the case that in a single error-prone blood pressure measurement,

if the error in the systolic measurement is positive it is more likely that the error in

the diastolic measurement is also positive. Hereafter we denote the mean vector of

Xi by µX and the variance covariance matrix by ΣX .

2.2.2 Berkson measurement error

The defining feature of classical measurement error is that the error-prone mea-

surements are equal to the true value Xi plus a measurement error, which, if not

independent of Xi, is at least uncorrelated with Xi. An alternative measurement

error model is the Berkson model [22], which assumes that:

Xi = Wi + Ui (2.5)

where E(Ui|Wi) = 0. This means that Wi and Ui are uncorrelated. This is in

contrast to classical measurement error, in which the error-prone measurement is

correlated with the measurement error. One consequence of Berkson error is that the

true values Xi have a larger variance than the error-prone measurements. A further

consequence of Berkson error is that E(Xi|Wi) = Wi, whereas for classical error

E(Xi|Wi) 6= Wi. This means that for a linear regression outcome model, Berkson

error does not causes bias in parameter estimates.

The Berkson model is a special case of a more general regression calibration

model proposed by Rosner et al [2]:

Xi = α0 + αZZi + αWWi +Ui,

where E(Ui|Zi,Wi) = 0 (Rosner et al [2] made the additional assumption that

Ui ∼ N(0,ΣU) where ΣU is an unstructured variance covariance matrix).
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2.2.3 Classical or Berkson?

The type of measurement model which we assume has major implications for the

consequences of the covariate measurement error in our outcome model of interest.

It is therefore important in any given application to decide if the covariate mea-

surement errors are classical or Berkson in nature. One of the features which often

distinguishes between classical or Berkson error is whether replicate measurements

can, if only in principle, be made. Measurement errors are usually classical if the

error-prone measurements are unique to an individual, and if, at least in principle,

replicate measurements of the underlying value can be made on the same individual.

An example of classical measurement error is blood pressure measurements made on

individuals, where Xi may represent average blood pressure over a particular time

period, and Wij (with j indexing repeated error-prone measurements) are replicate

measurements of blood pressure.

Berkson errors are typically found when the same value Wi is assigned to groups

of subjects, with their individual level Xi varying as a function of Wi. Examples

include radiation exposure studies where for each individual, Xi is estimated based

on characteristics such as location and number of hours of exposure. In this case,

subjects in the same location are assigned the same value of Wi, about which their

true values vary. A further example is designed experiments, in which the same

dosage Wi of a treatment is applied to a group of subjects or units. Here, Xi

represents the actual dosage received by the ith subject, which is a function of the

applied dosage and other factors. For further discussion of the distinction between

classical and Berkson error, we refer to the monograph by Carroll et al [8].

2.2.4 Misclassification

We now briefly describe the problem of covariates subject to misclassification, and

contrast this with the situation of classical measurement error. Recall that for

classical measurement error, an assumption of independence (or a weaker assumption

of zero correlation) is made between the true covariate and the measurement error.

For discrete covariates which are subject to misclassification this assumption cannot

hold. Suppose that a binary covariate Xi is subject to misclassification, giving a

measurement Wi = Xi + Ui. If Xi = 1, Ui must be equal to 0 or -1. If Xi = 0

then Ui must be 0 or 1. Thus Ui is negatively correlated with Xi, violating one of

the assumptions of the classical error model. This correlation must be accounted

for when allowing for the effects of misclassification, as shown by White et al [23].

In particular, applying methods developed for allowing for measurement error in

continuous Xi will result in biased estimates when Xi is in fact a discrete variable

subject to misclassification.
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2.3 Non-differential measurement error

The consequences of, and methods to deal with, covariate measurement error usu-

ally depend on whether there is a relationship between the outcome Yi and the

measurement errors in error-prone measurements. The measurement error in Wi

as a measurement of Xi is said to be non-differential if Yi is conditionally indepen-

dent of Wi, given Xi and Zi. Using f(.|.) to denote a probability density function,

where the arguments make clear the density we are referring to, the non-differential

error-assumption means:

f(Yi|Wi,Xi,Zi) = f(Yi|Xi,Zi) (2.6)

Non-differential error means that all the information in Wi about Yi is contained in

Xi. An equivalent expression of the assumption of equation (2.6) is that:

f(Wi|Yi,Xi,Zi) = f(Wi|Xi,Zi) (2.7)

It is perhaps easiest to think of examples of differential error when Yi is a binary

variable from a case-control study, representing whether subjects are a case Yi = 1

or a control Yi = 0. Typically in case-control studies measurements of exposure

are made retrospectively, for example by asking patients questions about previous

exposure to a variable of interest. One example of differential error in such a context

would be where the classical measurement errors of the exposure of interest have a

larger variance in cases than in controls. A further example, often known as ‘recall

bias’, would be where measurement errors have a positive bias in cases but not in

controls.

2.4 Validation data

With a few exceptions, such as Berkson measurement error in linear regression,

covariate measurement error causes bias in the parameter estimates of the outcome

model of interest, and so a vast array of methods have been developed for allowing

for the effects of covariate measurement error in regression models. All methods are

based on an assumed measurement model, which depends on certain parameters. For

example, the basic classical measurement error model of equation (2.1) depends on

parameters σ2
X and σ2

U . To allow for covariate measurement error, these parameters

must either be known, or be estimable from data. In most cases parameters are

not known (although exceptions do exist, see 1.6.9 of [8]), and so we must estimate

these. We can estimate these parameters using either internal data, i.e. our primary

dataset contains information which permits their estimation, or externally, from

other studies which have already been conducted. In order to use estimates from
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external studies, we must be confident that the same measurement model applies

to both the external study and our study, and that, at least approximately, the

measurement model parameters are the same.

In this thesis we focus on classical error models, and so we now describe the types

of data which can be used to assess the validity of our chosen measurement model

and, given an assumed model, estimate the model parameters. Validation data

contain observations of both the true Xi and at least one error-prone measurement

Wi. Validation data permit an empirical assessment of any modelling assumptions

we may make about the measurement errors and true covariates Xi, because we

jointly observe Xi and Wi. Thus we can assess:

• the distribution of Xi

• the distribution of measurement errors Ui, including:

– whether the errors are unbiased

– whether errors within a single multivariate measurementUi are correlated

with each other

• whether the distribution of errors Ui depends on Xi. This includes the possi-

bility of multiplicative measurement error and subject-specific bias.

Furthermore, with internal validation data, we can assess the non-differential error

assumption by examining the joint distribution of Yi and the measurement errors

Ui.

The specification of an appropriate measurement model can be made in light of

these assessments. The fact that many assumptions can be empirically assessed with

validation data means that, if we wish, we can use estimation methods which make

fewer assumptions than are typically necessary when it is not possible to observe

Xi. The approach used to estimate the measurement model parameters depends on

the particular model which is assumed. For example, in the previously described

model used Rosner et al [2], the parameters can be estimated by multivariate linear

regression of Xi on Zi and Wi, in those subjects included in the validation study.

2.5 Replication data

With replication data we have available at least two error-prone measurements on a

group of subjects, but, in contrast to validation data, we are unable to observe the

true covariate(s) Xi. Internal replication data refers to the situation in which some

of the subjects which form our main data under study have replicate measurements

of their covariate(s). In contrast, an external replication study is when subjects who

do not make up our main dataset have replicate measurements. Often this means

that for subjects in an external replication study we do not observe the outcome Yi.
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In Part I of the thesis, we focus on the situation of classical covariate measure-

ment error when internal replication data are available. We now extend the classical

measurement error model to the case of internal replication data.

2.5.1 The classical error model for replication data

Scalar Xi

In the case of scalar Xi, we let ni denote the number of error-prone measurements

that are observed for subject i. To extend the classical measurement error model to

this situation, we denote the jth measurement of Xi by Wij. We then assume that:

Wij = Xi + Uij (2.8)

such that E(Uij|Xi) = 0. Again, this implies that E(Uij) = 0 and that Cov(Xi, Uij) =

0. We assume that errors within subjects are uncorrelated: Cov(Uij , Uij′) = 0 for

j 6= j′. We also assume that measurement errors within subjects are identically

distributed, so that in particular the variance of measurement errors does not depend

on the j index. We then write σ2
U for the (common) variance of the measurement

errors Uij . A further assumption which we will sometimes make is that the errors

Uij are independent of Xi, rather than merely being uncorrelated with Xi.

Multivariate Xi

In the case of multivariate Xi = (Xi1, .., Xip)
T , we let nij denote the number of

error-prone measurements available for subject i of covariate Xij. In this case we

let ni =
∑p

j=1 nij denote the total number of error-prone measurements available

from subject i. In general, we allow for the possibility that different components of

Xi may have more error-prone measurements than others. We assume that the kth

error-prone measurement of Xij, denoted Wijk, is given by:

Wijk = Xij + Uijk

where Uijk is measurement error with variance σ2
Uj

that depends on the component

of Xi being measured. We now write Wij = (Wij1, ..,Wijnij
)T for the vector of

measurements of covariate Xij, and Wi = (WT
i1, ..,W

T
ip)

T for the vector of all error-

prone measurements for subject i. We can then express the classical error model

as:

Wi = DiXi +Ui (2.9)
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where Di is a known design matrix, given by:

Di = 1ni1×1 ⊕ 1ni2×1 ⊕ ...⊕ 1nip×1,

and

Ui = (UT
i1, ..,U

T
ip)

T ,

where

Uij = (Uij1, ..,Uijnij
)T .

for j = 1, .., p. The design matrix Di is simply a matrix of zeros and ones which

indicate which component of Xi each measurement in Wi corresponds to. Thus a

row of Di corresponding to a measurement Wijk consists of zeros, except for the jth

column, which equals one.

The measurement error is classical if E(Ui|Xi) = 0, so that E(Ui) = 0 and

Cov(Xi,Ui) = 0. This means that:

Var(Wi) = DiΣXD
T
i +Var(Ui).

The structure of Var(Ui) will depend on the assumptions we wish to make. For

example, we may assume that all the measurement errors Uijk are uncorrelated with

each other, so that:

Var(Ui) = σ2
U1
Ini1

⊕ σ2
U2
Ini2

⊕ ...⊕ σ2
Up
Inip

. (2.10)

Alternatively, we may wish to relax some of the zero correlation assumptions. For

example, we might assume that measurement errors Uijk and Uij′k′ of different com-

ponents of Xi are correlated when k = k′.

2.5.2 Checking model assumptions

With replication data we cannot directly estimate the distribution of Xi or of the

measurement errors, but only the distribution of the error-prone measurements

themselves. With replication data we are forced to make some assumptions which

can either be checked indirectly or perhaps not at all. For example, with replication

data we cannot assess whether error-prone measurements are biased. A number of

the assumptions of the classical error model can however be checked with replica-

tion data. For example, plotting the within-subject SD of error-prone measurements

against their mean can be used to assess an assumption of constant variance for the

measurement errors. Carroll et al suggest plotting histograms of within-subject dif-
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ferences in error-prone measurements (e.g. Wi1 −Wi2) to indirectly assess whether

the measurement errors are normally distributed [8].

2.5.3 Estimation

For univariate Xi and the model of equation (2.8), the classical measurement er-

ror model is a standard one-way variance components model. If ni is the same for

all subjects, it is a balanced one-way model, whereas in general it is unbalanced.

The parameters (µX , σ
2
X , and σ

2
U) can be estimated using the standard analysis of

variance (ANOVA) estimators [24]. The ANOVA estimators of the variance com-

ponents are unbiased and consistent without requiring distributional assumptions

for Xi or Uij. Alternatively, maximum likelihood (ML), or restricted maximum

likelihood (REML) may be used for estimation, under the assumption of normality

for Xi and Uij . Although derived under these normality assumptions, Westfall has

shown that, under suitable assumptions regarding the finiteness of moments, these

ML estimators are consistent regardless of the distribution of Xi and Uij [25]. In the

case of balanced data (i.e. ni = n• for some n• > 1 for all i), the REML likelihood

score equations are identical to the ANOVA estimating equations, so that they give

identical estimates (unless the ANOVA estimator gives a negative variance estimate

for σ2
X) [24].

In the case of multivariate Xi, the model of equation (2.9) falls within the linear

mixed model framework. As such, under normality assumptions for Xi and Ui,

its parameters can be estimated using linear mixed model commands, such as the

SAS PROC MIXED command. Alternatively, analogous to the univariate Xi case,

moment based estimators can be used (see Section 4.4.2 of [8]).

2.5.4 Number of replicates

A common study design is for all subjects to have one error-prone measurementWi1,

and for a randomly selected subset of the subjects to have a second error-prone mea-

surement Wi2. Often this subset represents a relatively small (i.e. 10%) proportion

of the total sample. In this design, the number of error-prone measurements for a

particular subject i can be viewed as a random variable Ni, taking values in a finite

discrete set (e.g. 1,2). In the Part I of the thesis, we treat the number of error-prone

measurements available for each subject as fixed, and condition on the observed

values ni (this is analogous to treating the design matrices as fixed in linear mixed

models, when often the number of observations available from a subject is the result

of some random process). This is justified in particular if Ni is independent of Xi,

Zi, Yi, and Wi. By viewing those subjects with only one error-prone measurement

as having a hypothetical second measurement ‘missing’, this assumption is the same
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as the missing completely at random (MCAR) assumption from the missing data

literature.

2.5.5 Asymptotics

For the internal replication setup that we focus on in the first part of this thesis,

the information regarding the model parameters is not only a function of the num-

ber of subjects n. For example, if as n → ∞, the number of subjects for which

ni > 1 is bounded above by some fixed value, then the precision of estimators of

the measurement error variance will not increase with increasing n. When we say

that methods are consistent, we must therefore specify how the number of replicate

measurements ni (or nij in the multivariate Xi case) increases with increasing n. In

order to ensure consistency of estimators, we assume that the number of subjects

with ni > 1 tends to infinity as n→ ∞. This ensures that estimates of the measure-

ment error parameters, for which information comes from subjects with more than

one error-prone measurement, become ever more precise as the number of subjects

increases. In the case of multivariate Xi, this requirement must be satisfied for each

component of Xi.
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Chapter 3

Continuous outcomes

In this chapter we review the consequences of, and methods to allow for, classi-

cal covariate measurement error in linear regression outcome models. The study

of errors in the independent variable of linear regression has a long history, dating

back at least to the late 19th century [26]. We begin by reviewing the linear re-

gression model and the standard ordinary least squares estimators for the regression

coefficients (Section 3.1). We then examine the consequences of ignoring classical

covariate measurement error, which leads naturally to the method of moments cor-

rection method (Section 3.3). In Section 3.4 we review regression calibration (RC), a

conceptually appealing approach to dealing with measurement error which involves

predicting the true covariate using error-prone measurements. We then discuss a

structural ML approach to dealing with covariate measurement error for the linear

regression model in Section 3.5. In Section 3.6, we show how standard linear mixed

models, available in modern statistical packages, can be used to find ML estimates

for a parametric model which assumes joint normality. The material of this section

forms part of a paper which has been recently published in the journal Statistics in

Medicine [27]. Covariate measurement error can be viewed as a type of missing data

problem, and recently multiple imputation (MI) has been proposed as a method to

deal with covariate measurement error. In Section 3.7 we discuss the application

MI to deal with covariate measurement error. We show how the linear mixed model

described for finding ML estimates can be used to multiply impute the unobserved

covariates when replication data are available. These imputations can then be used

to estimate the outcome model parameters. Using results from the missing data

literature, we explain the relationship between the ML and MI estimators. We then

examine moment reconstruction (MR), a new approach recently proposed for mea-

surement error correction. We use simulations to compare these methods under a

variety of scenarios (Section 3.8). We conclude the chapter by comparing the esti-

mation methods in terms of efficiency and availability of software, and mentioning

some further methods for dealing with covariate measurement error.
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3.1 Linear regression

Linear regression models involve modelling the expected value of the outcome Yi

given the covariates Xi and Zi. When Xi is a scalar Xi, and there are no Zi, the

simplest linear regression model is:

E(Yi|Xi) = β0 + βXXi (3.1)

This means that the expectation of Yi varies as a linear function of Xi, with the

mean function depending on two parameters, an intercept β0 and a slope βX . The

model can also be expressed as:

Yi = β0 + βXXi + ǫi (3.2)

where ǫi is a residual error term with E(ǫi|Xi) = 0. This means that E(ǫi) = 0 and

also that Cov(Xi, ǫi) = 0. The ordinary least squares estimators (OLS) of β0 and

βX are those values which minimize the residual sum of squares, and are given by:

β̂0 = Y − β̂XX (3.3)

β̂X =

∑n
i=1(Yi − Y )(Xi − X̄)∑n

i=1(Xi −X)2
(3.4)

where Y and X denote the sample means of the Yi and Xi respectively. The OLS

estimators are unbiased, and assuming that Xi has finite mean and variance, are

consistent and asymptotically normal [28].

The parameters β0 and βX can be expressed in terms of the means, variances

and covariance of Yi and Xi. First, the covariance of Yi and Xi is equal to:

Cov(Yi, Xi) = Cov(β0 + βXXi + ǫi, Xi)

= βXσ
2
X + Cov(ǫi, Xi)

= βXσ
2
X (3.5)

where σ2
X denotes the variance of Xi in the population. This means that:

βX =
σY X

σ2
X

(3.6)

where σY X denotes the covariance between Yi and Xi. Similarly, it is simple to show

that

β0 = µY − βXµX (3.7)

where µY and µX denote the means of Yi and Xi in the population.
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3.1.1 Model mis-specification

In practice we posit a particular regression model on the basis of external subject

matter knowledge, but we can rarely be sure that the specification is correct. What

happens if we mis-specify the conditional mean function in the linear regression

model? For example, suppose the expectation of Yi is a linear function of X2
i , but

that we fit a model which assumes the expectation is a linear function of Xi using the

OLS estimators given in equations (3.3) and (3.4). In this case, β̂X is an unbiased

and consistent estimator of σY X

σ2
X

and β̂0 is an unbiased and consistent estimator of

µY − σY X

σ2
X

µX . This means that even if the expectation of Yi does not vary linearly

with Xi, the OLS estimator β̂X gives a consistent estimate of σY X

σ2
X

, which is the mean

increase in the expectation of Yi for a 1-unit increase in Xi, the mean being taken

across the distribution of Xi.

Regardless of the joint distribution of Yi and Xi, we can always write:

Yi = β0 + βXXi + ǫi (3.8)

where the residual error ǫi is uncorrelated with Xi and has mean zero, the simple

proof of which is given in Appendix A4 of the monograph by Carroll et al [8]. This

expression is known as the ‘best linear prediction’ of Yi using Xi, where ‘best’ is

used in the sense of minimizing mean squared error of prediction.

3.2 The effects of classical covariate measurement

error

We now examine the effects of classical covariate measurement error in linear regres-

sion. These results have historically been derived assuming that that the posited

linear regression model is correctly specified, including normality assumptions for

Xi and ǫi [7]. In fact, such strong assumptions about the validity of the outcome

model of interest are not always necessary in order to quantify the effects of covari-

ate measurement error. Since in practice we can rarely be sure that our proposed

outcome model is correctly specified, it is preferable, where possible, to quantify

the effects of covariate error without assuming that the outcome model is correctly

specified [29].

We therefore assume that in the absence of covariate measurement error, we

would fit a linear regression model to Yi given Xi, that is:

Yi = β0 + βXXi + ǫi (3.9)

and that we would use the OLS estimators of β0 and βX , as given in equations (3.3)

and (3.4), to estimate β0 and βX .
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We assume that a single error-prone measurement Wi is available for each sub-

ject and that this follows the classical measurement error model (see Section 2.2.1).

We thus assume that Wi = Xi + Ui where Ui is measurement error such that

E(Ui|Xi) = 0, so that E(Ui) = 0 and Cov(Xi, Ui) = 0. To quantify the effects

of classical covariate measurement error in a linear regression outcome model, the

non-differential error assumption need not be as strong as requiring conditional in-

dependence of Yi and Wi given Xi (as shown below). Instead we proceed under

the weaker assumption that the measurements errors Ui are uncorrelated with the

outcome regression errors ǫi, i.e. Cov(Ui, ǫi) = 0.

Suppose we fit the linear regression model given in equation (3.9), using the OLS

estimators β̂0 and β̂X , but using Wi in place of Xi as the covariate. Recall that in

general, with Xi as covariate, β̂X is an unbiased estimate of

σY X

σ2
X

. (3.10)

It therefore follows that using the OLS estimator for the linear regression slope with

Wi as covariate is an unbiased estimator of

βW =
σYW

σ2
W

(3.11)

where σYW and σ2
W denote the covariance of Yi with Wi and the variance of Wi

respectively. Under the stated assumptions for Wi, βW is equal to:

βW =
Cov(β0 + βXXi + ǫi, Xi + Ui)

Var(Xi + Ui)

=
βXσ

2
X

σ2
X + σ2

U

= βXλ (3.12)

where λ denotes the reliability of the error-prone measurements (see equation (2.3)).

Since variances are non-negative, 0 < λ ≤ 1. We thus have the well known result

that the effect of classical, non-differential covariate measurement error in linear

regression models with a single covariate is to bias estimates towards the null. The

larger the measurement error variance σ2
U relative to σ2

X , the greater the bias.

3.2.1 Multiple covariates

We now consider the effects of classical covariate measurement error in the more

general case, in which multiple covariates are measured with error, and the outcome

model also contains error-free covariates. As outlined in Chapter 2, we denote the

covariates subject to classical measurement error by Xi and those measured without

error by Zi. As before, we assume that in the absence of covariate measurement
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error we would fit a linear regression model:

Yi = β0 + βT
XXi + βT

ZZi + ǫi (3.13)

using the OLS estimators. Analogous to the univariate Xi case, the OLS estimators

for the regression coefficients of Xi and Zi are consistent estimators of βX and βZ ,

where:

(
βX

βZ

)
=

(
ΣX ΣXZ

ΣZX ΣZ

)−1(
ΣXY

ΣZY

)
(3.14)

where ΣX and ΣZ denote the covariance matrices of Xi and Zi, ΣZX denotes the

q×p covariance matrix of Zi with Xi, and ΣXY and ΣZY denote the p×1 and q×1

covariance vectors of Xi and Zi with Yi.

We assume that Xi is measured with classical error by Wi = Xi + Ui where

E(Ui|Xi) = 0, where Var(Ui) = ΣU . Furthermore, we assume that Cov(Ui, ǫi) = 0

and Cov(Ui,Zi) = 0. We now denote by βW and β∗
Z the regression coefficients

which are estimated consistently by fitting the linear regression model using Wi

and Zi as covariates. Using equation (3.14), these are equal to:

(
βW

β∗
Z

)
=

(
ΣW ΣWZ

ΣZW ΣZ

)−1(
ΣWY

ΣZY

)

=

(
ΣX +ΣU ΣXZ

ΣZX ΣZ

)−1(
ΣXY

ΣZY

)

=

(
ΣX +ΣU ΣXZ

ΣZX ΣZ

)−1(
ΣX ΣXZ

ΣZX ΣZ

)(
βX

βZ

)
(3.15)

where the assumption that Ui is uncorrelated with ǫi implies that ΣWY = ΣXY and

that it is uncorrelated with Zi implies ΣZW = ΣZX .

If there are no error-free covariates Zi, we have that:

βW =
(
ΣX +ΣU

)−1

ΣXβX (3.16)

where (ΣX +ΣU)
−1ΣX can be seen as a multivariate generalisation of the reliability

ratio λ.

To illustrate some of the consequences of classical measurement error in this

setting, we consider an example in which there is a single covariate Xi measured

with error and a single error-free covariate Zi. We assume that

(
ΣX ΣXZ

ΣZX ΣZ

)
=

(
1 0.5

0.5 1

)
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and

(
βX

βZ

)
=

(
1

0.5

)
.

Now with ΣU = (1), we have from equation (3.15) that:

(
βW

β∗
Z

)
=

(
0.43

0.79

)

This example illustrates a number of important consequences of classical covariate

measurement error. First, although Zi is measured without error, the naive estimate

of its adjusted effect on Yi is biased due to the measurement error in Wi. Recall

that βZ represents the effect of Zi adjusted for Xi. However, since we are adjusting

for Wi, a noisy version of Xi, the effect of Zi is only partially adjusted. Because Xi

and Zi are positively correlated in our example, this lack of adjustment causes bias

away from the null for the effect of Zi. If Xi and Zi were uncorrelated, the estimate

of βZ would be unaffected by measurement error in Wi. Second, we see that the

effect estimate of Xi is biased downwards by a factor greater than the univariate

reliability ratio for the measurements Wi, which here is equal to 0.5. Thus the effect

of measurement error for the variable measured with error is greater in the presence

of a correlated error-free covariate Zi. This is because it is the conditional variance

of Xi given Zi which is relevant, which is less than the unconditional variance.

These results have serious implications for epidemiological studies, where typ-

ically multivariable regression models are used to estimate the associations of ex-

posures of interest with an outcome, having adjusted for variables thought to be

confounders [5]. One is that if confounding variables are measured with error, ef-

fect estimates for other variables will only be partially adjusted for confounding.

The second is that the impact of measurement error on regression coefficients for

exposures of interest is greater when the outcome model contains other error-free

covariates which are correlated with the exposures of interest, which is often the

case.

3.3 Method of moments correction

The OLS slope estimate from the regression of Yi on Wi gives an unbiased and con-

sistent estimate of λβX , where βX is the slope of the regression of Yi on Xi, the

parameter of interest, and λ is the reliability ratio of the error-prone measurements

Wi. Equating the expected value of the naive estimator β̂W with its point estimate

immediately suggests that to remove bias we can divide the estimate β̂W found by

ignoring covariate measurement error (regressing Yi on Wi) by λ. This approach to

adjusting for classical covariate measurement error is known as method of moments
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correction (MOM). For a linear regression outcome model it gives a consistent es-

timate of βX . This corrected estimate of βX can also be used to give a corrected

estimate of β0, the intercept term of the linear regression model. Usually the relia-

bility ratio λ will not be known exactly. However, we may estimate it using internal

validation or replication data, or from an external study, as discussed in Chapter 2.

Provided λ is estimated consistently, the corrected estimates of βX and β0 are also

consistent.

If the value of the reliability ratio λ is known, we then have that:

Var

(
β̂W
λ

)
=

Var(β̂W )

λ2
(3.17)

Since λ < 1, the MOM corrected estimator has greater variance than the biased

naive estimator – in order to remove bias we must accept an increase in sampling

variability, although the value we are estimating is of course also larger in magnitude.

3.3.1 Inference

If λ is known, confidence intervals for βX can be constructed by dividing the ‘naive’

confidence interval limits for β̂W by λ. When λ is estimated, inference for the

corrected estimate β̂X should incorporate the uncertainty in λ̂. The delta method

can be used to estimate the variance of the corrected estimate, taking into account

uncertainty in λ̂ and β̂W [13]. Alternatively, Frost and Thompson described how

Fieller’s theorem can be used to find confidence intervals for the corrected estimate

[30]. If the estimates of λ and βW cannot be considered independent, because they

are estimated using the same dataset, this should be allowed for in inference for the

corrected estimate, although simulation results from Frost and Thompson suggested

ignoring this dependence may be reasonable in certain settings [30].

An alternative approach, which can allow for such dependency, is to use non-

parametric bootstrapping [31]. This involves repeatedly sampling subjects (i.e.

(Yi,Wi,Zi)) with replacement from the original dataset to create a number of ‘boot-

strap’ datasets. The process of estimating the measurement error parameters (i.e.

λ), fitting the naive regression model, and correcting the biased estimates, is re-

peated for each bootstrap dataset. The variation in the estimates of the parameters

of interest across the bootstraps can then be used to estimate standard errors which

can be used to form normal-based confidence intervals. Alternatively, with a suf-

ficiently large number of bootstraps, confidence intervals can be constructed based

on the percentiles of the bootstrap distribution. These have superior coverage prop-

erties and allow for non-normality in the sampling distribution of estimators. This

may be particularly useful for measurement error corrected estimates, because they

usually have a skewed distribution, which in small samples can be quite severe [7].
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We suppose for a moment that a subset of subjects in our dataset have indepen-

dent replicates Wi1 and Wi2, which we use to estimate the reliability ratio λ. Simple

sampling with replacement means the number of observations with two replicates

will vary between bootstrap samples. In theory, the bootstrap sampling process

should respect the original design of the study. Thus if a fixed number of subjects

were to be included in the replication study, we should bootstrap separately from

subjects who were in the replication study and those who were not, thus creating

bootstrap samples with the same number of subjects with and without replicates.

Carroll et al reported however that in large samples, whether one uses such stratified

re-sampling or not typically makes little difference [8].

3.3.2 Efficiency

In the case when internal replication data are available, simple MOM correction is

generally inefficient when ni differs between subjects. Suppose, for example that a

randomly selected subset of subjects have ni = 2 error-prone measurements of Xi

and the remainder have ni = 1 error-prone measurement of Xi. MOM correction

then consists of dividing the naive estimate of βX , obtained by regressing Yi on

Wi1 using all subjects, by an estimate of λ. This is inefficient because the second

error-prone measurements which are available are only used in the estimation of λ,

but are ignored in the naive estimation of βX .

It is however relatively simple to construct an improved MOM estimator with

greater efficiency [7,32]. First, we estimate σ2
X using the error-prone measurements

Wi, either by ANOVA methods or likelihood methods. Then recalling that βX =

σY X/σ
2
X , we see that we only need an estimate of σY X in order to construct an

estimate of βX . This covariance can be estimated by the sample covariance of Yi

and W i, since:

Cov(Yi,W i) = Cov

(
Yi, Xi +

∑ni

j=1 Uij

ni

)

= σY X .

The sample covariance ofW i with Yi can thus be divided by an estimate of σ2
X , giving

a consistent estimator of βX . This estimator is more efficient than the simple MOM

estimator because it uses all of a subject’s error-prone measurements to estimate

the two parameters which βX depends on. In contrast, the simple MOM estimator

only uses a single error-prone measurement to estimate σY X and σ2
X + σ2

U .

This improved MOM estimator is however still somewhat inefficient because each

subject is given equal weight in the estimation of σY X . This is not optimal because

subjects with more error-prone measurements provide more information about the

covariance than those with fewer measurements, because the variance of W i is a

decreasing function of ni. To further improve efficiency, Fuller proposed a weighted
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estimator of βX which uses the previously described improved MOM estimator as a

preliminary estimator of βX [7].

In Section 3.4, we introduce regression calibration, which, unlike simple MOM

correction, also uses all of a subject’s available error-prone measurements in the

estimation process, and is simple to implement.

3.3.3 Multiple covariates

As for the univariate Xi case, with either multivariate Xi or if there are error-free

covariates Zi, the naive estimates of βX and βZ can be corrected by re-arranging

equation (3.15), giving:

(
βX

βZ

)
=

(
ΣX ΣXZ

ΣZX ΣZ

)−1(
ΣX + ΣU ΣXZ

ΣZX ΣZ

)(
βW

β∗
Z

)
.

Of course, as for the univariate Xi case, inferences for corrected estimates should

allow for the estimation of not just βW and β∗
Z , but of the parameters involved

in the matrices above. Rosner and colleagues showed how the multivariate delta

method can be used for this, both in the case of validation data [2], and replication

data [33].

3.4 Regression calibration

Regression calibration (RC) is a widely applicable intuitive approach for adjusting

for the effects of measurement error. RC involves fitting the outcome model of

interest but in place of the unobserved true covariate Xi we use a prediction of its

value based on either one error-prone measurement Wi or multiple measurements

Wij . There are at least two approaches to predicting Xi using Wij . Under certain

modelling assumptions the two approaches give identical estimates of βX (and βZ).

3.4.1 Prediction using conditional expectation

Within the more general framework of a generalised linear outcome model, Arm-

strong proposed what is now called RC [34]. In the simplest case of a single covariate

Xi measured with error by Wi, RC involves fitting the outcome regression model of

interest, substituting E(Xi|Wi) for the unobserved Xi. To show why RC works when

the outcome model of interest is linear regression, we assume that the conditional

expectation of Yi given Xi is linear in Xi, so that:

Yi = β0 + βXXi + ǫi (3.18)
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where E(ǫi|Xi) = 0. Now suppose that we do not observe Xi, but instead an

error-prone measurement Wi. The validity of RC relies on the non-differential error

assumption, i.e. that f(Yi|Xi,Wi) = f(Yi|Xi). If Yi follows the linear regression

model given in equation (3.18), the non-differential error assumption means that Wi

is independent of the residual error ǫi. Then taking expectations of equation (3.18)

conditional on Wi, it follows that:

E(Yi|Wi) = β0 + βXE(Xi|Wi) + E(ǫi|Wi)

= β0 + βXE(Xi|Wi)

where the independence of Wi and ǫi (non-differential error) implies E(ǫi|Wi) = 0.

Multiple error-prone measurements

One of the advantages of RC compared to MOM correction is its flexibility in han-

dling various types of measurement data and different measurement models. In

particular, RC allows a subject’s value of Xi to be predicted by multiple error-prone

measurements. Suppose subject i has ni error-prone measurements of Xi, denoted

by Wi = (Wi1, ..,Wini
)T . As before, we can then show that:

E(Yi|Wi) = β0 + βXE(Xi|Wi)

assuming that the errors in Wi are non-differential. With more error-prone mea-

surements, a subject’s value of Xi can be predicted more accurately. As ni increases,

Var(E(Xi|Wi)) increases, with an upper bound of Var(Xi). The residual error vari-

ance of the regression of Yi on E(Xi|Wi) therefore decreases as ni increases. It

follows that the precision of the OLS slope estimator increases as ni increases, since

this is a decreasing function of the residual error variance and an increasing func-

tion of the variance of the explanatory variable. Furthermore, the OLS estimator

is consistent even if the residual variance differs between subjects, and so the fact

that ni may differ between subjects does not affect the consistency of the resulting

estimates.

Specifying the calibration function

To use RC, we must specify the form of, and calculate E(Xi|Wi). The conditional

distribution of Xi given Wi can be expressed in terms of the marginal density f(Xi)

and the conditional density f(Wi|Xi). This means that the conditional distribution

f(Xi|Wi) depends not only on the distribution of the measurement errors, but

also on the distribution of the covariate Xi in the population of interest. It is

often assumed that the conditional expectation is a linear function of the mean of

available measurements, which we denote W i. This is for example the case when
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Xi is normal and the measurement errors Uij are normally distributed, independent

of Xi. However, there is no reason why the conditional expectation E(Xi|Wi) need

necessarily be a linear function of W i. For example if the variance of the errors Uij

increases with Xi, E(Xi|Wi) is non-linear in W i.

3.4.2 Best linear prediction

With a single error-prone measurement Wi, a popular approach in the literature

is to assume that the conditional expectation E(Xi|Wi) is a linear function of Wi.

Fitting this calibration function is equivalent to using the ‘best linear prediction’

of Xi given Wi. We will show that using the best linear prediction of Xi given Wi

as covariate results in consistent estimates of β0 and βX when the outcome model

is linear regression, irrespective of whether the best linear prediction is equal to

E(Xi|Wi). The expressions we derive are also of interest because they coincide with

those obtained when one assumes that Xi and Ui are independent and both normally

distributed. Using the best linear prediction of Xi given Wi in a RC type approach

was proposed in the more general setting of generalized linear models by Gleser [35]

and Carroll and Stefanksi [36].

In contrast to RC using E(Xi|Wi), for which the justification requires the correct

specification of E(Yi|Xi), here we merely assume that in the absence of covariate

measurement error we would fit the linear regression model:

Yi = β0 + βXXi + ǫi (3.19)

where β0 and βX , defined in equations (3.6) and (3.7), are estimated by the usual

OLS estimators. We recall from Section 3.1.1 that the residual error ǫi is uncorre-

lated with Xi and has expectation zero. Assume thatWi = Xi+Ui is an error-prone

measurement of Xi where E(Ui|Xi) = 0 and that Ui is uncorrelated with ǫi.

Analogous to the best linear prediction of Yi given Xi (see Section 3.1.1), the

best linear prediction of Xi using Wi is given by:

Xblp
i = E(Xi) +

Cov(Xi,Wi)

Var(Wi)
(Wi − E(Wi))

= µX +
Cov(Xi, Xi + Ui)

σ2
X + σ2

U

(Wi − µX)

= µX + λ(Wi − µX). (3.20)
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If we regress Yi on X
blp
i , the slope parameter that we consistently estimate is given

by

Cov(Yi, µX + λ(Wi − µX))

Var(µX + λ(Wi − µX))
=

Cov(Yi, λWi)

λ2(σ2
X + σ2

U)

=
Cov(Yi, Xi)

λ(σ2
X + σ2

U)

=
Cov(Yi, Xi)

σ2
X

= βX .

Thus consistent estimates of βX are obtained if we regress Yi on X
blp
i , assuming we

can estimate the parameters involved in Xblp
i consistently. A similar exercise shows

that the OLS estimate of the intercept term is a consistent estimate of β0.

From equation (3.20), we see that for subjects with values of Wi above the

mean, Wi is shrunken in towards the mean to give Xblp
i , whereas those with below

average Wi values are pushed up towards the mean. This can be thought of as

an example of regression to the mean – for subjects with large values of Wi, the

fact they have an above average value means in expectation their measurement has

positive measurement error (Ui > 0), and so the predicted value of their value of Xi

is smaller than their measurement Wi. The phenomenon is also known as shrinkage

in the linear mixed model literature in the prediction of realisations of unobserved

random effects [37].

Multiple error-prone measurements

The best linear prediction of Xi is easily extended to the case where multiple error-

prone measurements are available. Thus suppose that subject i has ni error-prone

measurements of Xi, which are subject to classical error. As described in Section

2.5, we assume the jth measurement Wij = Xi + Uij where E(Uij|Xi) = 0 and

Cov(Uij , Uik) = 0 for j 6= k. We then consider the best linear prediction of Xi given

the mean W i. Since:

Var(W i) = Var

(
Xi +

∑ni

j=1 Uij

ni

)

= σ2
X +

σ2
U

ni

and:

Cov(Xi,W i) = Cov

(
Xi, Xi +

ni∑

j=1

Uij

)
= σ2

X ,
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the best linear prediction of Xi given W i is equal to:

Xblp
i = µX +

σ2
X

σ2
X +

σ2
U

ni

(W i − µX). (3.21)

When ni = 1 this reduces to (3.20). As before, subjects with large values of W i are

shrunken downwards towards the mean, while those with low values are increased

upwards. Also, as ni increases, the predicted value converges toW i, since with more

measurements there is greater information about a subject’s value of Xi. As with

prediction using a single Wi, the OLS slope estimator for the regression of Yi on

Xblp
i is a consistent estimator of βX .

3.4.3 Best linear prediction and conditional expectation

As stated earlier, in certain cases best linear prediction coincides with conditional

expectation. One case in which this occurs is when Xi and Uij are assumed to be

independent of each other and normally distributed. Since RC using best linear

prediction gives consistent estimates of βX , this means that if one uses RC and

assumes Xi and Uij are independent and normally distributed, RC gives consistent

estimates of βX even if these assumptions do not hold, providing the parameters

involved in E(Xi|Wi) are estimated consistently. As discussed earlier in Section

2.5, the ANOVA estimators of the variance components σ2
X and σ2

U and of µX

are unbiased regardless of the distributions of Xi and Uij and without requiring

independence between Xi and Uij. Westfall has shown that the ML and REML

estimators of these parameters for the one-way model are also consistent without

requiring these assumptions [25]. Thus, at least for a linear regression outcome

model, assuming that Xi and Uij are normally distributed and independent and

using RC gives consistent estimates even if these assumptions do not hold.

When E(Xi|Wi) differs from the best linear prediction, intuitively we would

expect use of best linear prediction to result in less precise estimates of βX compared

to using E(Xi|Wi). This follows from the fact that:

Var(E(Xi|Wi)) ≥ Var(Xblp
i ).

3.4.4 Implementation

Usually the parameters required to predict Xi are estimated, using internal valida-

tion or replication data, or from an external study, as discussed in Chapter 2, and

substituted in place of the unknown true values. RC then involves regressing Yi on

Ê(Xi|Wi) or X̂
blp
i . So long as the parameters needed to calculate E(Xi|Wi) or X

blp
i

are consistently estimated, the resulting RC estimates will also be consistent.
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3.4.5 Inference

Whichever method is used to predict the true covariate Xi, standard errors which

are reported from the fitted regression of Yi on the predicted Xi values will be too

small if the parameters needed to predict Xi have been estimated. Furthermore,

if multiple measurements Wi are used to predict Xi, the conditional variance of

Yi given the prediction of Xi will vary between subjects, invalidating the basis for

the usual estimates of precision for the OLS estimators. The easiest approach to

obtaining valid standard errors and confidence intervals for parameter estimates for

RC is probably to bootstrap the whole procedure. Again, we refer to section A9 of

the monograph by Carroll et al [8]. An alternative is to view the RC estimator as

the solution to unbiased estimating equations. Asymptotic standard errors can then

be obtained using the sandwich estimator of variance for estimating equations (see

Appendix A6.6 of [8]), although this approach is more complicated.

3.4.6 Efficiency

Compared to simple MOM correction (i.e. correcting an estimate of βW found

using a single error-prone Wi), RC gives more efficient estimates of βX in the case of

internal replication data. This is because all of a subject’s error-prone measurements

are used to predict Xi. However, when ni varies between subjects, even if the

error ǫi in the linear regression of Yi on Xi has constant variance, the regression

of Yi on E(Xi|Wi) will have errors with differing variances because the variance of

E(Xi|Wi) depends on ni. Using unweighted least squares to regress Yi on E(Xi|Wi)

(or Ê(Xi|Wi)) will thus be inefficient to some extent.

We now briefly consider how the residual variance of the regression of Yi on

E(Xi|Wi) varies depending on ni. We assume that Xi is normally distributed, and

is measured with independent errors Uij which are also normally distributed with

variance σ2
U . It then follows that the regression of Yi on E(Xi|Wi) has residual

variance:

Var(Yi|Wi) = Var(Yi)− β2
XVar(Xi|Wi)

= β2
Xσ

2
X + σ2

ǫ − β2
X

σ4
X

σ2
X + σ2

U/ni

= σ2
ǫ + β2

Xσ
2
X

(
1− σ2

X

σ2
X + σ2

U/ni

)
. (3.22)

This shows that the weights for subjects will differ most when the measurement

error variance σ2
U is large in comparison to the variance σ2

X and the number of

measurements ni is large for some subjects but small for others. Conversely, when

the residual variance σ2
ǫ is large in comparison to βX and σ2

X , the effects of different

values of ni on subjects’ weights will be less important. This suggests that if Xi
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only explains a small part of the variation in Yi (as is typical in chronic disease

epidemiology), using RC may not result in a large loss in efficiency. Our simulation

results (see Section 3.9) support this.

We note that more complicated RC estimators can be constructed which should

have greater efficiency than standard RC. This would involve first using RC to form

a preliminary estimate of βX , followed by weighted least squares, using equation

(3.22) to estimate the required weights. Weighted least squares regression could

then be applied iteratively, updating the weights using the updated estimate of βX

until the estimates converge to a fixed point.

3.4.7 Multiple covariates

Prediction using conditional expectation

We now suppose that Xi is a p-column vector of covariates which are measured with

error and Zi is a q-column vector of covariates that are observed without error, and

that:

E(Yi|Xi,Zi) = β0 + βT
XXi + βT

ZZi.

Suppose that Wi is a vector of error-prone measurements of Xi. Analogous to the

single Xi case, it follows that:

E(Yi|Wi,Zi) = β0 + βT
XE(Xi|Wi,Zi) + βT

ZZi

assuming that Wi is independent of Yi, conditional on Xi and Zi. We see that in the

presence of error-free covariates Zi, we must substitute the conditional expectation

of Xi given both Wi and Zi. In general, the error-free covariates Zi will not be

independent of the unobserved Xi, and so Zi provides information about Xi in

addition to that provided by the error-prone measurements Wi. This means that

we must specify how the expectation of Xi varies as a function of Zi.

We now consider a particular model specification which we will use repeatedly

throughout the thesis. We assume that Xi is multivariate normal given Zi, with:

E(Xi|Zi) = Γ0 + ΓZZi (3.23)

Var(Xi|Zi) = ΣX|Z . (3.24)

We then assume that a vector of error-prone measurements Wi is available for

each subject which follows the classical error model Wi = DiXi +Ui as described

in Section 2.5.1. We assume that E(Ui|Xi) = 0, that E(Ui|Zi) = 0, and that

Ui|Zi ∼ N(0,Var(Ui)), where:

Var(Ui) = σ2
U1
Ini1×ni1

⊕ σ2
U2
Ini2×ni2

⊕ ...⊕ σ2
Up
Inip×nip

. (3.25)
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It then follows that:

E(Wi|Zi) = Di(Γ0 + ΓZZi), (3.26)

and that:

Var(Wi|Zi) = DiΣX|ZD
T
i +Var(Ui). (3.27)

We now show that the conditional mean function E(Wi|Zi) can be expressed as a

product of a known design matrix and a vector of unknown parameters. First, if we

let ΓZ1 , ..,ΓZq
denote the columns of ΓZ , we can write:

ΓZZi = Zi1ΓZ1 + ...+ ZiqΓZq

and so

E(Wi|Zi) = DiΓ0 + Zi1DiΓZ1 + ...+ ZiqDiΓZq
(3.28)

Therefore, letting Γ = (ΓT
0 ,Γ

T
Z1
, ..,ΓT

Zq
)T , we can express the fixed effects of the

model for Wi given Zi as the product of a known design matrix and vector of

parameters as:

E(Wi|Zi) = DiΓ (3.29)

where:

Di =
(
Di Zi1Di . . . ZiqDi

)
. (3.30)

We have therefore shown that Wi can be expressed as a linear mixed model given

Zi, with fixed effects design matrix Di, random effects design matrix Di, random

effects variance covariance matrix ΣX|Z , and residual variance covariance matrix

Var(Ui). This linear mixed model for Wi given Zi can be fitted using ML or REML

using SAS’s PROC MIXED command.

Given the estimates of the model’s parameters, the conditional expectation of

the random effects can be calculated for each subject. These follow from standard

results for multivariate normal distributions, see for example Section 7.2 of [37].

The predicted random effects can then be added to DiΓ̂ to give Ê(Xi|Wi,Zi). The

regression of Yi on Ê(Xi|Wi,Zi) and Zi can then be fitted, yielding consistent esti-

mates of βX and βZ .
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Prediction using best linear prediction

As before, instead of using predicting Xi by E(Xi|Wi,Zi), we may use its best linear

prediction. Expressions for the best linear prediction in the case of replication data

are given in Section 4.4 of [8], in which moment based estimators of the required

parameters are also given.

3.5 Maximum likelihood

The method of maximum likelihood (ML) is arguably the most popular approach to

finding estimates of parameters of statistical models. This is due to the fact that,

subject to regularity conditions, ML estimators have a number of desirable properties

- they are consistent and have the smallest asymptotic variance amongst consistent

estimators [28]. In this section we consider a parametric likelihood approach to al-

low for covariate measurement error in a linear regression outcome model. The use

of ML to accommodate covariate measurement error has been advocated repeatedly

over the last 25 years. Early examples are papers by Schafer and colleagues, who

suggested using the expectation maximization algorithm to obtain ML estimates of

a model which allows for covariate measurement error [32, 38, 39]. Despite these,

and other proposals, the ML method has been used much less frequently in epi-

demiology than simpler methods such as RC. This is presumably due to a number

of factors, including lack of availability in standard statistical software packages,

concerns about the robustness of ML procedures to their parametric assumptions,

and a belief that simpler methods such as RC often perform as well as ML.

In this section we describe a particular parametric model, based on an assump-

tion of joint normality, for a linear regression outcome model in which the covariate

Xi is unobserved, but is measured with classical error by internal replicate error-

prone measurements (Section 3.5.1). We then define the observed data likelihood

function, on which ML estimates and inferences are based (Section 3.5.2). Next we

describe the Newton Raphson method (Section 3.5.3) and the Expectation Max-

imization (EM) algorithm (Section 3.5.4), both of which can be used to find the

maximum likelihood estimates of the model parameters. In Section 3.6, we show

how the maximum likelihood estimates for the model we define in Section 3.5.1 can

be found by fitting a simple linear mixed model, using standard statistical packages.

This means that researchers can find ML estimates for this model using standard

statistical software, without having to write custom Newton Raphson or EM pro-

grams.
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3.5.1 Model specification

We first consider the simple case in which the outcome Yi is assumed to be related

via a linear regression model to a single covariate Xi. As before, Xi is unobserved,

but for subject i, a vector of ni error-prone measurements of Xi is available, which

we denote Wi. Under the assumption that the measurement errors in Wi are non-

differential, the density function of the complete data, i.e. including Xi, can be

decomposed in terms of conditional densities as:

f(Yi, Xi,Wi) = f(Yi|Xi,Wi)f(Xi,Wi)

= f(Yi|Xi)f(Wi|Xi)f(Xi). (3.31)

Thus under the non-differential error assumption, a ‘joint model’ can be defined by

specifying three so called sub-models: the outcome model, f(Yi|Xi), the measure-

ment model, f(Wi|Xi), and the covariate model, f(Xi) [40].

Outcome model

For the outcome model f(Yi|Xi) we assume a linear regression model:

Yi = β0 + βXXi + ǫi (3.32)

where ǫ ∼ N(0, σ2
ǫ ) is independent of Xi. Note that in contrast to MOM or RC, for

a parametric likelihood approach we must specify the conditional distribution of Yi

given Xi, and not merely the conditional mean function.

Covariate model

We assume that the covariate Xi is normally distributed N(µX , σ
2
X).

Measurement model

For the measurement model, f(Wi|Xi), we assume that the error-prone measure-

ments Wi = (Wi1, ..,Wini
)T are subject to unbiased normally distributed classical

error:

Wij = Xi + Uij. (3.33)

We thus assume that Uij ∼ N(0, σ2
U), and that measurement errors Uij are indepen-

dent of Xi and other measurement errors Uij′ . In addition, we assume the errors are

non-differential, so that f(Yi|Xi,Wi) = f(Yi|Xi).

48



3.5.2 The likelihood function and the maximum likelihood

estimate

We now consider the likelihood function when only Yi and Wi are observed, i.e. Xi

is unobserved. The observed data likelihood, which is sometimes called the marginal

likelihood function, corresponding to the observed data is then given by:

Ln(θ) =
n∏

i=1

L(θ|Yi,Wi) (3.34)

=
n∏

i=1

f(Yi,Wi|θ) (3.35)

where θ = (β0, βX , σ
2
ǫ , µX , σ

2
X , σ

2
U)

T denotes the vector of parameters of the joint

model. We condition on the observed values of ni throughout (see Section 2.5.4).

The observed data likelihood therefore depends on the density f(Yi,Wi), which

can be found by marginalizing the joint distribution f(Yi, Xi,Wi) over Xi. As a

product of normal densities (equation (3.31)), the joint distribution f(Yi, Xi,Wi) is

multivariate normal with mean vector

E



Yi

Xi

Wi


 =



β0 + βXµX

µX

µX1ni×1


 (3.36)

and variance covariance matrix

Var



Yi

Xi

Wi


 =



β2
Xσ

2
X + σ2

ǫ βXσ
2
X βXσ

2
X11×ni

βXσ
2
X σ2

X σ2
X11×ni

βXσ
2
X1ni×1 σ2

X1ni×1 σ2
X1ni×ni

+ σ2
UIni×ni


 (3.37)

where Ini×ni
denotes a ni × ni identity matrix and 1ni×1 denotes a ni × 1 vector of

1s. It then follows from standard results for the multivariate normal distribution

(e.g. Appendix S3 of [24]), that the marginal density f(Yi,Wi) is also multivariate

normal, with mean vector and variance covariance matrix given by the appropriate

sub-vector and matrices of equations (3.36) and (3.37):

E

(
Yi

Wi

)
=

(
β0 + βXµX

µX1ni×1

)
, (3.38)

Var

(
Yi

Wi

)
=

(
β2
Xσ

2
X + σ2

ǫ βXσ
2
X11×ni

βXσ
2
X1ni×1 σ2

X1ni×ni
+ σ2

UIni×ni

)
(3.39)

The maximum likelihood estimate (MLE) of the model parameters θ is the value

θ̂ which maximizes the observed data likelihood function, or equivalently the ob-

served data log likelihood. Under certain regularity conditions, the MLE is the value
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which solves the likelihood score equations:

Sn(θ) =
n∑

i=1

S(θ|Yi,Wi) = 0 (3.40)

where

S(θ|Yi,Wi) =
∂l(θ|Yi,Wi)

∂θ

where

l(θ|Yi,Wi) = log(L(θ|Yi,Wi))

denotes the contribution to the log likelihood from the observed data on subject i.

If the assumed parametric model is correctly specified, the MLE is a consistent

estimator of θ0, the true value of θ, under the conditions described in Section

2.5.5. Furthermore, the MLE is asymptotically normally distributed with variance

covariance matrix equal to the inverse of the expected information matrix, denoted

In(θ0) which is equal to:

In(θ) = −
n∑

i=1

E

(
∂2l(θ|Yi,Wi)

∂θT∂θ

)
. (3.41)

The expected information matrix can be used to estimate the variance covariance

matrix of the MLE θ̂ by using In(θ̂)
−1. Alternatively, we may base inferences on

the observed information matrix In(θ̂), where:

In(θ) =
n∑

i=1

−∂
2l(θ|Yi,Wi)

∂θT∂θ
. (3.42)

In general, the observed information matrix is preferred to the expected information

matrix [20]. Based on the asymptotic normality of MLEs, confidence intervals can

be calculated and significance tests can be performed.

3.5.3 Maximum likelihood estimation via Newton Raphson

The most common approach to finding the root of likelihood score equations (equa-

tion (3.40)) in general is the Newton Raphson method [41]. Starting with an initial

estimate of the model parameters, θ(0), successive estimates of θ are given by:

θ(t+1) = θ(t) + In(θ
(t))−1Sn(θ

(t))

An alternative to using the observed information matrix In(θ
(t)) is to use the ex-

pected information matrix In(θ
(t)), which is known as the method of Fisher scoring.
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In order to use Newton Raphson to find the MLE, we must have available the

score and information matrices, which are found as the first and second derivatives

of the log likelihood function with respect to the model parameters θ. Although the

log likelihood function for the model we have defined in Section 3.5.1 can be differ-

entiated twice with respect to the model parameters, the expressions are relatively

complicated because of the non-standard mean and variance covariance structure

corresponding to f(Yi,Wi).

We note that there are many other methods for solving non-linear optimization

problems, some of which only require evaluation of the function to be maximized.

Others may require only the first derivatives of the log likelihood with respect to

the parameters. Another approach is to use a gradient based maximization method,

using numerical differentiation to estimate the required derivatives.

3.5.4 Maximum likelihood estimation via Expectation Max-

imization

The Expectation Maximization algorithm (EM) is a procedure which can be used

to find MLEs for problems where directly maximizing the likelihood function is

difficult but where maximizing the complete data likelihood is easier [42]. It is

particularly suited to situations in which data are missing, or where unobserved

latent variables can be treated as missing data. Schafer was one of the first to

propose using the EM algorithm to find ML estimates for a parametric model which

included covariate measurement error [38]. In a later paper, Schafer and Purdy

described the implementation of the EM algorithm for the parametric model we

described in Section 3.5.1. This involves treating the unobserved Xi as missing

data. In contrast to the Newton Raphson method, the EM algorithm does not

require the calculation of the observed data score function or the information matrix.

This however comes at a cost. The EM algorithm does not automatically provide

a measure of precision for the MLE, and its rate of convergence is generally much

slower than methods such as Newton Raphson.

As with Newton Raphson, EM is an iterative algorithm that requires an initial

estimate of the model parameters, which we denote θ(0). At iteration t + 1, given

the current parameter estimate θ(t), the updated parameter estimate, θ(t+1) is found

as follows. In the E step of EM, we find the expected value of the complete data

log likelihood, conditional on the observed data and the current estimate of the

parameter vector θ(t). This is denoted by Q(θ|θt), and is given by:

Q(θ|θt) =
n∑

i=1

E(l(θ|Yi, Xi,Wi)|Yi,Wi,θ
t),
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where l(θ|Yi, Xi,Wi) denotes the contribution to the log likelihood function from

observing Yi, Xi,Wi. The M step then consists of maximizing Q(θ|θt) in θ, giving
an updated parameter estimate θ(t+1). The process then repeats, with another

application of the E step followed by the M-step. It can be shown that at each step,

the observed data log likelihood of the updated parameter value is not less than

that for the preceding parameter value [43]. Convergence can be judged by changes

in parameter estimates between iterations, or alternatively by the increase in the

observed data likelihood, if this is easily evaluated.

We briefly describe the EM algorithm for the parametric model we described

previously in Section 3.5.1. The complete data log likelihood for this model is given

by:

− n

2
log(σ2

ǫ )−
1

2σ2
ǫ

n∑

i=1

(Yi − β0 − βXXi)
2

− log(σ2
U)

2

n∑

i=1

ni −
1

2σ2
U

n∑

i=1

ni∑

j=1

(Wij −Xi)
2

− n

2
log(σ2

X)−
1

2σ2
X

n∑

i=1

(Xi − µX)
2 (3.43)

In the E step of EM we find the expected value of this expression with respect to the

distribution of (for each subject i) Xi given the observed data Yi,Wi and the current

estimate of the parameter, θ(t). Since the complete data log likelihood is linear in Xi

and X2
i , in the E-step we must find E(Xi|Yi,Wi,θ

(t)) and E(X2
i |Yi,Wi,θ

(t)). These

expectations follow from standard results for multivariate normal distributions, and

are given by Schafer and Purdy [32].

In the M-step, we maximize this expected complete data log likelihood function.

Because the three parts of the complete data log likelihood corresponding to the

outcome model, the measurement error model, and the true covariate model, have

no parameters in common, we can maximize the three parts independently. We

illustrate the M-step for the last part of the complete data model, i.e. that for the

true covariate. Expanding this part of the complete data log likelihood we have

−n
2
log(σ2

X)−
1

2σ2
X

n∑

i=1

(X2
i + µ2

X − 2µXXi)

In the E-step we take expectations conditional on Yi,Wi,θ
(t), giving (suppressing

the conditioning argument):

−n
2
log(σ2

X)−
1

2σ2
X

n∑

i=1

(E(X2
i ) + µ2

X − 2µXE(Xi))
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In the M-step we maximize this expected complete data log likelihood. To find the

updated estimate of µX we differentiate with respect to µX as usual and set the

resulting expression to zero, resulting in an updated estimate:

∑
E(Xi)

n

This is just the sample mean, with the unobserved Xi replaced by their conditional

expectations given the observed data and current parameter estimate. For the vari-

ance σ2
X , differentiating and setting to zero gives an updated estimate:

∑
E(X2

i )

n
−
(∑

E(Xi)

n

)2

If the Xi were observed, recall that the usual MLE of σ2
X is given by:

∑
X2

i

n
−
(∑

Xi

n

)2

and so an iteration of EM does not involve simply calculating the usual complete

data MLE, replacing the unobserved Xi by E(Xi). Instead, here we see that the

updated parameter estimate is given by the usual MLE, but with Xi replaced by

E(Xi), and X
2
i replaced by E(X2

i ). This result applies whenever the complete data

density (or in this case a component of it which shares no parameters with the

remainder) is from the regular exponential family [43]. In these cases, the complete

data log likelihood is a linear function of the complete data sufficient statistics. The

E-step thus involves calculating the conditional expectation of the complete data

sufficient statistics. The M-step then consists of calculating the usual complete data

MLE, with the sufficient statistics replaced by their conditional expectations, as

calculated in the E-step. In the case of the parametric model we have described,

closed form expressions are available for the MLEs based on complete data.

3.6 Maximum likelihood estimation using linear

mixed models

In general, statistical packages do not include specific commands to fit models which

allow for covariate measurement error using ML. Notable exceptions include the

cme wrapper for GLLAMM in Stata [44], the latent variable modelling software

Mplus [45], and PROC NLMIXED in SAS, which can be adapted to fit joint models

[46]. If the observed data likelihood function is available in closed form, as it is

for the model described in Section 3.5.1, then it is also possible to use general

purpose maximization routines, such as Stata’s ml command, to find MLEs. This

however still usually requires the user to supply the expressions for calculating the
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first and possibly second derivatives of the likelihood function, although numerical

differentiation routines could be used. Alternatively, the EM algorithm can be used,

which requires some programming effort.

In this section we shall show that the MLE for the parametric model we described

in Section 3.5.1 can instead be found by fitting a standard linear mixed model [27].

Standard linear mixed models can be fitted using most modern statistical packages,

and our approach does not require the user to write any custom programs.

First we recall that under our assumed model, the observed data for subject i,

which consists of their outcome Yi and error-prone measurements Wi are jointly

normal, with mean and variance covariance matrix:

E

(
Yi

Wi

)
=

(
β0 + βXµX

µX1ni×1

)
,

Var

(
Yi

Wi

)
=

(
β2
Xσ

2
X + σ2

ǫ βXσ
2
X11×ni

βXσ
2
X1ni×1 σ2

X1ni×ni
+ σ2

UIni×ni

)

Our strategy is to factorise the contribution to the log likelihood function from

subject i as:

l(θ|Yi,Wi) = log(f(Yi,Wi|θ))
= log(f(Yi|θ)) + log(f(Wi|Yi,θ))

where θ = (β0, βX , σ
2
ǫ , µX , σ

2
X , σ

2
U)

T is the vector of model parameters. Marginally,

Yi is normally distributed Yi ∼ N(µY , σ
2
Y ) where:

µY = β0 + βXµX (3.44)

σ2
Y = β2

Xσ
2
X + σ2

ǫ (3.45)

Furthermore, since Xi and Yi are jointly normal, Xi given Yi is also normal. We can

therefore write:

Xi = γ0 + γY Yi + bi (3.46)

where bi ∼ N(0, σ2
X|Y ) is an independent normally distributed residual and:

γ0 = µX − βXσ
2
X(β0 + βXµX)

β2
Xσ

2
X + σ2

ǫ

(3.47)

γY =
βXσ

2
X

β2
Xσ

2
X + σ2

ǫ

(3.48)

σ2
X|Y = σ2

X − β2
Xσ

4
X

β2
Xσ

2
X + σ2

ǫ

(3.49)
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follow from standard results for multivariate normal distributions (e.g. Appendix

S3 of [24]). Then since Wij = Xi +Uij , substituting for Xi using equation (3.46) we

have

Wij = γ0 + γY Yi + bi + Uij

where Uij ∼ N(0, σ2
U) is independent of bi. This shows that Wij given Yi follows a

standard random-intercepts model, with random-intercepts variance σ2
X|Y , within-

subject variance σ2
U , and a fixed effect of Yi.

This new parameter vector φ = (µY , σ
2
Y , γ0, γY , σ

2
X|Y , σ

2
U) is a one-to-one function

of the original model parameter vector θ = (β0, βX , σ
2
ǫ , µX , σ

2
X , σ

2
U ). Furthermore,

in terms of the new parametrization φ, f(Yi) and f(Wi|Yi) share no parameters.

Since the two subsets of parameters are variationally independent, it follows that

the ML estimate of φ can be obtained by maximizing the two likelihood components

separately [47].

For the first part of the log likelihood, the MLEs of µY and σ2
Y are simply the

sample mean and the biased sample variance (i.e. with n in the denominator rather

than n−1). For the second part of the log likelihood, standard software can be used

to fit the random intercept model for Wi given Yi, using ML, giving estimates γ̂0,

γ̂Y , σ̂
2
X|Y , σ̂

2
U .

Using equation (3.46), we can express σ2
X as γ2Y σ

2
Y + σ2

X|Y . Then, since γY can

be expressed as Cov(Yi, Xi)/σ
2
Y , it follows that βX can be expressed in terms of φ

by:

βX =
Cov(Yi, Xi)

σ2
X

=
γY σ

2
Y

γ2Y σ
2
Y + σ2

X|Y

. (3.50)

The ML estimate of βX can thus be calculated as:

β̂X =
γ̂Y σ̂

2
Y

σ̂2
X|Y + γ̂2Y σ̂

2
Y

(3.51)

3.6.1 Inference

We now show how a Wald-type confidence interval for β̂X , the MLE of βX , can be

calculated using output from the fitted linear mixed model and a standard formula

for the variance of the biased sample variance. First we note that σ̂2
Y is asymp-

totically uncorrelated with both γ̂Y and σ̂2
X|Y . This follows from the fact that the

likelihood function factors into two components such that σ2
Y is only involved in one

part and γY and σ2
X|Y are only involved in the other part. Furthermore, a standard

result for linear mixed models is that the estimators of fixed effects parameters are

asymptotically uncorrelated with the estimators of the variance component parame-

ters [24]. Thus γ̂Y and σ̂2
X|Y are asymptotically uncorrelated, and so for large sample
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sizes:

(σ̂2
Y , γ̂Y , σ̂

2
X|Y )

T ∼ N


(σ2

Y , γY , σ
2
X|Y )

T ,



Var(σ̂2

Y ) 0 0

0 Var(γ̂Y ) 0

0 0 Var(σ̂2
X|Y )





 .

Then by the multivariate delta method [28], it follows that in large samples:

β̂X ∼ N
(
βX ,JVar(σ̂

2
Y , γ̂Y , σ̂

2
X|Y )J

T
)

where J denotes the Jacobian matrix of the transformation (σ2
Y , γY , σ

2
X|Y ) 7→ βX :

J =
(

∂βX

∂σ2
Y

∂βX

∂γY

∂βX

∂σ2
X|Y

)

Partial differentiation of equation 3.50 then gives, after some simplification:

Var(β̂X) =
γ2Y σ

4
X|YVar(σ̂

2
Y ) + σ4

Y (σ
2
X|Y − σ2

Y γ
2
Y )

2Var(γ̂Y ) + γ2Y σ
4
YVar(σ̂

2
X|Y )

(σ2
X|Y + γ2Y σ

2
Y )

2

This variance can be estimated consistently by replacing each parameter by its re-

spective estimate. Using the observed information matrix one can estimate the vari-

ance of σ̂2
Y by

2σ̂4
Y

n
. A standard error for γ̂Y is given by the linear mixed model output

of software packages, which is usually based on inverting the block of the observed

information matrix corresponding to the fixed effects. Packages such as Stata and

SAS also give estimated standard errors for parameters corresponding to variance

components (e.g. σ2
X|Y and σ2

U), which are based either on inverting the observed

information matrix for all model parameters, or on inverting the sub-matrix of the

observed information corresponding to the variance components. An approximate

95% confidence interval for β̂X can be thus found as β̂X ± 1.96

√
V̂ar(β̂X).

3.6.2 Robustness to modelling assumptions

One reason that researchers may be wary of using techniques such as parametric ML

to deal with covariate measurement error is that they may make stronger parametric

modelling assumptions compared to simpler methods such as MOM and RC. It is

therefore important to consider the robustness of an approach which makes strong

parametric assumptions to violations of these assumptions. The assumed parameter

model includes an assumption of normality for Xi, Uij and ǫi. If Xi and ǫi are not

both normally distributed, the linear mixed model for Wi given Yi will in general

be misspecified in a number of ways. First, the random effects bi are not normally

distributed. Second, the variance of these random effects may vary as a function

of Yi. Lastly, the conditional mean function E(Xi|Yi) may be a more complicated

function of Yi, and so the fixed effects structure of the mixed model may be misspec-
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ified. In this section we show that the unbiasedness of the likelihood score equations

for the linear mixed model does not rely on these normality assumptions. Similarly,

the ML estimator of variance for σ2
Y is clearly consistent regardless of the marginal

distribution of Yi. It thus follows that β̂ML remains consistent even if some or all of

the normality assumptions are violated.

Irrespective of whether Xi and ǫi are both normally distributed, we can always

express Xi in terms of its best linear prediction given Yi as:

Xi = γ0 + γY Yi + bi (3.52)

where E(bi) = 0,Cov(Yi, bi) = 0, and γ0 and γY are as given in equations (3.47) and

(3.48). The random term bi is no longer necessarily normally distributed, and its

variance may vary as a function of Yi. The expression in equation (3.49) for σ2
X|Y

then gives the mean conditional variance of the bi. Thus Yi and bi are not necessarily

independent, although they are uncorrelated. We can therefore write:

Wi = Xi1ni×1 +Ui

= γ01ni×1 + γY Yi1ni×1 + bi1ni×1 +Ui. (3.53)

We now let γ = (γ0, γY )
T and let Xi denote the ni × 2 design matrix for the fixed

effects in the above model. This is simply a matrix whose first column has entries

equal to one and second column with entries Yi. In this notation:

Wi = Xiγ + bi1ni×1 +Ui. (3.54)

From standard linear mixed model theory (e.g. Chapter 6 of [24]), the likelihood

score corresponding to the fixed effects of the linear mixed model for Wi given Yi

can be expressed as:

χT
i V

−1
i Wi − χT

i V
−1
i Xiγ (3.55)

where Vi = σ2
X|Y 1ni×ni

+ σ2
UIni

denotes the variance covariance matrix of Wi given

Yi under the assumed model. We now substitute forWi using equation (3.54), which

gives

χT
i V

−1
i (Xiγ + bi1ni×1 +Ui)− χT

i V
−1
i Xiγ

= χT
i V

−1
i 1ni×1bi + χ

T
i V

−1
i Ui. (3.56)

Now since E(bi) = 0, the expectation of the first term (conditional on ni) gives:

E(χT
i V

−1
i 1ni×1bi) = Cov(χT

i V
−1
i 11×ni

, bi) = 0
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because the only random component of χi is Yi, and Cov(Yi, bi) = 0. Because of the

assumed independence between Uij and both Xi and ǫi, E(χ
T
i V

−1
i Ui) = 0.

The likelihood score corresponding to σ2
X|Y is given by:

−0.5tr(V−1
i 1ni×ni

) + 0.5(Wi −Xiγ)
TV−1

i 1ni×ni
V−1

i (Wi −Xiγ) (3.57)

where tr() denotes the trace of a square matrix. By a standard result for the expec-

tation of quadratic forms (e.g. Appendix S5 of [24]), the expectation of the second

part of the likelihood score is equal to:

0.5(E(Wi −Xiγ)
TV−1

i 1ni×ni
V−1

i E(Wi −Xiγ)+

tr(V−1
i 1ni×ni

V−1
i Var(Wi −Xiγ))). (3.58)

Then since Wi−Xiγ = 1ni×1bi+Ui, it follows that E(Wi−Xiγ) = 0. Furthermore,

the assumption of independence between the errors Uij and both Xi and ǫi imply

that bi is uncorrelated with Uij . This in turn means that Var(Wi −Xiγ) = Vi, and

so the expectation of the second part of the score is equal to:

0.5tr(V−1
i 1ni×ni

V−1
i Vi) = 0.5tr(V−1

i 1ni×ni
). (3.59)

The expectation of the likelihood score corresponding to σ2
X|Y thus has expectation

zero.

Lastly we consider the likelihood score component corresponding to σ2
U , which

is given by:

−0.5tr(V−1
i ) + 0.5(Wi −Xiγ)

TV−1
i V−1

i (Wi −Xiγ). (3.60)

Taking expectations, and as above using the fact that E(Wi − Xiγ) = 0, that

Var(Wi −Xiγ) = Vi, and the rule for the expectation of quadratic forms, we have:

−0.5tr(V−1
i ) + 0.5tr(V−1

i V−1
i Vi) = 0. (3.61)

Thus the unbiasedness of the likelihood score equations for the linear mixed

model for Wi given Yi does not depend on any of the normality assumptions, and

so the MLE of βX (under the previously stated normality assumptions) is consistent

even if some or all of the normality assumptions are violated.

3.6.3 Multiple covariates

We now extend our approach to the case of a p-dimensional Xi and a q-dimensional

error-free covariate Zi. We first define the joint model.
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Outcome model

We assume that Yi follows a linear regression model given Xi and Zi:

Yi = β0 + β
T
XXi + β

T
ZZi + ǫi

where ǫi ∼ N(0, σ2
ǫ ) is independent of Xi and Zi.

Covariate model

As in Section 3.4.7, we assume that Xi is multivariate normal given Zi with:

E(Xi|Zi) = Γ0 + ΓZZi (3.62)

Var(Xi|Zi) = ΣX|Z (3.63)

where ΓZ is a p × q matrix of regression coefficients. It follows that Yi ∼ N(δ0 +

δTZZi, σ
2
Y |Z) where:

δ0 = β0 + β
T
XΓ0 (3.64)

δTZ = βT
XΓZ + βT

Z (3.65)

σ2
Y |Z = βT

XΣX|ZβX + σ2
ǫ . (3.66)

Since Yi and Xi are jointly normal given Zi, and since Cov(Xi, Yi|Zi) = ΣX|ZβX ,

it follows from standard results for multivariate normal distributions that Xi is

normally distributed given both Yi and Zi, with mean:

E(Xi|Yi,Zi) = γ0 + γY Yi + γZZi (3.67)

and conditional variance covariance matrix:

Var(Xi|Yi,Zi) = ΣX|Y,Z (3.68)

where:

γ0 = Γ0 −ΣX|ZβXσ
−2
Y |Zδ0 (3.69)

γY = ΣX|ZβXσ
−2
Y |Z (3.70)

γZ = ΓZ −ΣX|ZβXσ
−2
Y |Zδ

T
Z (3.71)

ΣX|Z,Y = ΣX|Z −ΣX|ZβXσ
−2
Y |Zβ

T
XΣX|Z (3.72)

Measurement model

We assume the classical measurement error model as described in Section 2.5.1,

so that Wi = DiXi + Ui, where Di is a known design matrix, of dimension
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ni =
∑p

j=1 nij , consisting of 0s and 1s denoting which component of Xi each

error-prone measurement corresponds to. As in Section 3.4.7, we assume that

Ui ∼ N(0,Var(Ui)) where:

Var(Ui) = σ2
U1
Ini1

⊕ σ2
U2
Ini2

⊕ ...⊕ σ2
Up
Inip

. (3.73)

The linear mixed model for Wi given Yi and Zi

It then follows that:

E(Wi|Yi,Zi) = Di(γ0 + γY Yi + γZZi) (3.74)

As in Section 3.4.7, we can express the mean function E(Wi|Yi,Zi) as a product

of a known design matrix and an unknown parameter vector. To do this, we first

express the p× q matrix of regression coefficients γZ in terms of its column vectors:

γZ =
(
γZ1

. . . γZq

)
(3.75)

where each column is a p× 1 vector of regression coefficients. Then we can write:

E(Wi|Yi,Zi) = Diγ0 + YiDiγY + Zi1DiγZ1
+ ...+ ZiqDiγZq

(3.76)

=
(
Di YiDi Zi1Di . . . ZiqDi

)




γ0

γY

γZ1

...

γZq




(3.77)

Therefore if we let:

Di =
(
Di YiDi Zi1Di . . . ZiqDi

)
(3.78)

and:

γ =
(
γT
0 γT

Y γT
Z1

. . . γT
Zq

)T
, (3.79)

we have that:

E(Wi|Yi,Zi) = Diγ (3.80)

for the ni × (p× (q + 2)) design matrix Di and (p× (q + 2))× 1 vector of unknown

parameters γ. Lastly, the variance covariance matrix is given by:

Var(Wi|Yi,Zi) = DiΣX|Z,YD
T
i +Var(Ui).
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This means that Wi follows a linear mixed model given Yi and Zi, with fixed ef-

fects design matrix Di, random effects design matrix Di, random effects with vari-

ance covariance matrix ΣX|Z,Y , and residual errors with variance covariance matrix

Var(Ui).

The likelihood component corresponding to f(Wi|Yi,Zi) can thus be maximized

by fitting this linear mixed model. The likelihood component corresponding to Yi

given Zi can be maximized by fitting the least squares regression of Yi on Zi, giving

the ML estimates of δ0, δZ and σ2
Y |Z . Analogous to the univariate Xi case, one can

show that

βX = (ΣX|Z,Y + σ2
Y |ZγY γ

T
Y )

−1γY σ
2
Y |Z (3.81)

and that

βZ = δZ − (γT
Z + δZγ

T
Y )βX . (3.82)

The MLEs of βX and βZ can thus be calculated by inserting the MLEs of the

relevant parameters using these formulae.

Although in principle Wald type confidence intervals can be found for the com-

ponents of βX and βZ , in practice it may be easier to use non-parametric boot-

strapping.

3.7 Multiple imputation

One way of viewing the covariate measurement error problem is as a missing data

problem, whereby the true covariate Xi is missing for all subjects (unless an in-

ternal validation dataset is available). Missing data in the conventional sense and

covariate measurement error are examples of a more general process, known as ‘data

coarsening’, where the data we observe (in the case of internal replication data, Yi

and Wi) are a coarsened version of the underlying data (Yi, Xi) [48]. Missing data,

rounding, and covariate measurement error are all types of data coarsening. One of

the most popular approaches to dealing with missing data has been the method of

multiple imputation (MI). We first briefly introduce MI in the context in which it

was originally conceived, that of missing data. We then discuss the application of

MI to deal with covariate measurement error.

3.7.1 Multiple imputation for missing data

MI was first proposed by Rubin in the context of large population surveys, in which

there are often missing values for variables for some subjects [49]. To describe MI

we adopt the notation that Yobs and Ymis denote the observed and missing data
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vectors for a given dataset (Yobs and Ymis are not used here to indicate that the

variables are necessarily ‘outcomes’). The validity of approaches which ignore the

missing data mechanism rely on the so called missing at random (MAR) assumption.

This assumption states that the probability of missingness only depends on observed

data Yobs, and not on the unobserved Ymis.

Bayesian multiple imputation

MI was originally conceived by Rubin within the Bayesian framework. For paramet-

ric MI, this involves specification of a parametric imputation model for the missing

data given the observed, f(Ymis|Yobs, ξ), parametrized by ξ. In Bayesian MI, we

specify an uninformative prior distribution for ξ, denoted f(ξ). A number M > 1

imputations of the missing data Ymis are then generated by taking random draws

from the posterior distribution f(Ymis|Yobs, f(ξ)). One way of doing this is to first

draw a new parameter value ξ(m) from the posterior distribution f(ξ|Yobs, f(ξ)),

and then to generate the imputed values from f(Ymis|Yobs, ξ(m)), treating the model

parameter as if it is known to be equal to ξ(m). Such an approach creates ‘proper’

imputations, meaning that the uncertainty about ξ is reflected in variability between

imputed datasets [43].

Usually the most difficult aspect of MI is creating theM imputations. For certain

missing data patterns and choices of imputation model, the posterior distributions

are standard distributions, thus allowing one to easily generate imputations [43]. In

general however, especially when a dataset has a complicated pattern of missingness,

the posterior distributions needed to generate imputations cannot be expressed in

closed form. This means that one cannot directly sample from the posterior distribu-

tions of interest. To overcome this problem, Markov Chain Monte Carlo (MCMC)

methods such as Gibbs sampling have successfully have been used. These are a

collection of methods which can be used to draw from a ‘target distribution’ from

which it is difficult or impossible to draw directly [50]. MCMC methods involve re-

peatedly drawing from distributions which are easy to sample from, creating a chain

of draws. Under certain conditions, the distribution of the draws from the chain

converges to the ‘target distribution’. Judging whether the chain has converged to

the target distribution is however, non-trivial, and many tools have been developed

which can be used to check for non-convergence [50].

Having created the imputations, we now suppose that we are interested in es-

timating some scalar parameter ψ. The extension of these results to vector valued

ψ is given for example by Schafer [43]. Given the M completed datasets, we apply

the estimation procedure which we would have used had there been no missing data

to each of the M completed datasets, giving M estimates ψ(m),m = 1, ..,M . These

M parameter estimates are then averaged to give an overall point estimate. Rubin

62



proposed the MI estimator of ψ as:

ψ̂ =

∑M
m=1 ψ̂

(m)

M

One of the reasons that MI has proved so popular with researchers is that Rubin

proposed a variance estimator for ψ̂ that is particularly simple to compute, and

from which significance tests and confidence/credible intervals can be calculated.

Rubin’s variance formula only requires that an estimate of the full data standard

error of parameter estimates can be obtained from each imputed dataset, which

are usually available from statistical packages when a standard analysis method is

used to estimate ψ. Denoting an estimate of the variance of ψ̂(m) based on the

mth imputed dataset, referred to as a within-imputation estimate of variance, by

V̂ar(ψ̂(m)), we define the average within-imputation variance as:

W =
1

M

m∑

m=1

V̂ar(ψ̂(m))

Similarly, the between-imputation variance is defined as the sample variance of the

estimates ψ̂(m), m = 1, ..,M :

B =
1

M − 1

M∑

m=1

(ψ̂(m) − ψ̂)2

Rubin’s variance estimator for ψ̂ is then given by:

W +
1

1 +M−1
B

The variance of the MI estimator is thus greater than the average of the within-

imputation variances, unless B = 0, showing that it is essential to allow for between-

imputation variability in point estimates. If there is little variability in point esti-

mates of ψ between imputations, B ≈ 0 and the variance of the MI estimator can

be estimated by the average of the within-imputation variances.

An attractive feature of MI is that in terms of efficiency of parameter estimation,

a relatively small number M of imputations may be sufficient if the information

in the missing data Ymis is small relative to that in the observed data Yobs [49].

However, researchers may be uncomfortable with the fact that if they were to re-run

the analysis slightly different point estimates for ψ would be obtained. For this

reason, using a larger number of imputations may be preferable [51].

Frequentist multiple imputation

An alternative to Bayesian multiple imputation is so called ‘frequentist multiple

imputation’ [52]. Rather than creating the imputations using different values of the
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imputation model parameter ξ, in frequentist MI we create M imputed datasets

by using the same estimated value of ξ. To do this, we must estimate ξ using the

observed data, one example being the observed data MLE.

There are a number of possible advantages to frequentist MI over Bayesian MI.

First, one does not need to consider the issue of prior distributions for the imputation

model parameters. Second, for a fixed number of imputations M , frequentist MI

results in more efficient estimates of ψ than Bayesian MI [53]. This occurs because

in Bayesian MI extra random variability is introduced through the use of different

values of the imputation model parameter ξ when creating the imputations. This

difference in efficiency goes to zero however as M → ∞. The major disadvantage

of frequentist MI however is that applying Rubin’s rules does not result in valid

inferences, because the imputations are all generated using a single value of the

imputation model parameter ξ.

3.7.2 Multiple imputation for measurement error

Multiple imputation has recently been proposed as an approach for correcting for

measurement error and covariate misclassification, whereby the unobserved covariate

Xi is treated as missing data. Messer and Natarajan [46] and Cole and Greenland

[54] both considered the case in which internal validation data are available. In this

case, because Xi is observed on a subset of subjects, standard software for MI can

be used to impute the missing Xi values.

In the case of internal replication data, Xi is missing for every subject, and so

standard software for MI cannot be used. We now show how frequentist MI can

be implemented in the case of internal replication data, for a particular parametric

model, and compare it with ML. We then discuss the recent results of Freedman et

al [21], who investigated implementations of MI, moment reconstruction (MR) (see

Section 3.8), and RC.

Multiple imputation with internal replication data

In order to use MI, we must impute Xi from its conditional distribution given all

other observed data, i.e. f(Xi|Wi, Yi). We assume the parametric model defined in

Section 3.5.1. We showed in Section 3.6 that under this model, Wi given Yi follows

a random-intercepts model:

Wij = γ0 + γY Yi + bi + Uij

where bi ∼ N(0, σ2
X|Y ) is a random effect representing the residual from the regres-

sion of Xi on Yi. Under this model, the conditional distribution f(Xi|Wi, Yi) is
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normal, with mean:

γ0 + γY Yi + E(bi|Wi, Yi)

and variance Var(bi|Wi, Yi). The conditional mean of the random effect, E(bi|Wi, Yi),

is the BLUP of the random effect, which from standard results for linear mixed mod-

els (e.g. Section 7.2 of [37]) is given by:

E(bi|Wi, Yi) = σ2
X|Y 11×ni

V−1
i (Wi − γ01ni×1 − γY Yi1ni×1)

where Vi = σ2
X|Y 1ni×ni

+ σ2
UIni×ni

denotes the variance covariance matrix of Wi

given Yi. By a result from matrix algebra (e.g. Appendix M1 of [24]):

V−1
i =

1

σ2
U

(
Ini×ni

−
σ2
X|Y

niσ2
X|Y + σ2

U

1ni×ni

)
.

After some algebra, it then follows that:

E(bi|Wi, Yi) =
σ2
X|Y

σ2
X|Y +

σ2
U

ni

(W i − γ0 − γY Yi) (3.83)

whereW i denotes the mean of subject i’s ni measurements. We note that the factor

by which W i is multiplied by is equal to the reliability ratio of the error-prone

measurements but with σ2
X replaced by the conditional variance of Xi given Yi. The

conditional variance Var(bi|Wi, Yi) is then given by:

Var(bi|Wi, Yi) = σ2
X|Y −


 σ2

X|Y

σ2
X|Y +

σ2
U

ni




2

Var(W i|Yi)

= σ2
X|Y −


 σ2

X|Y

σ2
X|Y +

σ2
U

ni




2(
σ2
X|Y +

σ2
U

ni

)

= σ2
X|Y


1−

σ2
X|Y

σ2
X|Y +

σ2
U

ni


 . (3.84)

Thus, having fitted the linear mixed model for Wi given Yi using ML, we can create

M multiple imputations of Xi by drawing from a normal distribution with mean

and variance as given in equations (3.83) and (3.84). We can then regress Yi on the

M imputed datasets, yielding M estimates of βX . The arithmetic mean of these

estimates can then be used as an estimate of βX .
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Relationship to maximum likelihood

Wang and Robins investigated the frequentist properties of both Bayesian MI, and

what we (following Tsiatis [52]) have called frequentist MI (termed improper MI by

Wang and Robins) [53]. In particular, Wang and Robins showed that, asymptotically

(as the number of subjects increases), the frequentist MI estimator (imputing using

the observed data MLE, as we have proposed) is inefficient when a finite number

M of imputations is used. This is due to the Monte-Carlo error caused by using

a finite number of imputations. As the number of imputations M → ∞, Wang

and Robins state that using frequentist MI corresponds to a single step of the EM

algorithm [53]. Since our proposal involves imputing using the observed data MLE,

the results of Wang and Robins imply the MI estimator will converge to the MLE

as M → ∞. In simulations (described later in Section 3.9), we found that the

point estimate obtained from frequentist MI with M = 25 imputations was almost

identical to the MLE. Of course, for this model, the observed data MLEs can be

easily found by fitting the previously described mixed model to Wi given Yi. Since

these are asymptotically optimal in terms of efficiency, there is little to gain in using

MI.

Inference

The MI we have described for measurement error thus far is frequentist MI. Robins

and Wang have described a sandwich estimator of variance for use with frequentist

MI, but this requires additional analytical work [55]. Alternatively, one could use

non-parametric bootstrapping [31]. This would involve applying MI with a fixed

number M imputations to each bootstrap sample, which may therefore be pro-

hibitively computationally expensive. A further alternative is to use proper MI and

then use Rubin’s rules. One simple approximate approach to creating proper impu-

tations is to sample new values of the imputation model parameters from a normal

distribution, with mean equal to the MLE of the imputation model parameters and

variance covariance equal to the estimated variance covariance of the estimates [56].

Rubin’s rules can then be applied to the resulting MI estimator to perform signifi-

cance tests and find confidence intervals. Another approach to creating approximate

draws from the posterior of the imputation model parameters is, for each imputa-

tion m, to use the the MLE of the imputation model parameters found from a

bootstrapped sample of the original data.

Multiple imputation for other model setups

Freedman et al recently compared the performance of RC, a version of moment

reconstruction (see Section 3.8), and a version of MI to deal with covariate mea-

surement error in linear (and logistic) regression [21]. Freedman et al considered a
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situation in which each subject has a measurement which adheres to a ‘non-classical’

error model:

Wi = γ0 + γXXi + δi

where δi is mean zero error, independent of Xi and Yi. Note that γ0 and γX are

not necessarily equal to zero and one respectively, as they are under the classical

error model. In their setup, a random subset of subjects in an internal calibration

study had two error-prone measurements Mi1 and Mi2 which follow a classical error

model, with error variance different to that of Wi. Under multivariate normality

assumptions, Freedman et al showed how an MI approach could be implemented

for their particular assumed setting. Their approach involved fitting a multivariate

normal model for the two unbiased measurements Mi1 and Mi2 given the biased

error-prone measurement Wi and Yi in internal calibration study subjects. Based

on the parameter estimates from this, multiple imputations of Xi were generated,

both for subjects in the main study and those in the internal calibration study.

Crucially, their implementation of MI did not utilize the assumption of non-

differential error. In simulations Freedman et al found that their MI estimator could

be substantially less efficient than a weighted RC estimator. They validated their

simulation results by deriving approximate expressions for the asymptotic variances

of the various estimators. They concluded that the inefficiency of their MI and

MR estimators was likely due to the fact their implementation of these did not

utilize the non-differential error assumption. Although not shown in the paper,

Freedman et al reported that they also considered versions of MI and MR which did

utilize this assumption. Although more complicated to implement, Freedman et al

reported that these versions appeared to have comparable efficiency to the weighted

RC estimator.

We note that for the model considered by Freedman et al , the joint distribution

is multivariate normal and therefore the likelihood function is available in closed

form. We do not believe our approach using linear mixed models (Section 3.6) can

be applied to this specific model, because the coefficient of Xi in the model for Wi

is not constrained to be one. However, since the likelihood function is equal to a

multivariate normal density, we believe numerical maximization routines, such as

Stata’s ml command or SAS PROC NLMIXED, could be used to find the MLE.

3.8 Moment reconstruction

Recently Freedman et al proposed a novel method for dealing with measurement

error called moment reconstruction (MR) [57]. It combines features of regression

calibration, through non-stochastic imputation of a new variable to substitute for
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Xi, and multiple imputation, by using the outcome Yi to make the imputation. It

can be applied when the outcome model is either linear or logistic regression.

For simplicity, we first describe MR in the case in which a single scalar covariate

Xi is measured with classical error by a single error-prone measurementWi = Xi+Ui.

Furthermore, we assume that E(Wi|Yi) = E(Xi|Yi). Since:

E(Wi|Yi) = E(Xi + Ui|Yi)
= E(Xi|Yi) + E(Ui|Yi),

this assumption is satisfied if the measurement errors Ui are non-differential with

respect to Yi, since this means E(Ui|Yi) = 0.

The aim of MR is to construct a random variable Xmr
i such that the first two

moments of Xmr
i are the same as those of Xi given Yi. Freedman et al showed that

this can be done by defining:

Xmr
i = E(Xi|Yi)(1−G) +WiG (3.85)

where G is given by:

G =

√
Var(Xi|Yi)
Var(Wi|Yi)

.

Since E(Wi|Yi) = E(Xi|Yi), it follows that:

E(Xmr
i |Yi) = E(Xi|Yi)(1−G) + E(Wi|Yi)G

= E(Xi|Yi).

It therefore also follows that the unconditional first moment E(Xmr
i ) = E(Xi). Then

it follows that:

Cov(Xmr
i , Yi) = E(Xmr

i Yi)− E(Xmr
i )E(Yi)

= E(E(Xmr
i Yi|Yi))− E(Xi)E(Yi)

= E(YiE(X
mr
i |Yi))− E(Xi)E(Yi)

= E(YiE(Xi|Yi))− E(Xi)E(Yi)

= Cov(Xi, Yi).

The conditional variance of Xmr
i given Yi is also the same as that of Xi, since:

Var(Xmr
i |Yi) = Var(E(Xi|Yi)|Yi)(1−G)2 +Var(Wi|Yi)G2

= 0 +
Var(Xi|Yi)

Var(Xi|Yi) + σ2
U

(Var(Xi|Yi) + σ2
U)

= Var(Xi|Yi).
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Then it also follows that:

Var(Xmr
i ) = E(Var(Xmr

i |Yi)) + Var(E(Xmr
i |Yi))

= E(Var(Xi|Yi)) + Var(E(Xi|Yi))
= Var(Xi).

To use MR we must specify the conditional mean function E(Xi|Yi) and the condi-

tional variance function Var(Xi|Yi), and either know the values or have estimates of

the parameters involved in these. Assuming these functions are correctly specified,

and that we have consistent estimates of the parameters they involve, asymptotically

Xmr
i will have the same mean, variance and covariance with Yi as the original Xi

values. It follows that parameters which are only functions of these first and second

moments will be consistently estimated if Xmr
i is used in place of the unobserved

Xi.

The specification of E(Xi|Yi) and Var(Xi|Yi) depends on the assumed model for

Xi and for Yi given Xi. Freedman et al considered a linear regression outcome

model, in which Xi, ǫi and Ui were assumed mutually independent. Freedman et al

gave expressions for estimators of E(Xi|Yi) and Var(Xi|Yi), stating that they made

no normality assumptions. We believe however that the stated estimators are equal

to the best linear prediction of Xi given Yi and the variance of this given Yi, but

as we have previously discussed, these are not in general equal to E(Xi|Yi) and

Var(Xi|Yi). Freedman et al showed that the resulting MR estimate of βX is equal to

the MOM estimate (which is consistent), demonstrating that for a linear regression

outcome model, one can assume that E(Xi|Yi) is linear in Yi and need not worry

about the validity of this assumption. Furthermore, we believe the assumptions

of independence of Xi, ǫi and Ui can be relaxed to assumptions of pair-wise zero

correlation.

Freedman et al described Xmr
i as a variance preserving empirical Bayes estimate

of Xi, shrinking Wi back towards its expectation conditional on Yi. In contrast to

RC, MR thus utilizes Yi in predicting the unobserved Xi. Also, whereas RC creates

predicted values ofXi which have variance less than σ2
X , MR creates predicted values

which (asymptotically) have the same variance as Xi.

3.8.1 Moment reconstruction with internal replication data

We now consider the implementation of MR for the model as described in Section

3.5.1. In this setup, we recall that each subject has ni error-prone measurements of

Xi, with ni potentially varying between subjects. Under this model specification,

the mean of the measurements, W i is sufficient for Xi, and so MR can be adapted
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by defining:

Xmr
i (W i, Yi) = E(Xi|Yi)(1−Gi)) +W iGi (3.86)

where

Gi =

√
Var(Xi|Yi)
Var(W i|Yi)

.

We recall from Section 3.6 that

E(Wi|Yi) = γ01ni×1 + γY Yi1ni×1

Var(Wi|Yi) = σ2
X|Y 1ni×ni

+ σ2
UIni

,

so that

E(Xi|Yi) = γ0 + γY Yi

Var(Xi|Yi) = σ2
X|Y

Var(W i|Yi) = σ2
X|Y +

σ2
U

ni

.

As we showed in Section 3.6, a linear mixed model for Wi can be fitted, with a fixed

effect of Yi and a single random effect bi ∼ N(0, σ2
X|Y ) representing the deviation in

Xi from its mean given Yi. The ML (or REML) estimates of the parameters can

then be used to calculate Xmr
i , and the linear regression model for Yi fitted with

these values as the covariate.

3.8.2 Efficiency

Having fitted the linear mixed model forWi given Yi, the ML estimate of βX (for the

previously described parametric model) can be calculated as described in Section

3.6. Thus, at least in large samples, there can be no efficiency gain from proceeding

to calculate Xmr
i and using MR to estimate βX . When ni = n• for all subjects,

as shown by Freedman et al , the MR and MOM estimates of βX coincide. When

ni differs between subjects, this equivalence no longer holds. Through calculation

of both the ML and MR estimates of βX on a simulated dataset, we have found

that the MR estimate of βX is not identical to the ML estimate. However, in our

simulations (see Section 3.9), we found that MR, implemented as described, had

efficiency which was effectively identical to ML.
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3.8.3 Moment reconstruction for other setups

As previously discussed, Freedman et al have recently compared the performance

of MR to RC and MI (see Section 3.7) [21]. Freedman et al considered a situation

in which each subject has a measurement which adheres to a ‘non-classical’ error

model:

Wi = γ0 + γXXi + δi

where δi is mean zero error, independent of Xi and Yi. Note that γ0 and γX are

not necessarily equal to zero and one respectively, as they are under the classical

error model. In their setup, a random subset of subjects in an internal calibration

study had two error-prone measurements Mi1 and Mi2 which follow a classical error

model, with error variance different to that of Wi.

Their implementation of MR involved estimating the parameters needed to calcu-

late the modified expression for Xmr
i , using data both from the calibration sub-study

and the main study, and also allowed for the possibility that the measurement error

in Wi was related to Yi conditional on Xi, i.e. differential measurement error. Their

MR estimate of βX was then based on regressing Yi on Xmr
i only in main study

subjects. This means that the data from subjects in the calibration sub-study is

only used to estimate the parameters needed to calculate Xmr
i , but are not used

to directly estimate βX . Freedman et al found that a weighted RC estimator (see

Section 3.4.6) was usually more efficient than their implementation of MR. How-

ever it would seem that this is a somewhat unfair comparison, since the weighted

RC estimator makes use of both calibration and main study subjects in the second

stage estimation of βX , whereas their implementation of MR only uses main study

subjects in this second stage. Furthermore, the weighted RC estimator utilizes the

non-differential error assumption for the measurementsWi, whereas their implemen-

tation of MR does not. Indeed, Freedman et al commented in their discussion that

they considered versions of MR for this setting which utilize the non-differential er-

ror assumption, and reported that in simulations not shown that it was as efficient

as the weighted RC estimator.

3.9 Simulations

In this section we report the results of simulations to compare the performance of

RC, ML, MI, and MR for a linear regression outcome model. We simulated data in

the simplest setting of a single covariate which is measured with error and no error-

free covariates. As is typical in many epidemiological studies, we assumed that all

subjects had at least one error-prone measurement, and that a 10% subset of sub-

jects had a second error-prone measurement. Our aim was to compare the methods’
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relative performance, in terms of bias and efficiency, and to see how these are af-

fected by the strength of the association between Xi and Yi and by the reliability

of the error-prone measurements. Although in typical epidemiological studies there

will usually be error-free covariates in the outcome model of interest and possibly

multiple covariates measured with error, we believe our simulation results can be

used to inform about the relative advantages and disadvantages of the estimation

methods in the more general setup (of multiple covariates, one or more of which are

measured with error).

3.9.1 Simulation setup

We simulated data for n = 5, 000 independent subjects with a single covariate

Xi ∼ N(0, 1). We chose this sample size to ensure that the probability of obtaining

estimates of σ2
X equal to zero was sufficiently close to zero. The outcome Yi was

simulated according to the linear regression model:

Yi = β0 + βXXi + ǫi

where β0 = 0, βX = 1, and ǫi ∼ N(0, σ2
ǫ ). We varied the value of σ2

ǫ to consider

either weak, moderate or strong associations between Yi and Xi, corresponding to a

correlation between Yi and Xi of 0.2, 0.5 and 0.8. We simulated measurements of Xi

which were subject to independent, classical normally distributed error. Specifically,

each subject had a first error-prone measurement Wi1 where:

Wi1 = Xi + Ui1

and Ui1 ∼ N(0, σ2
U). In addition, a random subset of 500 subjects had a second error-

prone measurement Wi2, which was also subject to independent, classical normally

distributed error, also with variance σ2
U . We varied the value of σ2

U to give reliability

ratios of 2/3, 1/2 and 1/3.

The results for each scenario are based on 10,000 simulations.

3.9.2 Estimation methods

We estimated βX using RC, ML, MI, and MR. For each method we report the mean

and standard deviation of its estimates of βX over the 10,000 simulations for each

scenario.

Regression calibration

To implement RC, we fitted a one-way random-intercepts model to the error-prone

measurements available from each subject using maximum likelihood. We used the

lmer command from the lme4 package to fit this model. Based on the estimates of
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σ2
X and σ2

U , we calculated Ê(Xi|Wi) (see equation (3.21)) for each subject. We then

estimated βX using by the OLS slope estimate from the regression of Yi on Ê(Xi|Wi).

For the confidence intervals for RC, we calculated 95% Wald-type confidence inter-

vals using the naive standard error obtained from regressing Yi on Ê(Xi|Wi). These

confidence intervals thus ignore the uncertainty in the parameter estimates needed

to calculate Ê(Xi|Wi), and are thus not expected to give correct coverage. Despite

this, researchers may be tempted to use such intervals given their ease of calculation,

and so it is of interest to examine their performance.

Maximum likelihood

For the ML estimate of βX , we fitted the linear mixed model to the error-prone

measurements as described in Section 3.6 using the lmer command. Wald-type con-

fidence intervals were calculated also as described in Section 3.6, using the reported

standard error for γ̂Y from lmer. To find a standard error for σ̂2
X|Y , we calculated

the sub-matrix of the observed information matrix corresponding to the variance

components. This was then inverted to find a standard error for σ̂2
X|Y . This ig-

nores variability in the fixed effects parameters, which is asymptotically valid due

to the fact that estimators of fixed effects and variance components in linear mixed

models are asymptotically uncorrelated. This matches the approach used by Stata’s

xtmixed command.

Frequentist multiple imputation

Using the estimates of the parameters of the mixed model forWi given Yi, we created

M = 25 imputations of Xi for each subject, as described in Section 3.7.2. We then

regressed Yi on these imputed Xi for each of the 25 imputations, and estimated βX

by the arithmetic mean of these 25 estimates.

Moment reconstruction

Again, using the estimates of the parameters of the mixed model for Wi given Yi,

we calculated Xmr
i for each subject, as described in Section 3.8. We then estimated

βX by the OLS slope estimated from the regression of Yi on X
mr
i .

All simulations were performed using R. For reasons of brevity, we include only

the R code for the simulations of Chapter 4, which are given in Listing 14.1.

3.9.3 Simulation results

Table 3.1 shows the results of the simulations. All the methods considered are

consistent for a linear regression outcome model, and our simulations showed little

bias for the sample size and scenarios considered. The variability of RC was very

similar to ML - ML only being appreciably more efficient for scenario 9, when the
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Table 3.1: Linear regression simulation results with normally distributed covariate.
Mean (SD) of estimates of βX (true value 1) from regression calibration (RC), max-
imum likelihood (ML), frequentist multiple imputation using 25 imputations (MI),
and moment reconstruction (MR). λ denotes the reliability ratio of the error-prone
measurements.

Scenario corr(Yi, Xi) λ RC ML MI MR

1 0.2 2/3 1.002 (0.090) 1.002 (0.090) 1.002 (0.090) 1.002 (0.090)
2 0.2 1/2 1.007 (0.114) 1.007 (0.114) 1.007 (0.115) 1.007 (0.114)
3 0.2 1/3 1.015 (0.168) 1.015 (0.168) 1.015 (0.169) 1.015 (0.168)

4 0.5 2/3 1.001 (0.043) 1.001 (0.043) 1.001 (0.043) 1.001 (0.043)
5 0.5 1/2 1.003 (0.070) 1.003 (0.069) 1.004 (0.069) 1.003 (0.069)
6 0.5 1/3 1.015 (0.124) 1.014 (0.121) 1.014 (0.121) 1.014 (0.121)

7 0.8 2/3 1.001 (0.035) 1.001 (0.033) 1.002 (0.033) 1.001 (0.033)
8 0.8 1/2 1.004 (0.063) 1.003 (0.057) 1.003 (0.057) 1.003 (0.057)
9 0.8 1/3 1.011 (0.122) 1.010 (0.110) 1.010 (0.110) 1.010 (0.110)

reliability ratio was 1/3 and the association between Xi and Yi was very strong.

Indeed for most scenarios, the RC and ML estimates for a given dataset were very

similar. For example, for scenario 1, the standard deviation of the difference between

them was 0.002. The bias and variability of the MR estimates were effectively the

same as ML. The MI estimates had identical bias to ML, and were marginally more

variable than ML. We believe this small difference would reduce if the number of

imputations M were increased further.

Table 3.2 shows the empirical coverage rates of the naive 95% confidence intervals

obtained using RC and the two-sided and one-sided coverage rates for the ML Wald

interval. The coverage of the naive 95% confidence interval for RC was reasonable

when the correlation between Xi and Yi was weak. Our results show however that

ignoring the uncertainty in the parameters needed to calculate Ê(Xi|Wi) affects

the coverage of the confidence intervals by a larger amount as the reliability ratio

decreases and also as the correlation between Xi and Yi increases. For a moderate

or strong correlation, the coverage properties for the particular data setup we have

used is poor, with coverage of only 34.9% for scenario 9. In contrast, the coverage

of the ML Wald intervals was good for all scenarios, with the empirical coverage

slightly less when the reliability ratio was lower. However, as λ decreased and the

correlation between Yi and Xi increased, the coverage rates of the one-sided intervals

using the lower limit of the 95% interval became closer to 100% while the coverage of

the one-sided interval using the upper limit became closer to 95%, rather than their

97.5% nominal coverage rates. This was a symptom of the fact that the sampling

distribution of the ML estimator of βX was positively skewed. The result was that

the two-sided Wald intervals had close to the correct coverage level.
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Table 3.2: Linear regression simulation results with normally distributed covari-
ate. Empirical coverage rates of 95% confidence intervals for βX (coverage of lower
and upper one-sided 97.5% intervals): naive Wald intervals found using regression
calibration (RC) and Wald intervals for the maximum likelihood (ML) estimate. λ
denotes the reliability ratio of the error-prone measurements.

RC ML
Scenario corr(Yi, Xi) λ Naive Wald Wald

1 0.2 2/3 93.5 (96.6, 96.9) 95.2 (97.7, 97.4)
2 0.2 1/2 90.8 (94.9, 95.9) 95.1 (98.0, 97.1)
3 0.2 1/3 85.0 (92.2, 92.8) 95.4 (99.4, 96.0)

4 0.5 2/3 84.7 (92.5, 92.2) 95.1 (98.3, 96.7)
5 0.5 1/2 70.8 (85.4, 85.4) 95.1 (99.1, 96.0)
6 0.5 1/3 55.7 (77.7, 78.0) 94.9 (99.9, 95.0)

7 0.8 2/3 64.3 (82.2, 82.2) 95.0 (98.4, 96.6)
8 0.8 1/2 47.3 (74.0, 73.3) 95.2 (99.2, 96.0)
9 0.8 1/3 34.9 (68.5, 66.5) 94.3 (99.7, 94.7)

3.9.4 Robustness to modelling assumptions

As previously discussed in Sections 3.4.3 and 3.6.2, we believe the implementations

of RC and ML which we have used, which are predicated on normality of Xi, should

give consistent estimates of βX even when this assumption is violated. We performed

a further set of simulations to explore this claim. We used the same setup as

previously described, except that Xi was generated with a log-normal distribution.

To emphasize that the ML estimator assumes marginal normality for Xi, and is

therefore no longer ML for the true data-generating model, we refer to it in this

sub-section as ‘normal-model ML’.

Table 3.3 shows the results of the simulations, where again 10,000 simulations

were performed for each scenario. Compared to the simulations under which Xi

was normally distributed, the bias and sampling variability of both RC and normal-

model ML were larger. As before, there was little evidence of bias in RC or normal-

model ML. The variability of both RC and normal-model ML were similar to when

Xi was normally distributed for a reliability ratio of 2/3 or 1/2. For a reliability

ratio of 1/3, both RC and normal-model ML were more variable than they were

for normal Xi. The efficiency advantage of normal-model ML over RC was greater

compared to that when Xi was normally distributed. As before, MI and MR had

bias and variability which were almost identical to that of normal-model ML.

Table 3.4 shows the empirical coverage rates of the RC and normal-model ML

confidence intervals. Under non-normality we would not necessarily expect the cov-

erage of the normal-model ML Wald intervals to equal the nominal level. However,

in our simulations the coverage of these confidence intervals was quite acceptable,

being close to 95% for most of the scenarios. The coverage rates of the one-sided
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Table 3.3: Linear regression simulation results with log-normally distributed co-
variate. Mean (SD) of estimates of βX from regression calibration (RC), normal-
model maximum likelihood (ML), frequentist multiple imputation using 25 imputa-
tions (MI), and moment reconstruction (MR). λ denotes the reliability ratio of the
error-prone measurements.

Scenario corr(Yi, Xi) λ RC ML MI MR

1 0.2 2/3 1.000 (0.091) 1.003 (0.091) 1.004 (0.092) 1.003 (0.091)
2 0.2 1/2 1.003 (0.119) 1.010 (0.120) 1.011 (0.121) 1.010 (0.120)
3 0.2 1/3 1.012 (0.184) 1.024 (0.185) 1.024 (0.186) 1.023 (0.185)

4 0.5 2/3 0.998 (0.046) 1.002 (0.045) 1.002 (0.045) 1.002 (0.045)
5 0.5 1/2 0.999 (0.078) 1.006 (0.075) 1.006 (0.075) 1.006 (0.075)
6 0.5 1/3 1.013 (0.145) 1.019 (0.134) 1.019 (0.134) 1.019 (0.134)

7 0.8 2/3 0.999 (0.038) 1.002 (0.034) 1.002 (0.034) 1.002 (0.034)
8 0.8 1/2 1.000 (0.072) 1.003 (0.059) 1.004 (0.059) 1.003 (0.059)
9 0.8 1/3 1.010 (0.145) 1.011 (0.112) 1.011 (0.112) 1.011 (0.112)

intervals deviated from their nominal 95.7% levels in the same way as for normal

Xi.

3.10 Conclusions

In this chapter we have examined the consequences of classical covariate measure-

ment error in linear regression models and reviewed some of the methods which can

be used to correct for these effects. For a linear regression model with a single co-

variate, we saw that classical measurement error causes attenuation in the observed

association between outcome and the error-prone measurement of the covariate. In

the more usual setting in which there are multiple covariates, biases can be either

towards or away from the null, depending on the correlations between the underly-

ing covariates. We conclude the chapter by comparing the estimation methods we

have considered.

3.10.1 Statistical efficiency

MOM correction for classical covariate measurement error is attractive because of

its simplicity of implementation. However, if the measurement model parameters

are estimated using internal replication data, the simple MOM estimator of βX is

inefficient because only a single error-prone measurement is used to obtain the naive

estimate of βX . RC improves on this by using all of a subject’s available error-prone

measurements to predict Xi. In general however, RC is inefficient compared to the

ML (under normality assumptions) estimator, although our simulations results sug-

gest that the efficiency advantage of ML over RC may be small in typical situations.

In RC, unweighted least squares is used to estimate βX using data in which the
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Table 3.4: Linear regression simulation results with log-normally distributed co-
variate. Empirical coverage rates of 95% confidence intervals for βX (coverage of
lower and upper one-sided 97.5% intervals): naive Wald intervals found using regres-
sion calibration (RC) and Wald intervals for the normal-model maximum likelihood
(ML) estimate. λ denotes the reliability ratio of the error-prone measurements.

Scenario corr(Yi, Xi) λ RC Normal-model ML

1 0.2 2/3 93.1 (96.8, 96.4) 94.6 (97.5, 97.1)
2 0.2 1/2 89.5 (94.7, 94.8) 94.6 (97.8, 96.9)
3 0.2 1/3 82.5 (91.7, 90.8) 94.2 (99.4, 94.5)

4 0.5 2/3 82.5 (92.0, 90.5) 94.4 (98.0, 96.4)
5 0.5 1/2 65.3 (84.6, 80.7) 93.6 (98.6, 95.0)
6 0.5 1/3 50.0 (76.4, 73.6) 93.8 (99.8, 94.0)

7 0.8 2/3 60.3 (82.3, 77.9) 94.3 (98.0, 96.2)
8 0.8 1/2 42.9 (74.5, 68.4) 94.7 (98.9, 95.8)
9 0.8 1/3 30.8 (68.6, 62.2) 94.2 (99.7, 94.5)

residual variance differs between subjects who have different values of ni, which we

believe is the cause of its (often small) inefficiency. We have shown that under a

particular parametric model based on joint normality, the ML estimate of βX can

be obtained by first fitting a linear mixed model for Wi given Yi. This same linear

mixed model can be used to estimate the parameters needed to multiply impute Xi,

and also to calculate the predictions of Xi defined by the method of MR. Our simu-

lations results suggest that the efficiency of both MI (with a suitably large number

of imputations) and MR are very close to that of ML.

3.10.2 Assumptions

Consistent estimates of βX can be obtained using MOM or RC (using best linear

prediction) without making any distributional assumptions. In contrast, methods

such as ML and MI are predicated on specific distributional assumptions. However,

we have shown that for a joint model predicated on normality assumptions, the

ML estimator of βX remained consistent even if these normality assumptions are

violated. Thus, even though the ML estimator is derived on the basis of stronger

assumptions than are necessary for MOM or RC, these assumptions are not needed

to ensure consistency of estimates. This robustness to modelling assumptions occurs

because the parameters on which βX depend are estimated consistently regardless

of the distributions of the various variables [58].

3.10.3 A situation when the methods are equivalent

Although in general MOM, RC and ML give different estimates of βX , if ni = n•

for all i, so that each subject has n• error-prone measurements available, they give

77



identical point estimates under certain parametric assumptions. To see that MOM

and RC give the same estimate, recall that the MOM estimate is found by dividing

the naive estimate of βX , obtained by regressing Yi on W i, by:

σ2
X

σ2
X +

σ2
U

n•

, (3.87)

or rather this expression with the parameters replaced by their respective estimates.

The RC estimate under an assumption of normality for Xi and Uij , or equivalently

RC using the best linear prediction, is given by regressing Yi on Xblp
i , where Xblp

i

is as given in equation (3.21). In the definition of Xblp
i , W i is multiplied by the

same factor as given above in equation (3.87). Since multiplying the independent

variable of a linear regression model by a particular factor causes the estimated slope

parameter to be multiplied by the reciprocal of the factor, we see that the MOM and

RC estimates of βX are identical if the same estimates of σ2
X and σ2

U are used. Under

the parametric model described in Section 3.5.1 which assumes joint normality, Wang

et al have shown that the MLE of βX is identical to the MOM and RC estimates of

βX , if in MOM and RC, σ2
X and σ2

U are estimated using ML methods (Proposition

1 of [59]). In fact, we believe the estimates are only identical when the solutions

to the estimating equations result in non-negative variance estimates. However, the

probability of this occurring tends to zero as n → ∞ and the number of subjects

with ni ≥ 2 increases.

3.10.4 Software

MOM correction and RC can be easily implemented using standard statistical pack-

ages, although for Stata a user-written command rcal can be used to perform RC

for generalized linear outcome models in a number of settings, including that in

which internal replication data are available [60]. In Stata the cme wrapper for the

GLLAMM package uses ML to allow for covariate measurement error in generalized

linear outcome models. For the model considered in Section 3.5.1, in which the ob-

served data log likelihood is available in closed form, commands for maximizing user

defined likelihoods could also be used, such as Stata’s ml command or the NLMIXED

command in SAS. Such models can also be fitted using the latent variable software

Mplus [45]. Our approach to ML estimation described in Section 3.6 only requires

that one can fit a random-intercepts mixed model, which is available in most, if not

all, modern statistical packages. Implementations of MI in statistical packages all

require (as far as we are know) that the variable subject to missingness is observed

on at least some subjects. The case of covariate measurement error with internal

replicate error-prone measurements cannot therefore be dealt with using standard

MI software. However, as described in Section 3.7, for the parametric model we

considered, having found the ML estimates for the joint model, it is relatively easy
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to create imputations of Xi. MR is also easy to implement for the setting we have

considered, where as for MI, the parameters needed to calculate the values of Xmr
i

can be estimated by fitting the linear mixed model for Wi given Yi, as described in

Section 3.6.

3.10.5 Other methods

We note that this chapter is not an exhaustive account of all estimation methods

which allow for classical covariate measurement error in linear regression outcome

models. Other methods include semi-parametric methods such as the conditional

score method (see Section 4.9) and simulation extrapolation (SIMEX) (see Chapter

5 of [8]). These methods are likely to be more useful for outcome models other

than linear regression, for which obtaining consistent estimates of the parameters of

interest is typically more difficult.
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Chapter 4

Binary outcomes

In this chapter we consider the effects of covariate measurement error for binary

outcome models. The generalised linear model family provides an extremely flexible

framework for regression models, including models for outcomes which are binary, or

Bernoulli distributed. Although other link functions are available, the canonical logit

link is by far the most popular, giving the logistic regression model. Because of the

popularity of logistic regression for binary outcomes, the majority of research into

covariate measurement error for binary outcomes has focused on logistic regression,

and it is this outcome model which we too focus on.

When considering binary outcomes, we assume that subjects are sampled ran-

domly, and specifically not dependent on their outcome status Yi (i.e. case-control

studies). In the absence of covariate measurement error, case-control studies can be

analyzed as if the data were obtained prospectively. However, if the covariates are

measured with error, one cannot necessarily ignore the retrospective sampling when

adjusting for covariate measurement error [61].

In Section 4.1 we begin by briefly reviewing the logistic regression model. We

then review the literature examining the effects of covariate measurement error on

logistic regression parameter estimates, which lead to MOM correction (Section 4.2).

We then examine RC for logistic regression, for which estimates are only approxi-

mately consistent, in contrast to the case of linear regression (Section 4.3). Next,

we describe the ML approach, which under the standard parametric assumptions is

complicated by the intractability of the observed data likelihood function (Section

4.4). We then explore one simulation based approach to finding the MLEs for this

parametric model by using a recently proposed version of Monte-Carlo EM (Section

4.5). Then we show how our approach to ML estimation based on fitting a linear

mixed model can be adapted to the case of logistic regression, under a particular

parametric model (Section 4.6), which forms part of a paper recently published in

Statistics in Medicine [27]. This mixed model can also be used to multiply impute

the unobserved covariates (Section 4.7) and to implement MR (Section 4.8). In

Section 4.9 we describe the semi-parametric conditional score method, which gives
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consistent estimates without requiring specification of the distribution of Xi. In Sec-

tion 4.10 we report results of simulations, and in Section 4.11 discuss the advantages

and disadvantages of the methods described.

4.1 Logistic regression

A binary outcome Yi follows a logistic regression given a covariate Xi if:

P (Yi = 1|Xi) = E(Yi|Xi) =
exp(β0 + βXXi)

1 + exp(β0 + βXXi)
(4.1)

In the absence of covariate measurement error, and conditioning on the observed

values of Xi, the MLEs of β0 and βX are found by maximizing the log likelihood

function:

n∑

i=1

Yi(β0 + βXXi)− log(1 + exp(β0 + βXXi)). (4.2)

Under suitable regularity conditions, the MLE of β0 and βX are those values which

solve the likelihood score equations:

n∑

i=1

ψML(Yi, Xi, β0, βX) = 0 (4.3)

where

ψML(Yi, Xi, β0, βX) =

(
1

Xi

)(
Yi −

exp(β0 + βXXi)

1 + exp(β0 + βXXi)

)
. (4.4)

Since the score equations are non-linear in β0 and βX , there is no closed form solu-

tion, and so an iterative method is required, such as Newton-Raphson.

4.2 The effects of classical covariate measurement

error

For a linear regression outcome model, we saw earlier that the bias induced by classi-

cal covariate measurement error could be quantified exactly. Because the parameters

in a linear regression only depend on means, variances, and covariances, the bias

induced by classical covariate measurement error depends only on the variance of

the measurement errors relative to the variance of the true covariate. Unfortunately

the same is not true more generally for non-linear outcome regression models, such

as logistic regression.
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4.2.1 Induced model for Yi given Wi

We first show why there is no exact expression for the bias induced by classical

covariate measurement error in logistic regression. We assume Xi is measured by

classical error by Wi = Xi + Ui where Ui is independent of Xi and independent of

Yi conditional on Xi (i.e. non-differential). The conditional distribution of Yi given

Wi can then be expressed as:

P (Yi = 1|Wi) = E(Yi|Wi)

= E(E(Yi|Xi,Wi)|Wi)

= E(E(Yi|Xi)|Wi)

= E

(
exp(β0 + βXXi)

1 + exp(β0 + βXXi)
|Wi

)
(4.5)

where we use the non-differential error assumption to go from the second to the third

line. The induced model relating Yi to the error-prone measurementWi thus depends

on the conditional distribution of the true covariate Xi given Wi, or equivalently,

on the marginal distribution f(Xi) and the distribution of the measurement error,

f(Wi|Xi). The distribution of Yi given Wi does not in general follow a logistic

regression. Also, in general the expectation in equation (4.5) cannot be evaluated

in closed form, and so no exact expression for the bias caused by classical covariate

measurement error can be found. With additional assumptions however, exact or

approximate expressions for bias may be found.

4.2.2 Normal discriminant model

One case in which Yi given Wi does follow a logistic regression model, and where

quantification of the bias caused by covariate measurement error is simple, is the

normal discriminant model where Xi is measured with independent normal error

[62, 63]. Under the normal discriminant model, Xi|Yi ∼ N(γ0 + γY Yi, σ
2
X|Y ). It can

be easily shown that this model implies a logistic regression model for Yi given Xi:

P (Yi = 1|Xi) = E(Yi|Xi) =
exp(β0 + βXXi)

1 + exp(β0 + βXXi)

where:

β0 = log

(
π1

1− π1

)
− 1

2σ2
X|Y

(γ2Y + γY γ0)) (4.6)

βX =
γY
σ2
X|Y

(4.7)

for π1 = P (Yi = 1). If Xi is measured with normally distributed error with mean

zero and variance σ2
U , then Wi|Yi ∼ N(γ0+γY Yi, σ

2
X|Y +σ2

U). This thus implies that
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Yi given Wi also follows a logistic regression with log odds ratio βW given by:

βW =
γY

σ2
X|Y + σ2

U

=
γY
σ2
X|Y

σ2
X|Y

σ2
X|Y + σ2

U

. (4.8)

Therefore for the normal discriminant model, independent normally distributed mea-

surement error causes attenuation of parameter estimates, by a factor
σ2
X|Y

σ2
X|Y

+σ2
U

. We

note that this factor is not the same as the reliability ratio of the error-prone mea-

surements, because the expression involves the conditional variance σ2
X|Y rather than

the marginal variance σ2
X . However, the two are similar if the association between

Yi and Xi is weak or if the outcome is rare or very common. In this case, the

naive estimates of βX are then biased by approximately the same factor as in linear

regression.

4.2.3 Other conditions under which bias can be approxi-

mated

In Section 4.3 we review the work of Rosner et al [2, 13, 33], who showed that RC

can be justified for logistic regression if the outcome Yi is rare and Xi given Wi is

normal, with conditional mean function linear in Wi. Subsequently, Kuha showed

that RC also gives approximately consistent estimates of βX providing β2
XVar(Xi|Wi)

is small [64].

When E(Xi|Wi) is linear in Wi, the RC estimate of βX is identical to a MOM

estimate obtained by dividing the naive estimate of βX (found by using Wi as co-

variate) by λ = σ2
X/(σ

2
X + σ2

U). Therefore if E(Xi|Wi) is linear in Wi, if either the

outcome is rare and Xi is normally distributed givenWi, or if β
2
XVar(Xi|Wi) is small,

the naive estimator of βX is biased approximately by a factor of λ, the reliability

ratio of the error-prone measurements Wi.

4.3 Regression calibration

The method which is now referred to as RC was first proposed in the context of a

generalized linear outcome model by Armstrong [34]. Its use for logistic regression

outcome models was made popular by a series of papers by Rosner et al in the early

1990s [2,13,33]. We review the conditions under which RC can be expected to give

approximately consistent estimates of βX for logistic regression. For simplicity, we

consider RC using a single error-prone measurement Wi, subject to classical mea-

surement error, although the extension to using multiple error-prone measurements

Wi applies as for continuous outcomes.
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4.3.1 Var(Xi|Wi) small

Armstrong’s original proposal for using RC in generalized linear models was based

on a simple first order Taylor series expansion, i.e. using the delta method, to

approximate the expectation in equation (4.5):

P (Yi = 1|Wi) = E

(
exp(β0 + βXXi)

1 + exp(β0 + βXXi)
|Wi

)

≈ exp(β0 + βXE(Xi|Wi))

1 + exp(β0 + βXE(Xi|Wi))

which is valid providing Var(Xi|Wi) is small. This conditional variance is small

when the measurement error variance σ2
U is small.

4.3.2 Rare outcome and Xi given Wi normal

Rosner et al proposed using RC (or equivalently, under their assumptions, MOM

correction) in logistic regression [2,13,33]. Under the assumptions that the outcome

is rare and that Xi is normal given Wi (with conditional mean linear in Wi), Rosner

et al showed that Yi approximately follows a logistic model given Wi, with log odds

ratio λβX for Wi. Under the assumption that the outcome is rare:

P (Yi = 1|Xi) =
exp(β0 + βXXi)

1 + exp(β0 + βXXi)

≈ exp(β0 + βXXi),

using the first-order Taylor series expansion of x/(1 + x) around 0, which gives

x/(1+x) ≈ x. Then under the assumption that Xi|Wi ∼ N(E(Xi|Wi),Var(Xi|Wi)),

where E(Xi|Wi) = µX + λ(Wi − µX) and Var(Xi|Wi) = σ2
X(1 − λ), it follows that

exp(β0+βXXi) follows a log-normal distribution conditional onWi, with parameters

β0 + βXE(Xi|Wi) and β
2
XVar(Xi|Wi). Then using the fact that the mean of a log-

normal distribution is equal to exp(µ + σ2/2) where µ and σ2 are the mean and

variance of the underlying normal distribution, it follows, using equation (4.5), that:

E(Yi = 1|Wi) = E(E(Yi|Xi)|Wi)

≈ E(exp(β0 + βXXi)|Wi)

≈ exp(β0 + βXE(Xi|Wi) + β2
XVar(Xi|Wi)/2)

≈ exp(β0 + βXE(Xi|Wi) + β2
XVar(Xi|Wi)/2)

1 + (exp(β0 + βXE(Xi|Wi) + β2
XVar(Xi|Wi)/2))

.

Since Var(Xi|Wi) does not depend on Wi, this means Yi follows a logistic regression

given Wi, with intercept β0 + β2
XVar(Xi|Wi)/2 and log odds ratio corresponding to

Wi of βXE(Xi|Wi). Thus approximately consistent estimates of βX can be obtained

by fitting the logistic regression model with E(Xi|Wi), under the stated assumptions.
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Under the assumption that E(Xi|Wi) = µX + λ(Wi − µX), the same estimate of βX

is obtained by dividing the naive estimate of βX by λ, justifying the conclusion that

the naive estimate is biased approximately by λ under the given assumptions.

4.3.3 β2
XVar(Xi|Wi) small

In 1994, Kuha showed that RC could be justified for logistic regression under weaker

assumptions than the ones used by Rosner et al [64]. Recall from equation (4.5)

that:

E(Yi = 1|Wi) = E

(
exp(β0 + βXXi)

1 + exp(β0 + βXXi)
|Wi

)
.

By replacing exp(β0+βXXi)/(1+exp(β0+βXXi)) by its second order Taylor series

expansion about E(Xi|Wi), Kuha showed that RC gives approximately consistent

estimates of βX providing β2
XVar(Xi|Wi) is small. This holds if either βX is small,

Var(Xi|Wi) is small, or both are small.

When subjects have multiple error-prone measurements, the small conditional

variance condition Var(Xi|Wi) becomes Var(Xi|Wi). This conditional variance is a

decreasing function of the number of error-prone measurements ni, and so we would

expect the bias in RC to decrease when subjects have more replicate error-prone

measurements of Xi.

4.4 Maximum likelihood

In this section we consider a maximum likelihood approach to deal with classical

covariate measurement error in a logistic regression outcome model. We first define

the parametric model which is most often considered, which is based on marginal

normality for the covariate Xi (Section 4.4.1). The observed data or marginal like-

lihood function cannot be expressed in closed form for this model, precluding direct

application of maximization methods such as Newton-Raphson. We consider adap-

tations of these methods to deal with the intractability of the likelihood function

in Sections 4.4.3 and 4.4.4 respectively. We end the section by briefly describing

a probit outcome model for Yi, for which the likelihood function can be evaluated

and the ML estimates can be more easily found. In Section 4.5 we show how the

Monte-Carlo EM algorithm can be used to find ML estimates for the joint model

which assumes marginal normality for Xi. In Section 4.6 we consider an alternative

parametric model for which a standard linear mixed model can be fitted to find the

ML estimates.
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4.4.1 Model specification and the observed data likelihood

function

As for continuous outcomes, under the non-differential error assumption we can

specify the joint distribution of the complete data (i.e. including Xi) by separately

defining the outcome model, the covariate model, and the measurement model.

As described at the beginning of the chapter, we assume that Yi follows a logistic

regression model given Xi, with intercept β0 and log odds ratio corresponding to Xi

equal to βX . We assume the same covariate and measurement model as in Section

3.5.1, which for convenience we briefly recall here. We assume Xi ∼ N(µX , σ
2
X), and

that subject i has ni error-prone measurements ofXi, subject to normally distributed

error with variance σ2
U . The measurement errors are assumed independent of Xi,

and to be independent of Yi conditional on Xi. As before, we denote the vector

of parameters for this joint model by θ = (β0, βX , µX , σ
2
X , σ

2
U)

T . We note that in

contrast to a linear regression outcome model, there is no variance parameter in

logistic regression because the variance function of a Bernoulli random variable is a

fixed function of the mean.

As for continuous outcomes, given data from n independent subjects, the ob-

served data likelihood function is equal to the probability density function of the

observed data, considered as a function of the parameter vector θ:

Ln(θ) =
n∏

i=1

f(Yi,Wi|θ)

=
n∏

i=1

∫
f(Yi|Xi)f(Wi|Xi)f(Xi)dXi

=
n∏

i=1

∫
exp(β0 + βXXi)

1 + exp(β0 + βXXi)

×ni(2πσ
2
U)

−1/2 exp

(
ni∑

j=1

−(Wij −Xi)
2/2σ2

U

)

×(2πσ2
X)

−1/2 exp
(
−(Xi − µX)

2/2σ2
X

)
dXi (4.9)

Recall that when f(Yi|Xi) is the conditional normal linear regression model, Yi and

Wi are jointly normally distributed (see Section 3.5.1). Unfortunately, when Yi

given Xi follows a logistic regression model, the integral in equation (4.9) cannot

be expressed in closed form, and the joint distribution of (Yi,Wi) is not a standard

distribution. This means that the observed data likelihood function for this model

cannot be expressed in a tractable form. This makes finding the MLE considerably

more difficult.

The observed data likelihood of equation (4.9) is similar to that for generalized

linear mixed models [41]. Generalized linear mixed models extend the generalized

linear model by allowing the linear predictor to contain both fixed effects and random
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effects. The observed data likelihood function for such models similarly involves

integrating over the distribution of the unobserved random effects, and apart from

the case of continuous outcomes, this is usually an intractable integral. Because of

the similarities of the likelihood functions in the two cases, many of the methods

which can be used to maximize the likelihood functions of generalized linear mixed

models can also be applied to joint models which include covariate measurement

error.

4.4.2 Approximating integrals

We briefly review the main approaches to approximating intractable integrals, and

then examine how these can be used within the Newton-Raphson and EM algo-

rithms. Methods to approximate integrals can broadly be divided into deterministic

and those based on pseudo-random simulation, or Monte-Carlo methods [41].

Deterministic approximations

The method of Gaussian quadrature involves approximating integrals by a weighted

sum of the integrand evaluated at a number of locations (quadrature points) in the

domain of integration. The approximation can be made more accurate by increasing

the number of quadrature points. The location of the quadrature points and weights

depend on the integrand and the domain of integration. For integrals such as the

one in equation (4.9), where the domain of integration is the entire real line, and

the integrand is the product of a function and a normal density, the locations of the

quadrature points are solutions to the Hermite polynomial functions [41, 65].

The location of the quadrature points for Gauss-Hermite quadrature depend on

the normal density involved in the integrand, but not on the function with which it is

multiplied. Depending on this function, the value of the integrand may be small for

many of the quadrature locations, and so in effect, many of the quadrature points are

wasted. To overcome this, adaptive Gaussian quadrature shifts the location of the

quadrature points so that they are centred at the centre of the integrand and scaled

depending on the support of the integrand. For a given number of quadrature points,

this results in a more accurate approximation of the integral compared to standard

Gaussian quadrature. However, to use adaptive quadrature we must calculate how

much to shift and scale the quadrature points, which entails additional computation.

Monte-Carlo approximations

The integral involved in equation (4.9) can be viewed as the expectation of f(Yi|Xi)f(Wi|Xi)

with respect to the marginal distribution of Xi. In classical Monte-Carlo inte-

gration [50], a number M random draws X
(m)
i ,m = 1, ..,M are generated from

the density f(Xi) and we approximate the expectation by the sample mean of
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f(Yi|Xi)f(Wi|Xi) evaluated over the M randomly drawn values of Xi:

Ef(X) (f(Yi|Xi)f(Wi|Xi)) ≈
1

M

M∑

m=1

f(Yi|X(m)
i )f(Wi|X(m)

i )

The approximation can be made arbitrarily accurate by increasing M , and we can

assess the error in the approximation using the sample variance of the summand

about the mean.

Sometimes it is not possible to directly sample from the required density f(Xi),

in which case a variety of alternative approaches may be possible. The method

of rejection sampling can sometimes be used to generate samples from the desired

distribution by sampling from an alternative distribution, for which it is easy to

generate samples, and only accepting particular draws on the basis of some criterion

[50]. We describe rejection sampling in greater detail in Section 4.5.2. The method

of importance sampling also involves sampling from a distribution which differs from

the target distribution. In importance sampling, the integrand is multiplied by the

ratio of the target density to the candidate density (evaluated at each sample), so

that the approximation is a valid estimate of the integral of interest [50].

‘The curse of dimensionality’

Deterministic quadrature methods can be usefully employed to approximate both

one dimensional and multi-dimensional integrals of low dimension. For multi-dimensional

integrals, the number of points at which the integrand has to be evaluated grows

exponentially with the dimension of the integral. Recall that in the case of covariate

measurement error, the density of the observed data involves integrating over the

distribution of the unobserved covariate Xi. With multiple covariates measured with

error, we must integrate over the distribution of the multivariate random variable

Xi. Thus for even moderate dimensions of Xi, the time required to find the MLE

may be prohibitively large because of the number of points at which the integrand

must be evaluated.

In contrast, Monte-Carlo methods may still be feasible for approximating higher

dimensional integrals. This is because the error in a Monte-Carlo estimate does

not depend on the dimension of the integral, in contrast to deterministic methods

such as Gaussian quadrature. Of course to use Monte-Carlo integration, we must

be able to sample from the required multivariate density, or resort to methods such

as rejection sampling or importance sampling. However, as the dimension of Xi

increases, use of these latter methods to generate random draws may also become

problematic, as we discuss further in Section 4.5.5.
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4.4.3 Newton-Raphson

As described in Section 3.5.3, the Newton-Raphson method requires that we can

evaluate the likelihood score and information matrices for given values of the model

parameters θ. Since we have no closed form expression for the observed data likeli-

hood function for the specified model, we cannot derive closed form expressions for

the first and second derivatives of the log observed data likelihood, and so approxi-

mate methods must be used.

The NLMIXED procedure in SAS can be used to maximize likelihood functions

such as the one in equation (4.9) [46]. The GLLAMM package for Stata, developed

by Rabe-Hesketh, Skrondal and Pickles [66], can also be used to maximize the

likelihood function in equation (4.9). A wrapper command called cme, which calls

the GLLAMM package, is available for fitting generalized linear outcome models

in which covariates are measured with error [44]. Both NLMIXED and GLLAMM

use adaptive Gaussian quadrature (see Section 4.4.2) to approximate the observed

data likelihood function. A Newton-Raphson type algorithm is then used, with the

first and second derivatives of the log likelihood approximated by the numerical

derivatives of the approximated log likelihood [66].

4.4.4 Expectation Maximization

In one of the earliest proposals to use ML to allow for covariate measurement error,

Schafer proposed using the EM algorithm as a convenient approach to finding the

MLE [38]. Recall that the E-step consists of finding the expectation of the complete

data log likelihood, conditional on observed data and the current estimate of the

model parameters. As for the continuous outcome model we considered in Section

3.5, the complete data log likelihood can be decomposed into the sum of three parts,

corresponding to the outcome model, the covariate measurement error model, and

the model for the true covariate. Since we assume here that the true covariate Xi is

normally distributed, and measured with error by classical normal error, the second

and third components of the complete data log likelihood are the same as for when

the outcome model is linear regression.

We recall from Section 3.5.4 that in the E-step we required E(Xi|Yi,Wi) and

E(X2
i |Yi,Wi). For the model specification we are assuming, in which Yi given Xi

follows a logistic regression, the conditional distribution f(Xi|Yi,Wi) is no longer

normal, and there is no closed form expression for E(Xi|Yi,Wi) and E(X2
i |Yi,Wi).

Furthermore, from equation (4.2), the component of the complete data log likelihood

corresponding to f(Yi|Xi) is given by:

l(β0, βX) =
n∑

i=1

{Yi(β0 + βXXi)− log(1 + exp(β0 + βXXi))} .
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Taking expectations conditional on the observed data (Yi and Wi) we have:

n∑

i=1

{Yi(β0 + βXE(Xi|Yi,Wi))− E(log(1 + exp(β0 + βXXi))|Yi,Wi)} .

Thus the E-step also requires computation of E(log(1 + exp(β0 + βXXi))|Yi,Wi).

Schafer proposed approximating this by log(1 + exp(β0 + βXE(Xi|Yi,Wi)), and

approximating E(Xi|Yi,Wi) and Var(Xi|Yi,Wi) by the mean and variance of a

normal distribution which approximates the conditional distribution f(Xi|Yi,Wi).

The resulting estimator of βX is not equal to the MLE due to these approximations,

although Schafer reported promising performance in simulations [38]. The required

expectations can instead be approximated using quadrature methods. Higdon and

Schafer describe in detail the implementation of the EM algorithm for GLMs subject

to covariate measurement error, using Gauss-Hermite quadrature to approximate the

required expectations [67].

Monte-Carlo Expectation Maximization

In 1990 Wei and Tanner proposed using Monte-Carlo approximation to deal with an

intractable E-step in the EM algorithm, leading to an algorithm which they termed

Monte-Carlo Expectation Maximization (MCEM) [68]. At iteration (t + 1) of the

MCEM algorithm, the expected complete data log likelihood is approximated by its

Monte-Carlo average, the average being taken over draws from f(Xi|Yi,Wi,θ
(t)).

The M-step then involves maximizing this approximation with respect to the model

parameters θ. This means maximizing the combined complete data log likelihood

corresponding to n×M pseudo-observations.

We describe MCEM in greater detail in Section 4.5, where we also describe a

recent proposal for how the number of imputations M should be increased as the

algorithm moves towards convergence.

4.4.5 Robustness to modelling assumptions

For a linear regression outcome model, we saw in Section 3.6.2 that the ML estimator

based on a model of joint normality was consistent even if some of the normality

assumptions are violated. As discussed by Huang et al [58], such robustness occurs

when the parameter of primary interest only depends on moments of the true model

and when these are consistently estimated even if the distributional assumptions are

violated.

A small number of papers have investigated the robustness of the model de-

scribed in Section 4.4.1 to non-normality of Xi. Thoresen and Laake reported that

if Xi has a chi-squared distribution with one degree of freedom, the ML estimator

based on normality for Xi has little bias [69]. In contrast, Schafer found that the
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ML estimator based on normality was biased when the distribution of Xi was a mix-

ture of two normals, although he did not describe how the the MLE was found [70].

Schafer’s results also suggest that RC based on normal Xi had substantial bias,

which given the size of the measurement error used in the simulations is quite sur-

prising, given RC has generally been found to have relatively small biases for logistic

regression. When Xi had a skewed distribution, Rabe-Hesketh et al also found that

the ML estimator based on normality for Xi was biased. Using a re-measurement

technique similar to SIMEX, where the observed data are repeatedly contaminated

with additional measurement error, Huang et al found that the ML estimator as-

suming normality for Xi is biased when the true distribution of Xi is a mixture of

normals [58].

4.4.6 Relaxing assumptions

Since it is difficult to empirically check distributional assumptions for Xi when

only internal replication data are available, and the ML approach is not robust to

non-normality of Xi, a number of approaches have been proposed to relax the distri-

butional assumptions for Xi. Perhaps the earliest were semiparametric approaches

proposed by Stefanski and Carroll et al [71]. This includes the conditional score

method, which we describe later in Section 4.9.

Carroll et al proposed using parametric likelihood, but with the distribution of

Xi assumed to belong to a flexible class of densities [72]. Specifically, Carroll et

al used a mixture of normals to model the distribution of Xi, and used MCMC

methods to estimate the model parameters in a Bayesian approach. Such models

can be fitted using software such as WinBUGS, within the Bayesian framework.

An alternative approach which makes no assumptions about the distribution of

Xi is to use so called ‘non-parametric maximum likelihood’ (NPML) to estimate

the distribution of Xi non-parametrically [70, 73]. The non-parametric MLE of the

distribution is discrete, with non-zero probabilities at a finite number of locations.

The locations, their probabilities, and the number of them, can be estimated jointly,

as described by Rabe-Hesketh et al [73]. Schafer suggested an EM approach for

estimation [70], whereas Rabe-Hesketh et al proposed using the Newton-Raphson

method, which is implemented as an option in the Stata command GLLAMM [73].

With a normal covariate Xi, Rabe-Hesketh et al ’s simulations suggest the NPML

estimator is no less efficient than the correctly specified parametric ML estimator

[73]. For simulations with skewed Xi, the NPML estimates showed little bias, while

the ML estimator incorrectly predicated on normality for Xi was biased towards the

null. In addition to robustness of estimation of the outcome model parameters, a

further potential benefit of this approach is that one is able to examine the estimated

distribution of Xi. In contrast, predictions of Xi under a parametric model will
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not reflect the underlying distribution unless the assumed distribution is correct or

Var(Xi|Wi) is small.

4.4.7 Probit outcome model

The logistic regression model is the most commonly used model for relating a binary

outcome to covariates of interest. Schafer showed that the ML estimates using

the EM algorithm can be obtained in which no intractable integrals are involved if

instead a probit model is assumed for Yi given Xi [39]. Instead of using the logit link

function, the probit model uses the normal cumulative distribution function as link.

Since the logistic and cumulative normal functions are very similar, the resulting

estimates can then be transformed into odds ratios (see Section 4.8.2 of [8]).

4.5 Ascent-based Monte-Carlo Expectation Max-

imization

For scalar Xi, the MLE of the model which assumes normality for Xi can be found

using Gaussian quadrature methods. This is implemented in Stata’s GLLAMM

command and the NLMIXED command in SAS. However, when Xi is multivariate,

as discussed in Section 4.4.2, quadrature methods may become impractical because

the number of evaluations of the integrand necessary to accurately approximate

the required integrals becomes very large. Instead, we can resort to Monte-Carlo

approximations, which may still be computationally feasible for larger dimensions.

In this section we describe the implementation of ascent-based Monte-Carlo EM,

as recently proposed by Caffo et al [74], to find MLEs for the parametric model pre-

viously described. We first describe the Monte-Carlo Expectation Maximization

(MCEM) method in more detail. The MCEM method involves approximating the

intractable E-step of the EM algorithm using Monte-Carlo simulations of the miss-

ing, or unobserved values. We then describe the ascent-based version of MCEM,

which recovers one of the key properties of the standard EM algorithm – that at

each iteration the observed data likelihood value is no lower than the value at the

last iteration.

4.5.1 Monte-Carlo Expectation Maximization

In the E-step of EM for the model defined in Section 4.4.1, given the estimate of

the model parameters at the t− 1th iteration, θ(t−1), we need to calculate:

Q(θ|θ(t−1)) =
n∑

i=1

E

(
log(f(Yi|Xi)) + log(f(Wi|Xi)) + log(f(Xi))

)
. (4.10)
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For each i = 1, ..n, for now assume we can randomly draw M values X
(1)
i , .., X

(M)
i

from f(Xi|Yi,Wi,θ
(t−1)). Then we can approximate Q(θ|θ(t−1)) by:

Q̃(θ,θ(t−1)) =
1

M

n∑

i=1

M∑

m=1

log(f(Yi|X(m)
i ))) + log(f(Wi|X(m)

i )) + log(f(X
(m)
i )).(4.11)

In the M-step, we maximize Q̃(θ,θ(t−1)) in θ to obtain updated estimates of the

model parameters. One way of viewing this is that the unobserved Xi are imputed

from their conditional distribution given the observed data and the current param-

eter estimates. Since the complete data log likelihood is the sum of components

corresponding to the outcome model (logistic regression), the measurement model

(classical, independent normally distributed error) and the covariate model (normal

distribution), and these components share no parameters, the M-step of MCEM in-

volves maximizing each of these sub-model log likelihoods. Maximizing the Monte-

Carlo estimate of each component is equivalent to maximizing the log likelihood

with a single ‘pseudo clustered dataset’, whereby each subject has M observations,

but for the purposes of maximization these are all treated as independent.

An alternative to maximizing the complete data log likelihood corresponding to

this pseudo clustered dataset is to separately maximize the complete data log like-

lihoods corresponding to each of the M imputed datasets and average the resulting

M sets of parameter estimates. This algorithm thus involves multiply imputing the

unobserved Xi M times, maximizing the M completed datasets and averaging the

resulting M parameter estimates. This is the same as frequentist MI (see Section

3.7.1), with M imputations. Wang and Robins showed that this is asymptotically

(as n → ∞) equivalent to maximizing the function in equation (4.11) [53]. As

pointed out by Nielsen, maximizing the function in equation (4.11) may sometimes

encounter difficulties due to the likelihood being multi-modal [75]. With large M , it

will also usually be computationally cheaper to separately maximize the likelihoods

of the M completed datasets and average the resulting estimates, rather than max-

imize the combined likelihood function of equation (4.11). We therefore use this

approach in our implementation of MCEM.

For the parametric model of Section 4.4.1, this approach involves fitting M lo-

gistic regressions to the M imputed datasets (Yi, X
(m)
i , i = 1, .., n), maximizing the

M normal likelihoods corresponding to (Wi, X
(m)
i , i = 1, .., n), and maximizing the

M normal likelihoods corresponding to (X
(m)
i , i = 1, .., n). The M sets of estimates

for each of the parameters in θ are then averaged to obtain the updated parameter

estimates. This process can then be iterated in the same way as standard EM.
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4.5.2 Generating imputations using rejection sampling

To use MCEM for the model defined in Section 4.4.1 we need to be able to draw

from f(Xi|Yi,Wi). The method of rejection sampling can be used to do this. Tsiatis

recently described the implementation of rejection sampling for this model (in the

case of internal validation data) [52]. We first describe the method of rejection

sampling in general, and then show how it can be used to sample from f(Xi|Yi,Wi)

for the model of Section 4.4.1.

Suppose that we can sample values from a density g(X) (the ‘candidate den-

sity’), but that we actually want to sample values from a density f(X) (the ‘target

density’), from which it is either impossible or difficult to sample from directly.

Furthermore, we assume that we can find a constant c such that

f(X)

g(X)
≤ c ∀X.

Then we can create samples from f(X) in the following way:

1. Draw a random value x from g(X), and a random draw u from the uniform

U(0, 1) distribution.

2. If u ≤ f(x)
cg(x)

then accept x as a sample from f(X). Otherwise repeat the process

until the inequality is satisfied.

It can be shown that the accepted samples are distributed according to the target

distribution f(X) [50].

Recall that for the model defined in Section 4.4.1, we assume thatXi is marginally

normally distributed and that Wij = Xi + Uij are error-prone measurements sub-

ject to unbiased independent normal errors with variance σ2
U . The covariate Xi and

error-prone measurements Wi are thus jointly normal, and so the conditional dis-

tribution f(Xi|Wi) is also normal, with mean and variance coinciding with that of

the best linear prediction of Xi given Wi, as given in Section 3.4.2. It is thus simple

to sample from f(Xi|Wi), which we use as our candidate density.

To use rejection sampling we must bound:

f(Xi|Yi,Wi)

f(Xi|Wi)
=

f(Yi, Xi,Wi)

f(Wi, Yi)f(Xi|Wi)

=
f(Yi|Xi)f(Wi, Xi)

f(Yi|Wi)f(Wi)f(Xi|Wi)

=
f(Yi|Xi)

f(Yi|Wi)
. (4.12)

Since Yi is binary, f(Yi|Xi) is less than or equal to one, and so we have that:

f(Xi|Yi,Wi)

f(Xi|Wi)
=

f(Yi|Xi)

f(Yi|Wi)
≤ 1

f(Yi|Wi)
= c. (4.13)
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Thus if we sample xi from f(Xi|Wi), we accept xi if a random sample u from the

uniform distribution on (0, 1) satisfies:

u ≤ f(xi|Yi,Wi)

cf(xi|Wi)
= f(Yi|Wi)

f(Yi|xi)
f(Yi|Wi)

= f(Yi|xi). (4.14)

The latter conditional probability is simply that given by the logistic regression

model specification:

f(Yi|xi) =
(exp(β0 + βXxi))

Yi

1 + exp(β0 + βXxi)

4.5.3 Ascent-based Monte-Carlo Expectation Maximization

Because Q̃(θ,θ(t−1)) is only an estimate of Q(θ,θ(t−1)), θ̃
(t)

is only an estimate of

θ(t), the next parameter estimate which would be obtained if one could perform the

E-step exactly, without Monte-Carlo approximation. If the number of imputations

M used at each iteration is held fixed, the resulting iterates of the parameter θ

do not converge because of persistent Monte-Carlo error. Instead, the iterations

converge to a stationary Markov chain [75]. In Wei and Tanner’s original proposal

for MCEM, they suggested that in the early iterations of EM, when the increase

in log likelihood is largest, small values of M are suitable. As the EM algorithm

converges and each iteration brings a smaller increase in the log likelihood, the

number of imputations M must be increased. However, they did not give a specific

prescription for how the number of imputations should be increased.

Over the last 10 years a number of proposals have been made for how to in-

crease the number of imputations M as the MCEM algorithm converges. Booth

and Hobert showed that given the current parameter estimate θ(t−1), the parameter

estimate that will be obtained by Monte-Carlo EM by imputing the missing data is

approximately a random draw from a normal distribution, with mean equal to the

next parameter estimate which would be obtained as M → ∞ (θ(t)) and a variance

which can be estimated [76]. They proposed constructing a confidence interval for

θ(t). If the previous parameter value θ(t−1) lies in this confidence interval, Booth

and Hobert suggested that ‘the EM step was swamped by Monte Carlo error’, and

that the number of imputations M needs to be increased.

More recently, Caffo et al have proposed an alternative implementation of MCEM,

which they call ‘ascent-based MCEM’, which we now describe [74]. In the standard

EM algorithm, we maximize the Q function (equation (4.10)), which is the expected

complete data log likelihood. In fact, so long as:

Q(θ̃
(t)|θ(t−1)) ≥ Q(θ(t−1)|θ(t−1)) (4.15)
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it follows by an application of Jensen’s inequality that:

Ln(θ̃
(t)
) ≥ Ln(θ

(t−1)) (4.16)

i.e. that the observed data likelihood value at θ̃
(t)

is at least as great as that at

θ(t−1). This is what Caffo et al refer to as the ascent property of EM. As noted

earlier, when the E-step is approximated using Monte-Carlo integration, there is

no guarantee that the new parameter estimate, θ̃
(t)

has a higher observed data

likelihood value than the previous value. Caffo et al thus proposed a version of

MCEM in which the ascent property holds with high probability, by checking that

the Q function is increased at each iteration.

The idea of ascent-based MCEM is that at each iteration, an asymptotic confi-

dence interval is calculated for:

Q(θ̃
(t)|θ̃(t−1)

)−Q(θ̃
(t−1)|θ̃(t−1)

) (4.17)

If the lower limit of the confidence interval is positive, then the new parameter

estimate θ̃
(t)

is accepted. If not, additional imputations are generated to increase

M to obtain another new parameter estimate. This process is then repeated until

the lower limit of the confidence interval is positive.

Suppose that for each subject we generate Mt imputations X
(m)
i ,m = 1, ..,Mt

from the conditional distribution f(Xi|Yi,Wi, θ̃
(t−1)

). Using this Monte-Carlo sam-

ple to approximate the E-step, we find an updated parameter estimate θ̃
(t)

as pre-

viously described. We can estimate the increase in the Q function:

∆Q(θ̃
(t)
, θ̃

(t−1)
) = Q(θ̃

(t)|θ̃(t−1)
)−Q(θ̃

(t−1)|θ̃(t−1)
) (4.18)

by the empirical mean:

∆Q̃(θ̃
(t)
, θ̃

(t−1)
) = Q̃(θ̃

(t)|θ̃(t−1)
)− Q̃(θ̃

(t−1)|θ̃(t−1)
) (4.19)

=

∑Mt

m=1 ln(θ̃
(t)|Yi, X(m)

i ,Wi, i = 1, .., n)

Mt

(4.20)

−
∑Mt

m=1 ln(θ̃
(t−1)|Yi, X(m)

i ,Wi, i = 1, .., n)

Mt

(4.21)

which converges to ∆Q(θ̃
(t)
, θ̃

(t−1)
) as Mt → ∞. Caffo et al showed that:

√
Mt(∆Q̃(θ̃

(t)
, θ̃

(t−1)
)−∆Q(θ̃

(t)
, θ̃

(t−1)
)) (4.22)
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is asymptotically normal with mean zero and variance σ2
∆ which can be estimated

by the sample variance of the Mt terms:

n∑

i=1

(
log(f(Yi, X

(m)
i ,Wi|θ̃

(t)
))− log(f(Yi, X

(m)
i ,Wi|θ̃

(t−1)
))
)

(4.23)

Given σ̂2
∆, we can calculate an asymptotic standard error (ASE) for

∆Q̃(θ̃
(t)
, θ̃

(t−1)
)−∆Q(θ̃

(t)
, θ̃

(t−1)
) (4.24)

by ASE = σ̂2
∆/

√
Mt. Denoting by zα the value such that P (Z > zα) = α, where

Z ∼ N(0, 1), it follows that

∆Q̃(θ̃
(t)
, θ̃

(t−1)
)− zαASE < ∆Q(θ̃

(t)
, θ̃

(t−1)
) (4.25)

with probability 1−α asMt → ∞. Thus if ∆Q̃(θ̃
(t)
, θ̃

(t−1)
)−zαASE is greater than

zero, we conclude that there is a high probability that θ̃
(t)

increases the likelihood,

and so it is accepted as the next parameter estimate. If not, Caffo et al suggested

that the Monte-Carlo sample of size Mt is appended, by adding a further Mt/k

(rounded, if necessary, to the nearest integer) imputations, for some chosen positive

integer k.

Choosing the number of imputations

In our simulations and subsequent analyses, we arbitrarily chose to use 10 imputa-

tions at the start of the first iteration of MCEM. At the start of subsequent iterations,

we must choose the initial number Mt+1 of imputations to use to approximate the

expectation in the E-step. Recall that

∆Q̃(θ̃
(t+1)

, θ̃
(t)
) ∼ N

(
∆Q(θ(t+1), θ̃

(t)
),

σ2
∆

Mt+1

)
(4.26)

Caffo et al therefore proposed using a standard sample size calculation to choose

Mt+1 as:

Mt+1,start = max

(
Mt,start,

σ̂2
∆(zα + zβ)

2

(∆Q̃(θ̃
(t)
, θ̃

(t−1)
))2

)
(4.27)

where we use the estimate σ̂2
∆ from the last iteration and ∆Q̃(θ̃

(t)
, θ̃

(t−1)
) as an

estimate of ∆Q(θ(t+1), θ̃
(t)
). By taking the maximum of Mt,start and the estimated

sample size, we force the starting number of imputations between iterations to in-

crease. In our implementation of the method, we only use the number of imputations

given by equation (4.27) if it is greater than the total number used in the previous

iteration, i.e. we never decrease the number of imputations.
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Determining convergence

Since we cannot evaluate the observed data likelihood function directly, we cannot

use the change in observed data likelihood to judge whether the MCEM algorithm

has converged. Prior to the proposal of ascent-based MCEM, Booth and Hobert sug-

gested terminating MCEM when the relative change in parameter estimates between

consecutive iterations is small [76]. One problem with this approach is that there

may be a small change in parameter estimates between two iterations in MCEM

by chance, since the new parameter estimate is a stochastic estimate of the next

parameter value which would found with exact EM.

Caffo et al therefore proposed using the estimated increase in the Q-function to

decide when to declare convergence of MCEM. If we let zγ denote the value such

that P (Z > zγ) = γ for a standard normal deviate Z, we can calculate the upper

limit of a confidence interval for ∆Q(θ̃
(t)
, θ̃

(t−1)
) as:

∆Q̃(θ̃
(t)
, θ̃

(t−1)
) + zγASE. (4.28)

Caffo et al proposed declaring convergence of MCEM when this confidence upper

limit is less than a specified positive value. This means stopping when the increase

in Q afforded by additional iterations of MCEM is small.

4.5.4 Standard errors

As we have previously noted, the EM algorithm does not provide estimates of preci-

sion automatically. A number of proposals have therefore been made as to how the

observed information matrix might be calculated using quantities that are available

from the EM algorithm. Based on an expression given by Oakes [77], Robert and

Casella [50] showed that:

In(θ|Yi,Wi, i = 1, .., n) = E(In(θ|Yi, Xi,Wi, i = 1, .., n))

− Var(Sn(θ|Yi, Xi,Wi, i = 1, .., n)) (4.29)

where the expectation and variance are with respect to the conditional distribution

f(Xi|Yi,Wi). For each imputation generated in the final iteration of MCEM, we can

calculate the complete data information matrix and score vector, which are standard

expressions for logistic regression and normal models. The required expectation

and variance covariance can then be approximated by their respective Monte-Carlo

estimates over the imputations, and thus the observed data information matrix

In(θ|Yi,Wi, i = 1, .., n) can be estimated. This can then be inverted in the usual

way to find asymptotic variances.
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4.5.5 MCEM compared to EM using quadrature

We briefly consider some of the potential advantages and disadvantages of MCEM

compared to EM using quadrature methods to approximate the E-step. Looking

ahead to situations in which Xi is a p-dimensional multivariate vector, the E-step

involves a p-dimensional integral. The Gaussian quadrature technique requires eval-

uating the integrand at a number of points in the domain of integration. When

the integral is multi-dimensional, the number of evaluations required in quadrature

grows as a power of the dimension p. Thus for p greater than four or five, quadrature

with a reasonable number of points requires evaluating the integrand an extremely

large number of times. This means that while quadrature may be feasible when p is

small (e.g. one to three say), it rapidly becomes infeasible for a higher-dimensional

vector Xi. As the dimension of Xi increases, use of rejection sampling to generate

the required imputations may also become problematic however, because the upper

bound c in general increases exponentially with the dimension of the integral (see

Chapter 29 of [78]).

An advantage of MCEM is that having imputed the unobserved Xi in the E-step,

standard complete data commands can be used to maximize the complete data log

likelihoods for each imputation. This is especially advantageous when a component

of the complete data log likelihood can only be maximized using an iterative method

such as Newton-Raphson. For example, for the model we have defined, a logistic

regression model can be fitted to each imputed dataset, using the imputed values of

Xi. In contrast, when using quadrature methods, one must typically write a custom-

routine for maximizing the component. Although there are no statistical software

commands for MCEM, only a moderate amount of programming in a package such

as R or Stata is necessary.

One potential issue for MCEM is that as the algorithm converges to the MLE,

the number of imputations required to approximate the E-step becomes very large.

Even when Xi is a scalar, this means that we must generate and (temporarily)

store a matrix of size n ×M , where M denotes the number of imputations. Thus

it is usually not possible to determine convergence as precisely as would normally

be possible using deterministic methods. However, this is mitigated by the ever

increasing computational power and memory capacity available to researchers.

4.6 Maximum likelihood estimation using linear

mixed models

In parametric approaches to covariate measurement error, the most common model

assumed for the covariate Xi is a normal distribution. As we have seen in Section

4.4, this leads to an intractable observed data likelihood function, which makes
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finding the MLE much more difficult. In this section we describe an alternative

model specification for which the MLE can be obtained by fitting a simple random-

intercepts model.

The approach we have taken thus far to specifying a joint model for Yi, Xi and

Wi has, under the non-differential error assumption, involved specifying f(Yi|Xi),

f(Wi|Xi), and f(Xi). Here, we specify the joint distribution by instead specifying

f(Xi|Yi) and f(Yi). Since Yi is binary, it is marginally Bernoulli with P (Yi = 1) = π1.

For f(Xi|Yi) we assume Xi is conditionally normal given Yi, with Var(Xi|Yi = 0) =

Var(Xi|Yi = 1) = σ2
X|Y . Then we can write:

Xi = γ0 + γY Yi + bi

where bi ∼ N(0, σ2
X|Y ) is a normally distributed residual that is independent of Yi.

The assumption of conditional normality for Xi given Yi with constant variance

implies that Yi given Xi follows a logistic regression with intercept β0 and coefficient

for Xi βX , where (see Section 4.2.2):

β0 = log

(
π1

1− π1

)
− 1

2σ2
X|Y

(γ2Y + γY γ0)) (4.30)

βX =
γY
σ2
X|Y

. (4.31)

As before, we assume subject i has j = 1, .., ni error-prone measurements:

Wij = Xi + Uij

where Uij ∼ N(0, σ2
U). As usual, we assume the measurement errors are independent

of each other, of Xi and of Yi. These assumptions imply that:

Wij = γ0 + γY Yi + bi + Uij

Thus, as for a linear regression outcome model (see Section 3.6), Wij follows a stan-

dard random-intercepts model, with a fixed effect of Yi, random-intercept variance

σ2
X|Y , and within-subject variance σ2

U . This model can thus be fitted using linear

mixed model commands in statistical packages, using either maximum likelihood or

restricted maximum likelihood. By the invariance property of maximum likelihood,

the maximum likelihood estimates of β0 and βX can be obtained by replacing the

parameters in equations (4.30) and (4.31) by their respective estimates.

We can find an asymptotic Wald confidence interval for β̂X using the reported

standard errors for γ̂Y and σ̂2
X|Y . Using the multivariate delta method [28], after
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partial differentiation of equation (4.31) we have:

Var(β̂X) =
Var(γ̂Y )

σ4
X|Y

+
γ2YVar(σ̂

2
X|Y )

σ8
X|Y

Substituting estimates of γY and σ2
X|Y and their standard errors gives an estimate

of Var(β̂X), from which a Wald type confidence interval can be calculated. This can

then be transformed to the odds-ratio scale by exponentiating.

An alternative confidence interval for β̂X can be found using Fieller’s theo-

rem [79], since asymptotically it is the ratio of two normally distributed random

variables. The estimators of fixed effects and variance components in linear mixed

models are asymptotically uncorrelated [24], and so γ̂Y and σ̂2
X|Y are asymptotically

uncorrelated. Using Fieller’s theorem, a 95% confidence interval for β̂X can be found

as:

(
f1 −

√
f 2
1 − f0f2
f2

,
f1 +

√
f 2
1 − f0f2
f2

)

where

f0 = γ̂2Y − 1.962Var(γ̂Y )

f1 = γ̂Y σ̂
2
X|Y

f2 = σ̂4
X|Y − 1.962Var(σ̂2

X|Y )

4.6.1 Multiple covariates

The approach can be extended to a more general setup in which there are mul-

tiple covariates measured with error, Xi, and error-free covariates Zi, under the

assumption that these are jointly normal given Yi. Thus suppose that:

(
Xi

Zi

)
∼ N

((
γX0 + γXY Yi

γZ0 + γZY Yi

)
,

(
ΣX|Y ΣXZ|Y

ΣZX|Y ΣZ|Y

))

This implies that Yi follows a logistic regression given Xi and Zi, with log odds

ratios:

(
βX

βZ

)
=

(
ΣX|Y ΣXZ|Y

ΣZX|Y ΣZ|Y

)−1(
γXY

γZY

)
(4.32)

It also follows that Xi is normal given Zi and Yi, with:

E(Xi|Zi, Yi) = γ0 + γY Yi + γZZi

Var(Xi|Zi, Yi) = ΣX|Z,Y
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where

γ0 = γX0 − ΣXZ|YΣ
−1
Z|Y γZ0

γY = γXY − ΣXZ|YΣ
−1
Z γZY

γZ = ΣXZ|YΣ
−1
Z|Y

ΣX|Z,Y = ΣX − ΣXZ|YΣ
−1
Z|YΣZX|Y

Now we assume error-prone measurements ofXi are available as described in Section

3.6.3. In this case we have:

E(Wi|Zi, Yi) = Diγ0 +DiγY Yi +DiγZZi

Var(Wi|Zi, Yi) = DiΣX|Z,YD
T
i +Var(Ui)

As in Section 3.6.3, if we now define:

Di =
(
Di YiDi Zi1Di . . . ZiqDi

)
(4.33)

and:

γ =
(
γT
0 γT

Y γT
Z1

. . . γT
Zq

)T

then:

E(Wi|Zi, Yi) = Diγ.

Hence this again is a linear mixed model, with fixed effects design matrix Di, random

effects design matrix Di, and diagonal residual covariance matrix Var(Ui) as given

in equation (3.73).

Multivariate regression of Zi on Yi can be used to find the ML estimates of γZ0,

γZY and ΣZ|Y . Fitting the above linear mixed model to Wi given Zi and Yi then

gives the ML estimates of γ0, γY , γZ and ΣX|Z,Y . It is then straightforward to show

that:

γXY = γY + γZγZY

ΣXZ|Y = γZΣZ|Y

ΣX|Y = ΣX|Z,Y + ΣXZ|YΣ
−1
Z|YΣZX|Y

These formulae can be used to calculate the MLEs of these parameters, and then

these can be inserted into equation (4.32) to calculate the MLEs of βX and βZ .

As for a linear regression outcome model, although Wald type intervals can

in principle be calculated for β̂X and β̂Z , it may be programmatically simpler to

instead use non-parametric bootstrapping for inference.
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4.7 Multiple imputation

In the case of scalar Xi and no error-free covariates Zi, under the parametric model

defined in Section 4.6, which assumes conditional normality for Xi|Yi, the MLE

for βX can be found by fitting a linear mixed model for Wi given Yi. Given the

estimated parameters of this mixed model, we can multiply impute the unobserved

Xi from its conditional distribution given the observed data Yi and Wi, in exactly

the same way as described for a linear regression outcome model in Section 3.7.

Given M imputations we can fit M logistic regression models for Yi given the

imputed Xi values, and average the resulting estimates of βX across imputations. If

the assumed model is valid, this gives consistent estimates of βX . Even as M → ∞,

we believe the resulting estimator is inefficient, because for the assumed normal

discriminant model, estimating βX by fitting the logistic regression model does not

utilize the assumption of conditional normality for Xi|Yi [80]. A more efficient

estimate would be obtained by fitting the normal discriminant model to the imputed

data, i.e. estimating the conditional variance of Xi|Yi and the difference in the

conditional means of Xi between Yi = 1 and Yi = 0.

4.7.1 Multiple covariates

A major drawback of the ML approach described in Section 4.6, based on fitting

a linear mixed model for Wi given Yi, is that when error-free covariates Zi are

present, the method can only be used under the restrictive assumption that Xi and

Zi are jointly normal given Yi. Often Zi may contain discrete covariates, for which

an assumption of normality is clearly untenable. To address this limitation, in this

section we describe how the previously described linear mixed model for Wi given

Zi and Yi can be used to multiply impute Xi, under certain parametric assumptions,

and the resulting imputations used to consistently estimate the logistic regression

model parameters.

Thus, as in Section 4.6.1, we assume that Xi is normal given Zi and Yi, with:

E(Xi|Zi, Yi) = γ0 + γY Yi + γZZi

Var(Xi|Zi, Yi) = ΣX|Z,Y .

This implies that Xi given Zi (marginalized over Yi) is a mixture of two multivariate

normals with mixing proportions equal to P (Yi = 1) and 1 − P (Yi = 1). We then

assume that Yi follows a logistic regression given Xi and Zi, with corresponding

vectors of log odds ratios βX and βZ . Note that, as in the case of a continuous out-

come, we do not need to specify the marginal distribution of the error-free covariates

Zi. We then assume that Xi is measured with normally distributed error by Wi, as
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described in Section 3.6.3, so that Wi follows the same linear mixed model given Yi

and Zi as described in Section 4.6.1.

We can fit the linear mixed model for Wi given Yi and Zi using ML or REML,

using standard linear mixed model commands. Analogous to the scalar Xi case,

described for continuous Yi in Section 3.7, we can multiply impute Xi from its con-

ditional distribution (which is normal) given Yi, Zi, and Wi. Given M imputations

X
(m)
i , m = 1, ..,M , we can then fit the logistic regression of Yi to Xi and Zi. If the

parametric assumptions hold, the resulting estimates of βX and βZ are consistent.

4.8 Moment reconstruction

Moment reconstruction (MR) (see Section 3.8) can also be used with a logistic

regression outcome model [57]. MR for logistic regression is based on the normal

discriminant model for Xi given Yi (see Section 4.2.2). Thus we assume that Xi|Yi ∼
N(γ0 + γY Yi, σ

2
X|Y ). Since a normal distribution is defined entirely by its mean

and variance, it follows that Xmr
i (defined in Section 3.8 given Yi) has the same

conditional distribution as Xi given Yi. It also follows that the joint distribution of

Xmr
i and Yi is the same as the joint distribution of Xi and Yi, and so parameters

that are consistently estimated using data on (Yi, Xi) can be consistently estimated

using (Yi, X
mr
i ) data. In particular, we can fit the logistic regression of Yi on X

mr
i

to estimate β0 and βX .

If each subject has ni error-prone measurements of Xi, which are subject to

independent normally distributed error with variance σ2
U , we have shown in Section

4.6 that the MLE of βX can be obtained by fitting a linear mixed model for Wi given

Yi. Fitting this model also gives the MLEs of the parameters required to calculate

Xmr
i , as we have previously described.

Although the MR estimates of βX are consistent, under the assumed modelling

assumptions, we believe they must be inefficient, compared to the MLE, for the

same reason as we believe fitting the logistic regression for Yi given multiply imputed

values of Xi is inefficient. This is because by fitting a logistic regression model for

Yi given X
mr
i , we ignore the additional assumption that Xi is conditionally normal

given Yi. By not using this additional assumption we believe efficiency must be

lost in the same way as using logistic regression is inefficient compared to normal

discriminant analysis when the normal discriminant model holds [80].

4.9 Conditional score method

In 1987 Stefanski and Carroll proposed a number of methods for allowing for co-

variate measurement error in generalized linear outcome models which make no
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assumptions about the distribution of the true covariate Xi [71]. We describe one

of their proposed methods, the so called conditional score (CS) method.

4.9.1 Estimating equations

Before describing the CS estimator, we recall that in the absence of measurement

error, the logistic regression likelihood score function is given by

ψML(Yi, Xi, β0, βX) =

(
1

Xi

)(
Yi −

exp(β0 + βXXi)

1 + exp(β0 + βXXi)

)

We assume that Wi = Xi + Ui is an error-prone measurement error with Ui ∼
N(0, σ2

U) which is independent of Xi and Yi. For now we assume that σ2
U is known.

Now we define

X̃i = Wi + Yiσ
2
UβX . (4.34)

The motivation for this definition is that one can show that if Xi is viewed as a

parameter, X̃i is a complete and sufficient statistic for Xi. Stefanski and Carroll

showed that:

E(Yi|Xi, X̃i) =
exp(β0 + βXX̃i − β2

Xσ
2
U/2)

1 + exp(β0 + βXX̃i − β2
Xσ

2
U/2)

= E(Yi|X̃i). (4.35)

We now define the CS estimating function by:

ψCS(Yi,Wi, β0, βX) =

(
1

X̃i

)
(Yi − E(Yi|X̃i)). (4.36)

Then it follows that:

E(ψCS(Yi,Wi, β0, βX)|X̃i) = 0.

It then also follows that the CS function has marginal (unconditional) mean of zero.

This means that we can form unbiased estimating equations:

n∑

i=1

ψCS(Yi,Wi, β0, βX) = 0.

Stefanski and Carroll showed that the CS estimating equations have a solution which

is consistent for β0 and βX . Note that when σ2
U = 0, the CS estimating equations

reduce to the usual likelihood score equations for logistic regression.
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4.9.2 Implementation

The CS estimating equations are non-linear and must therefore be solved by iterative

methods, such as the Newton-Raphson method. Depending on the method used to

solve the equations, the derivatives of the estimating functions with respect to β0

and βX may be required. At least two problems may occur when implementing

the method. First, methods such as Newton-Raphson may diverge if the initial

parameter estimate is not sufficiently close to the root of the equations. Carroll et

al reported (Section 7.5.1) that using the naive estimator of β0 and βX as the initial

estimates in Newton-Raphson often works well, but that sometimes a bias-corrected

initial estimate, such as that from RC, may be necessary. Second, we may find a

solution to the estimating equations, but it may not be the root which leads to

consistent estimates.

In our description of the CS method we have assumed that the measurement

error variance is known and that each subject has a single error-prone measurement

Wi. If replication data are available, we can first obtain an estimate σ̂2
U . The CS

estimating equation is then modified by replacing Wi by W i, and σ
2
U by σ2

U/ni.

4.9.3 Inference

For inference, the standard sandwich estimator of variance for M-estimators can be

used, as described in Section 7.5.1 of Carroll et al [8]. This is a function of the CS

estimating function and its derivatives, evaluated at the CS estimate. If σ2
U has been

estimated however, this should be accounted for. Carroll et al [8] show how this

can be done by stacking the CS estimating equations with those used to estimate

σ2
U when internal replication data are used (Section 7.5.2).

4.10 Simulations

4.10.1 Simulations with Xi marginally normal

We first conducted simulations in which data were generated according to the model

defined in Section 4.4.1. We simulated Xi ∼ N(0, 1), and Yi given Xi as a logistic

regression with βX = 0.1 or βX = 1, representing a weak and moderately strong

association. We varied β0 so that P (Yi = 1) was either 0.1 or 0.5, representing a

relatively rare outcome and a common outcome. As for the simulations in Section

3.9, we simulated data for n = 5, 000 subjects, 500 of which had two measurements

of Xi subject to normally distributed error, while the remaining 4,500 had a single

error-prone measurement of Xi. As before, we varied σ2
U to give values of the

reliability ratio of 2/3, 1/2, and 1/3. We performed 10,000 simulations for each

scenario.
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We estimated βX using RC, ML via ascent-based MCEM, mis-specified ML under

the assumption of Xi|Yi normal, and using the CS method. The R code used for

the simulations is given in Listing 14.1.

Regression calibration

RC was implemented in exactly the same way as for the linear regression simulations

(see Section 3.9).

Maximum likelihood

We found the MLE of βX for the data-generating model using ascent-based MCEM,

as described in Section 4.5. For each simulated dataset we used the estimated

parameter values from RC at the beginning of MCEM, and used 10 imputations in

the first iteration. To use ascent-based MCEM we must specify values of the control

parameters α, β and γ as described in Section 4.5. We used α = 0.25, β = 0.25

and γ = 0.05, as these were reported by Caffo et al [74] to work well in examples in

which they applied ascent-based MCEM. We declared convergence either when the

number of imputations reached 1,000 or if the upper confidence interval limit for the

increase in the Q function was less than 0.01. We used the final set of imputations

to estimate the standard error of the estimate of βX , as described in Section 4.5.4.

Maximum likelihood assuming Xi|Yi normal

We also found the MLE of βX under the assumption that Xi|Yi is normal, by fitting

the linear mixed model for Wi given Yi, as described in Section 4.6. We calculated

95% Wald confidence intervals for βX , and also intervals using Fieller’s theorem, as

described in Section 4.6.

Conditional score

Initially, we used the Newton-Raphson algorithm to solve the CS estimating equa-

tions, using the estimates of β0, βX and σ2
U obtained in RC as starting values.

However, for scenarios 6 and 12, in which the effect size is moderate and the mea-

surement error large, the Newton-Raphson algorithm often diverged, indicating that

the RC estimates of β0 and βX were not sufficiently close to the root of the equations.

We therefore used the R package ‘nleqslv’ to solve the CS estimating equations, us-

ing its default configuration. This procedure implements a so called global search

strategy which aims to solve the equations even when the initial estimate leads (by

simple Newton-Raphson) to divergence. For the purposes of reporting the simula-

tion results, in those simulations for which a root of the estimating equations was

not found, we substituted the RC estimate of βX in place of the CS estimate.
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Simulation results

Table 4.1 shows the empirical mean and standard deviation of the various estimators

from the simulations. RC had little bias when βX = 0.1. For βX = 1, RC was

biased towards the null by up to 10% of the true value, with the bias larger when

the outcome was more common and when the reliability ratio of the error-prone

measurements was lower. Ascent-based MCEM had little bias for all of the scenarios.

The ML estimator based on an assumption that Xi|Yi is normal also had only small

biases, despite being misspecified. It was less variable than the ascent-based MCEM

estimator, except for scenarios 11 and 12. Except for scenarios 6 and 12, the CS

estimator had little bias, and had variability which was within 15% of that of the

correctly specified MLE, found by MCEM. For scenarios 6 and 12, no solution to

the CS estimating equations was found in 8 and 33 (of the 10,000) simulations

respectively. The bias in the CS estimates in scenarios 6 and 12 is presumably

due to the Newton-Raphson algorithm converging to non-consistent roots of the CS

estimating equations.

We now consider the reasons for the lack of bias in the ML estimator based on

an assumption that Xi|Yi. If Xi ∼ N(µX , σ
2
X), then unless β = 0, the conditional

distribution of Xi given Yi is not normal, and so the ML estimator which assumes

Xi|Yi normal is not ML for the true data generating process. However, as noted

by Freedman et al [21, 57], if either the outcome Yi is rare or the effect of Xi on Yi

is small, the distribution of Xi is approximately both marginally and conditionally

normal given Yi. An additional consequence of marginal normality for Xi is that

Var(Xi|Yi) depends on Yi. If we fit the linear mixed model for Wi given Yi, but

assume that Var(Xi|Yi) is independent of Yi, the ML estimator of σ2
X|Y is a consistent

estimator of the mean of the conditional variances Var(Xi|Yi) over the distribution

of Yi. This follows by the arguments given in Section 3.6.2. The bias in the ML

estimator which assumes conditional normality of Xi when Xi is marginally normal

thus reduces to the bias of the method of normal discriminant analysis when the

assumptions of conditional normality and constant variance are violated. As noted

by Freedman et al [57], normal discriminant analysis is known to be relatively robust

to the assumption of conditional normality [81]. Freedman et al found that MR,

which is also based on an assumption of normality for Xi|Yi, had little bias in

simulations even when Xi was marginally normally distributed, and suggested that

this is likely due to the robustness of normal discriminant analysis. Since MR and

the ML estimator based on fitting a mixed model for Wi given Yi both assume the

normal discriminant model for Xi given Yi, the two methods should consistently

estimate the same value under model misspecification. We have also performed

further simulations with larger values of βX , in which the ML estimator predicated

on normality of Xi|Yi had larger bias.
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Table 4.1: Logistic regression simulation results with normally distributed covariate. Mean (SD) of estimates of βX from regression calibration
(RC), maximum likelihood (ML) using ascent-based Monte-Carlo EM, ML assuming Xi|Yi is normal using linear mixed models, and the
conditional score method (CS). λ denotes the ratio of variance of Xi to variance of error-prone measurements.

Scenario P (Yi = 1) βX λ RC ML via ascent-based MCEM ML assuming Xi|Yi normal CS

1 0.1 0.1 2/3 0.100 (0.058) 0.100 (0.058) 0.100 (0.058) 0.100 (0.058)
2 1/2 0.100 (0.066) 0.102 (0.067) 0.101 (0.066) 0.102 (0.067)
3 1/3 0.100 (0.082) 0.100 (0.083) 0.100 (0.082) 0.101 (0.085)
4 1 2/3 0.968 (0.069) 1.006 (0.079) 0.985 (0.073) 1.009 (0.081)
5 1/2 0.954 (0.091) 1.011 (0.109) 0.988 (0.100) 1.025 (0.117)
6 1/3 0.948 (0.138) 1.025 (0.172) 0.999 (0.159) 1.143 (0.497)
7 0.5 0.1 2/3 0.100 (0.035) 0.100 (0.035) 0.100 (0.035) 0.100 (0.035)
8 1/2 0.100 (0.040) 0.100 (0.040) 0.100 (0.040) 0.100 (0.040)
9 1/3 0.101 (0.051) 0.102 (0.051) 0.102 (0.051) 0.102 (0.052)
10 1 2/3 0.938 (0.050) 1.001 (0.061) 1.000 (0.060) 1.006 (0.063)
11 1/2 0.911 (0.071) 0.997 (0.089) 1.003 (0.092) 1.020 (0.100)
12 1/3 0.893 (0.118) 0.997 (0.150) 1.018 (0.163) 1.710 (2.186)
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Table 4.2 shows the empirical coverage rates of the various confidence intervals.

The Wald-based naive confidence intervals from RC, which ignored the imprecision

in the parameters needed to calculate E(Xi|Wi), performed well for βX = 0.1, but

had poor coverage for βX = 1. Especially when βX = 1, the estimated variance for

the MLE found using ascent-based MCEM of βX using the method described in 4.5.4

was sometimes negative. When calculating the coverage of the Wald intervals for

ascent-based MCEM, we therefore calculated the coverage proportion using those

simulations in which the variance estimate was positive. We believe the negative

variance estimates occurred because we only used a maximum of 1,000 imputations,

and that with more imputations the probability of this occurring would reduce. For

the MLE which assumes Xi|Yi normal, both the Wald confidence intervals and those

based on Fieller’s theorem had coverage close to the nominal 95%. Inspection of the

one-sided coverage rates showed however that the one-sided Wald intervals had the

wrong coverage level when βX = 1, whereas the Fieller intervals had approximately

the correct one-sided coverage rates.

4.10.2 Simulations with Xi|Yi normal

We also performed simulations in which Xi|Yi was normally distributed. The sim-

ulation setup was otherwise the same as the previous simulations, except that we

did not find the MLE using ascent-based MCEM which assumes marginal normality

for Xi. For this data-generating model, the estimate of βX obtained by fitting the

mixed model for Wi given Yi (see Section 4.6) is the correctly specified MLE. We

again performed 10,000 simulations per scenario. Tables 4.3 and 4.4 show the results

of the simulations.

The performance of RC was very similar to when Xi was marginally normal,

despite the fact that with Xi|Yi normally distributed, Xi was no longer marginally

normal, and thus the parametric assumptions made by our implementation of RC

(of marginal normality for Xi) were violated in these simulations. However, as pre-

viously discussed, when either P (Yi = 1) or βX are small, the marginal distribution

of Xi will not be far from normal (when Xi|Yi is normal). As expected, the ML es-

timator based on fitting a linear mixed model for Wi given Yi had little bias. While

the RC estimator was biased towards the null, it was less variable than the MLE.

The CS method performed similarly to that when Xi was simulated as marginally

normal, with little bias for all scenarios, except 6 and 12.

As for the simulations in which Xi was marginally normal, the naive confidence

intervals obtained using RC only had coverage rates close to the 95% nominal level

when βX = 0.1. The coverage of the ML Wald and Fieller confidence intervals was

close to the nominal 95% level, although as before, the coverage rates of the one-

sided Wald intervals deviated from the 97.5% level when βX = 1, while the one-sided

intervals based on Fieller’s theorem had the correct coverage.
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Table 4.2: Logistic regression simulation results with normally distributed covariate. Empirical coverage rates of 95% confidence intervals for
βX (coverage of lower and upper one-sided 97.5% intervals): naive Wald intervals found using regression calibration (RC), Wald intervals from
maximum likelihood (ML) using ascent-based Monte-Carlo EM, and Wald and Fieller intervals for the MLE assuming Xi|Yi is normal using
linear mixed models. λ denotes the ratio of variance of Xi to variance of error-prone measurements.

RC ML via ascent-based MCEM ML assuming Xi|Yi normal

Scenario P (Yi = 1) βX λ Naive Wald Wald Wald Fieller

1 0.1 0.1 2/3 94.8 (97.4, 97.4) 94.9 (97.4, 97.5) 94.8 (97.4, 97.4) 94.8 (97.4, 97.4)
2 1/2 94.9 (97.4, 97.5) 94.7 (97.4, 97.3) 95.3 (97.8, 97.5) 95.0 (97.4, 97.5)
3 1/3 94.8 (97.5, 97.3) 94.5 (97.5, 97.0) 95.5 (98.1, 97.4) 95.0 (97.5, 97.5)
4 1 2/3 89.2 (98.8, 90.4) 93.9 (97.0, 96.9) 94.5 (99.0, 95.5) 94.8 (98.6, 96.2)
5 1/2 81.1 (98.0, 83.2) 90.4 (96.0, 94.4) 93.9 (99.3, 94.6) 94.6 (98.6, 96.0)
6 1/3 71.8 (95.3, 76.5) 81.9 (91.9, 90.0) 93.9 (99.9, 94.0) 94.9 (98.3, 96.7)
7 0.5 0.1 2/3 95.0 (97.6, 97.4) 95.0 (97.7, 97.3) 95.1 (97.7, 97.4) 95.0 (97.6, 97.4)
8 1/2 94.9 (98.0, 97.0) 94.8 (98.0, 96.9) 95.3 (98.3, 97.0) 95.2 (98.0, 97.2)
9 1/3 94.3 (97.0, 97.2) 93.5 (96.7, 96.8) 95.5 (98.3, 97.2) 94.8 (97.2, 97.6)
10 1 2/3 63.7 (99.8, 64.0) 93.0 (97.5, 95.6) 95.0 (98.7, 96.3) 95.0 (97.9, 97.2)
11 1/2 46.9 (99.3, 47.7) 90.8 (97.7, 93.2) 95.0 (99.5, 95.6) 95.0 (98.0, 97.0)
12 1/3 40.9 (96.1, 44.8) 80.3 (94.1, 86.2) 94.4 (100, 94.4) 95.0 (97.9, 97.1)
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Table 4.3: Logistic regression simulation results with covariate conditionally nor-
mal given outcome. Mean (SD) of estimates from regression calibration (RC), ML
assuming Xi|Yi is normal using linear mixed models, and the conditional score (CS)
method. λ denotes the ratio of variance of Xi to variance of error-prone measure-
ments.

Scenario P (Yi = 1) βX λ RC ML (Xi|Yi normal) CS

1 0.1 0.1 2/3 0.100 (0.058) 0.100 (0.058) 0.100 (0.058)
2 1/2 0.100 (0.066) 0.101 (0.067) 0.101 (0.067)
3 1/3 0.101 (0.082) 0.102 (0.083) 0.103 (0.085)
4 1 2/3 0.977 (0.069) 1.004 (0.074) 1.008 (0.078)
5 1/2 0.966 (0.091) 1.008 (0.103) 1.025 (0.114)
6 1/3 0.962 (0.139) 1.019 (0.162) 1.126 (0.424)
7 0.5 0.1 2/3 0.100 (0.034) 0.100 (0.035) 0.100 (0.035)
8 1/2 0.099 (0.040) 0.100 (0.040) 0.100 (0.040)
9 1/3 0.101 (0.050) 0.101 (0.050) 0.102 (0.051)
10 1 2/3 0.939 (0.049) 1.002 (0.060) 1.005 (0.062)
11 1/2 0.913 (0.071) 1.007 (0.093) 1.021 (0.100)
12 1/3 0.892 (0.118) 1.020 (0.164) 1.176 (0.813)

Table 4.4: Logistic regression simulation results with covariate conditionally nor-
mal given outcome. Empirical coverage rates of 95% confidence intervals for βX
(coverage of lower and upper one-sided 97.5% intervals): naive Wald intervals found
using regression calibration (RC) and Wald and Fieller intervals for the MLE as-
suming Xi|Yi is normal using linear mixed models. λ denotes the ratio of variance
of Xi to variance of error-prone measurements.

RC ML assuming Xi|Yi normal

Scenario P (Yi = 1) βX λ Naive Wald Wald Fieller

1 0.1 0.1 2/3 95.0 (97.7, 97.3) 95.2 (97.8, 97.3) 95.1 (97.8, 97.3)
2 1/2 94.7 (97.4, 97.3) 95.0 (97.7, 97.3) 94.8 (97.4, 97.4)
3 1/3 94.9 (97.3, 97.6) 95.8 (98.2, 97.6) 95.0 (97.4, 97.7)
4 1 2/3 90.4 (98.4, 92.1) 95.2 (98.0, 97.2) 95.2 (97.5, 97.7)
5 1/2 83.6 (97.3, 86.3) 95.4 (98.9, 96.5) 95.0 (97.5, 97.5)
6 1/3 73.0 (93.7, 79.2) 95.3 (99.9, 95.4) 95.2 (97.8, 97.4)
7 0.5 0.1 2/3 95.0 (97.5, 97.5) 95.2 (97.7, 97.5) 95.1 (97.5, 97.6)
8 1/2 95.0 (97.5, 97.5) 95.5 (98.0, 97.5) 95.1 (97.6, 97.6)
9 1/3 94.4 (97.4, 97.1) 95.4 (98.3, 97.1) 95.1 (97.6, 97.5)
10 1 2/3 63.3 (99.7, 63.7) 95.5 (98.6, 97.0) 95.3 (97.8, 97.6)
11 1/2 48.3 (99.2, 49.1) 94.9 (99.2, 95.7) 94.7 (97.5, 97.2)
12 1/3 40.0 (96.2, 43.8) 94.4 (100, 94.4) 94.9 (97.5, 97.4)
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4.11 Conclusions

4.11.1 Effects of classical covariate measurement error

Unlike for linear regression, the bias caused by classical covariate measurement error

in logistic regression cannot in general be quantified exactly (or at least not without

making further distributional assumptions). However, under certain assumptions

and conditions which may often hold in practice, the bias is approximately the same

as for linear regression.

4.11.2 Regression calibration

Whereas RC gives consistent estimates of βX for a linear regression outcome model,

it only gives approximately consistent estimates for logistic regression. However,

RC is widely established as method for logistic regression models because its bias is

thought to be small in settings which are typical of many epidemiological studies.

Our simulations show that in the simple case of a single covariate measured with

error, the bias of RC only becomes appreciable in situations in which the the co-

variate effects are moderate in magnitude. With stronger covariate effects we would

expect RC to show larger biases, and so in studies in which large effects of the co-

variates measured with error are expected, use of other correction methods may be

advisable.

4.11.3 Maximum likelihood

Unlike the case of continuous normally distributed outcomes, the observed data

likelihood function for the most commonly assumed model for binary outcomes is

intractable, due to the presence of an integral over the unobservedXi. In cases where

the dimension of Xi is small to moderate, quadrature methods, as implemented in

commands such as NLMIXED in SAS, GLLAMM in Stata, or Mplus, can be used to

maximize the resulting the likelihood. These procedures can however be slow, due

to the large number of calculations required to approximate the integrals involved.

4.11.4 Ascent-based Monte-Carlo Expectation Maximiza-

tion

We have shown in Section 4.5 how MCEM can be implemented to find the MLEs

for a particular parametric model. Furthermore, we have applied a recent proposal

for controlling the MCEM procedure. This is not available in statistical packages,

and requires a moderate amount of programming effort. The approach is therefore

unlikely to appeal to applied researchers unless it is implemented into software pack-

ages, for example as an R package. A further limitation is that it is also relatively
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slow, and may be prohibitive for large datasets because of the requirement to store

a large number of imputations for the Xi, an issue further compounded in the case

of multivariate Xi. However, we have implemented it in an arguably inefficient way

using R. The multiple imputation of Xi involves many for loops, for which R is noto-

riously slow. The algorithm could thus undoubtedly be made more computationally

efficient by optimizing the program code, perhaps by writing the imputation part in

C++.

4.11.5 A Bayesian approach

One possible approach to dealing with the computational difficulties of finding pa-

rameter estimates for the models such as that which assumes marginal normality

for Xi, is to take a Bayesian approach, as demonstrated by Kuha [82]. The main

benefit of such an approach is the availability of software such as WinBUGS, which

given the model and prior specification, performs the required sampling for the user,

rather than any intrinsic computational benefit. However, this requires specification

of priors for all model parameters, and involves the non-trivial step of determining

when Markov chains have converged to their stationary distributions.

4.11.6 Maximum likelihood using linear mixed models

We have shown that our novel approach of fitting a linear mixed model for Wi given

Yi can be extended to the case of logistic regression under an assumption that Xi|Yi
is normal, i.e. the normal discriminant model. This approach is easily implemented

using existing commands for fitting linear mixed models, and gives the MLE for the

joint model which assumes conditional normality of Xi given Yi. In simulations we

have shown that with weak or moderate covariate effects this estimator has little bias

even when Xi is marginally normal. In situations in which RC had non-negligible

bias (moderate effect of Xi and moderately large measurement error), our approach

had little bias, but like RC, is still easy to implement. However, we would not expect

our approach to have less bias than RC in all possible scenarios. In particular, in

situations where Xi is marginally normal, the measurement error variance is small

(and so RC is expected to have little bias), but βX is large, we would expect the

mis-specified ML approach based on an assumption of normality for Xi|Yi to have

greater bias. It is not therefore possible to claim that the ML approach based on

normality for Xi|Yi is less biased than RC in all situations.

4.11.7 Multiple imputation

The main limitation of the approach based on fitting a linear mixed model for Wi

given Yi is its extension to a general setup in which there may be error-free covariates,

some of which may be discrete, or in any case not jointly normal with Xi given Yi.
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In Section 4.7 we have described how having fitted a linear mixed model for Wi

given Yi and Zi, we can multiply impute Xi, fit logistic regression models using

the imputations, and average the resulting parameter estimates. The benefit of this

approach is that we do not need to specify the marginal distribution of Zi.

4.11.8 Moment reconstruction

Moment reconstruction gives consistent estimates for logistic regression under an

assumption of conditional normality for Xi given Yi. We have shown how, for the

setting of internal replication data, MR can be implemented by first fitting the same

linear mixed model for Wi given Yi as used to obtain the MLEs for the conditional

normal model. As discussed in Section 4.8, having fitting this linear mixed model,

the MLE for βX can be obtained directly from the fitted mixed model estimates,

and so perhaps at least for the internal replication data setting, there is little to

gain by using MR.

4.11.9 Conditional score

Semi-parametric methods such as the CS method offer the potential for consistent

estimates without making distributional assumptions for the unobserved Xi. The

price for this is a loss of efficiency relative to the correctly specified MLE. However,

our simulation results show that when Xi is marginally or conditionally normal

given Yi, the efficiency of the CS method is often very similar, or at least not

substantially larger than the efficiency of the MLE, at least when measurement

error is small to moderate. The main barrier to greater use of the CS method

is its lack of availability in statistical packages. Based on our simulation results,

applying a simple Newton-Raphson procedure, using the RC estimates of β0 and

βX as initial values, a consistent estimate of βX is obtained. The exception to this

was when βX was moderate and the measurement error was large. In these cases

the Newton-Raphson procedure often diverges from a root. To address this we used

a more sophisticated non-linear equation solving algorithm, which backtracks when

such divergence occurs. In our simulations this algorithm failed to find a root to the

CS estimating equations in a very small proportion of simulations. However, even

excluding these simulations, the CS estimates had large upward bias. We believe

this is due to the algorithm finding a root of the CS estimating equations which is

not consistent for βX .
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Chapter 5

Survival outcomes

In this chapter we examine the effects of classical covariate measurement error in

regression models for censored survival outcomes. The most popular approach to

modelling censored survival data is Cox’s proportional hazards model, in which no

parametric form need be specified for the baseline hazard function. Because of its

popularity, the majority of research into the effects of covariate measurement error

in regression models for survival data has focused on Cox’s model. In Section 5.1

we introduce Cox’s proportional hazards model and review the partial likelihood

estimator. In Section 5.2 we review the literature concerning the effects of classical

covariate measurement error on parameter estimates in the Cox model. We then

examine the conditions under which RC can be used in Cox regression (Section

5.3). The use of ML to allow for covariate measurement error in survival regression

models has received much interest, particularly in the context of longitudinal error-

prone measurements (see Chapter 9). In Section 5.4 we therefore describe the ML

approach for the Cox model. In Section 5.5 we show how Monte-Carlo EM can be

used to find the MLEs. This involves a novel proposal for using rejection sampling to

sample from the relevant conditional distribution. Next, we show how recent results

regarding the use of MI for missing data when the outcome follows a Cox model

can be combined with our approach based on fitting a linear mixed model for Wi

conditional on the outcome (Section 5.6). We then briefly describe some of the semi-

parametric (with respect to f(Xi)) approaches which have been proposed, which

make no assumptions regarding the distribution of Xi (Section 5.7). In Section 5.8

we report the results of simulations, and conclude in Section 5.9 with some discussion

of the various methods.
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5.1 Cox’s proportional hazards model

5.1.1 The hazard and survival functions

We let Ti denote a non-negative random variable which represents the survival time,

or time to an event of interest for subject i. When considering the distribution of

survival times, rather than considering density or distribution functions, it is often

more convenient to instead consider the hazard function or rate:

hi(t) = lim
dt↓0

P (t ≤ Ti < t+ dt|Ti ≥ t)

dt
= lim

dt↓0

P (t ≤ Ti < t+ dt)

P (Ti ≥ t)dt
(5.1)

which can be interpreted as the instantaneous risk that subject i experiences the

event at time t, conditional on being event free up to time t. The cumulative hazard

function is then defined by:

Hi(t) =

∫ t

0

hi(s)ds. (5.2)

The survival function Si(t) = P (Ti > t), equals the probability that Ti exceeds t,

and is therefore equal to one minus the distribution function of Ti. For convenience

we recall the relationships between the density function fi(t), hazard function hi(t),

and survival function Si(t):

hi(t) =
fi(t)

Si(t)
(5.3)

Si(t) = exp(−Hi(t)). (5.4)

5.1.2 Censoring

Perhaps the key feature of survival data is the presence of censoring, which means

that for some reason we are unable to observe a subject’s survival time, but we know

only that it exceeds a certain value. We observe Vi = min(Ti, Ci), where Ci denotes

a potential censoring time for subject i, and we let Yi = 1(Ti ≤ Ci) be an indicator

variable showing whether the subject was censored (Yi = 0) or was observed to have

had the event (Yi = 1). We assume throughout that censoring is ‘independent’ [83].

This means that the hazard rate observable in the population which is subject to

censoring is equal to the hazard rate which would be observed in the absence of

censoring:

h(t|Xi, Ci ≥ t) = h(t|Xi). (5.5)

In type I censoring, the censoring time is a non-random value Ci = ci (which may

differ between subjects). Type II censoring occurs when subjects are followed up

(and hence survival times observed) until a given number of events have been ob-
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served. Both of these censoring types are independent. Lastly, in random censoring,

Ci is a random variable. So long as Ti and Ci are independent, conditional on Xi,

random censoring is also independent.

5.1.3 The Cox model

Usually interest focuses on relating the distribution of Ti to covariates. Due to the

one-to-one correspondence between the hazard function and the density function of

Ti, we can model the hazard function of subject i, conditional on covariate Xi, which

we denote h(t|Xi). A popular class of models are so called proportional hazards

models, in which a subject’s hazard function is equal to the product of a baseline

hazard function h0(t) and some function of Xi. The most popular specification

assumes that:

h(t|Xi) = h0(t) exp(βXXi). (5.6)

In a landmark paper in 1972, Cox proposed a method of estimation for the parameter

βX which requires no assumptions regarding the baseline hazard function h0(t) [84].

Cox argued that if one was a priori ignorant regarding the form of the baseline

hazard function h0(t), then h0(t) could conceivably be zero between survival times,

and that therefore most of the information regarding βX is contained in the ranking

of the survival times, rather than the times themselves. Based on this argument, Cox

proposed a likelihood function for βX based on the ranking of the survival times, and

thus which makes no assumptions regarding the form of the baseline hazard function

h0(t). Cox later termed this function a ‘partial likelihood function’, to stress the

fact that is it is not a standard likelihood function [85]. For simplicity of exposition,

we assume in the following that there are no tied event times, although the methods

can be adapted to deal with ties. Assuming there are no tied events, the partial

likelihood function corresponding to data from a sample of n independent subjects

is given by:

n∏

i=1

(
exp(βXXi)∑

j∈Ri
exp(βXXj)

)Yi

(5.7)

where Ri = {j : Vj ≥ Vi} denotes the risk set at time Vi, that is all subjects who

have not experienced the event and have not been censored just before time Vi. The

log partial likelihood function is then given by:

n∑

i=1

Yi

(
βXXi − log

(∑

j∈Ri

exp(βXXj)

))
, (5.8)
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and, differentiating with respect to βX and setting the resulting expression to zero,

the estimate of βX is found as the value β̂X which satisfies the partial log likelihood

score equation:

n∑

i=1

Yi

(
Xi −

∑
j∈Ri

Xj exp(β̂XXj)∑
j∈Ri

exp(β̂XXj)

)
= 0 (5.9)

Cox proposed that the partial likelihood be treated as if it were a standard likelihood

function. In particular he suggested the estimator solving equation (5.9) is consis-

tent and asymptotically normal, with variance which can be estimated in the usual

way, i.e. by the inverse of minus the second derivative of the log partial likelihood

function, evaluated at the estimated value of βX . Subsequently these results were

proved rigorously using the theory of counting processes.

5.2 The effects of classical covariate measurement

error

We begin, as for linear and logistic regression, by considering the induced model

for the outcome given an error-prone measurement Wi. Thus suppose that a single

error-prone measurement Wi is available which is subject to classical measurement

error. Prentice [86] stated that the hazard function conditional onWi can in general

be expressed as the expectation of h(t|Wi, Xi) conditional onWi and Ti ≥ t, a result

we now derive. Using the relationship between the hazard, probability density, and

probability distribution functions:

E(h(t|Wi, Xi)|Ti ≥ t,Wi) =

∫
h(t|Wi, Xi)f(Xi|Ti ≥ t,Wi)dXi

=

∫
f(t|Wi, Xi)

S(t|Wi, Xi)
f(Xi|Ti ≥ t,Wi)dXi

=

∫
f(t|Wi, Xi)

f(Ti ≥ t|Wi, Xi)

f(Xi, Ti ≥ t,Wi)

f(Ti ≥ t,Wi)
dXi

=

∫
f(t|Wi, Xi)

f(Ti ≥ t|Wi, Xi)

f(Ti ≥ t|Wi, Xi)f(Wi, Xi)

f(Ti ≥ t,Wi)
dXi

=

∫
f(t|Wi, Xi)f(Wi, Xi)

f(Ti ≥ t,Wi)
dXi

=

∫
f(t|Wi, Xi)f(Wi, Xi)

f(Ti ≥ t|Wi)f(Wi)
dXi

=
1

S(t|Wi)

∫
f(t,Wi, Xi)

f(Wi)
dXi

=
1

S(t|Wi)

∫
f(t,Xi|Wi)dXi

=
f(t|Wi)

S(t|Wi)
= h(t|Wi). (5.10)
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In terms of the hazard function, the non-differential error assumptions means that

h(t|Wi, Xi) = h(t|Xi) (5.11)

so that

h(t|Wi) = E(h(t|Xi)|Ti ≥ t,Wi). (5.12)

Under the proportional hazards model, h(t|Xi) = h0(t) exp(βXXi), so that

h(t|Wi) = h0(t)E(exp(βXXi)|Ti ≥ t,Wi). (5.13)

Naively this may be seen as a proportional hazards model, with the baseline hazard

function, h0(t) as in the original outcome model. However, the hazard ratio is the

average of the original hazard ratio, averaged across the conditional distribution of

the true covariate Xi, given that Ti ≥ t and the observed error-prone measurement

Wi. The conditioning on Ti ≥ t means that in general the expectation in equation

5.13 depends on the baseline hazard function, h0(t) and βX [86]. This is because

f(Xi|Wi, Ti ≥ t) in general does not equal f(Xi|Wi). If Xi is related to survival, the

event Ti ≥ t provides information about Xi. For example, if large values of Xi are

associated with increased survival, Xi is more likely to be large given Ti ≥ t and Wi.

Of course we do not know βX and h0(t), so the required expectation cannot usually

be calculated directly. This means that, as for logistic regression, it is not possible

to quantify the effects of classical covariate measurement error in Cox regression

models exactly. However, as for logistic regression, we can make progress under

particular additional assumptions.

When the survival times are subject to censoring, the observable hazard is

h(t|Wi, Vi ≥ t), which by the result in equation (5.10) is equal to:

h(t|Wi, Vi ≥ t) = E(h(t|Wi, Xi, Vi ≥ t)|Vi ≥ t,Wi)

= E(h(t|Xi)|Ti ≥ t, Ci ≥ t,Wi),

provided that h(t|Wi, Xi, Vi ≥ t) = h(t|Xi). This means that, conditional on Xi, Wi

and Vi ≥ t are jointly uninformative regarding the hazard at time t.

5.2.1 Method of moments type correction

In Section 5.3 we describe the conditions under which RC is justified for Cox pro-

portional hazards models. In particular, RC gives approximately consistent esti-

mates of βX if βX ≈ 0, if Var(Xi|Wi) is small (small measurement error), or if

most subjects are censored, i.e. P (Yi = 0) ≈ 1. If one assumes that Xi and

Ui are normally distributed and uncorrelated, then as we have seen previously,

120



E(Xi|Wi) = µX + λ(Wi − µX) where λ denotes the reliability ratio of the mea-

surements Wi. Then because of the equivalence between RC and the method of

moments type correction, dividing the naive estimate of βX , β̂W , by an estimate of

the reliability ratio λ gives an approximately consistent estimate of βX under one

or more of the conditions under which RC is justified.

In 1993 Hughes considered the validity of this correction method in detail [87].

Hughes first considered the situation in which no censoring occurs, i.e. all subjects

are observed until failure. If Wi is subject to classical independent normal error,

Hughes showed that the relationship between βW and βX does not depend on h0(t),

the baseline hazard function, but the relationship does depend on the marginal dis-

tribution of the true covariate, f(Xi). When Xi is normally distributed, Hughes

investigated how βW depends on βX and λ, the reliability ratio of Wi as measure-

ments of Xi. Hughes showed that for small βX (after standardizing Xi), βW ≈ λβX ,

i.e. the bias caused by normally distributed classical error is the same (on the log

hazard ratio scale) as for linear regression. However, for increasingly large values

of βX , the attenuation increases further, i.e. |βW | < |λβX |. This means that unless

βX is small, dividing the naive estimate by λ results in estimates which are still

attenuated towards the null.

These results were proved under the assumption of no censoring. Hughes also

considered the relationship between βW and βX under two censoring mechanisms.

Hughes first considered type I censoring, in which all subjects are censored at a fixed

time. In this case, Hughes showed that parameter estimates are biased towards the

null by an amount greater than the reliability ratio λ, but that the amount of bias

depends on the proportion of subjects who are censored. As the proportion censored

increases, the attenuation factor converges to λ. Hughes also considered a particu-

lar type of random censoring, in which subjects are entered into a study uniformly

over time, and followed up until recruitment is complete. In this case, the relation-

ship between βW and βX depends on the baseline hazard function, h0(t), although

Hughes reported that the influence of the baseline hazard function is generally small.

Furthermore, Hughes’ results suggested that the attenuation factor was similar for

both types of censoring considered.

5.2.2 An alternative expression for bias

Later, Kong derived an alternative approximate expression for the bias of the partial

likelihood estimator which ignores classical covariate measurement error [88]. In

contrast to Hughes, Kong did not make assumptions about the measurement error

distribution or the type of censoring. The expression for bias can be easily calculated

using quantities which are produced by statistical software when the naive Cox model

is fitted, leading to an alternative, simple approximate approach to reducing the bias

of the naive estimator β̂W .
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We write τ for the maximum possible follow-up time for a subject, i.e. we

preclude the possibility of arbitrarily long follow-up. The approximate expressions

for bias are derived under the assumption that n → ∞ and σ2
U → 0. Despite this

latter assumption, Kong claimed that the expression for bias often works reasonably

well when the measurement error variance is ‘moderate’. Kong showed that βW , the

value which is consistently estimated by the naive estimator β̂W , is approximately

equal to:

βW = βX

(
1− σ2

UΣ

∫ τ

0

E(exp(βXXi)|Ti ≥ s)h0(s)ds

)
(5.14)

where Σ denotes the normalized limiting variance of the estimator β̂X which would

be obtained by maximizing the partial likelihood with Xi as covariate. Based on

this approximation, Kong proposed that a bias-corrected estimate of βX be obtained

from the naive estimate β̂W using:

β̂X = β̂W

(
1 + σ̂2

U V̂ar(β̂W )N(τ)
)

(5.15)

where V̂ar(β̂W ) denotes the usual estimate of the variance of β̂W obtained from in-

verting the partial likelihood information matrix and N(τ) is equal to the proportion

of subjects who were observed to have the event of interest during follow-up. It is

of interest to note that the expression and correction for bias does not depend on,

or require an estimate of, the value of σ2
X .

Kong performed simulations under type II censoring, whereby all subjects are

censored after a particular number of events have been observed. Kong assumed

that the measurement error variance σ2
U is known. The results showed that for small

σ2
U , the bias correction was successful in removing most of the bias from the naive

estimator. For larger values of σ2
U however, the corrected estimator only removed

some of the bias of the naive estimator. Kong’s correction for bias is appealing

because it only requires quantities which are automatically produced by fitting the

naive Cox regression model using Wi as covariate, in addition to an estimate of σ2
U .

5.3 Regression calibration

5.3.1 Simple regression calibration

Prentice’s investigation into the effects of covariate measurement error in Cox re-

gression resulted in the first proposal of what we now refer to as RC [86]. Prentice

considered the possible situations in which the induced hazard function (equation

(5.13)) might be expected not to depend on h0(t) or βX . Prentice suggested that

when either βX ≈ 0, the measurement error is small in magnitude, or if the prob-

ability of being censored is close to one, then the event that Ti ≥ t provides little
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information about Xi after conditioning on Wi, so that:

h(t|Wi) = h0(t)E(exp(βXXi)|Ti ≥ t,Wi)

≈ h0(t)E(exp(βXXi)|Wi). (5.16)

In such cases, the expectation only involves the conditional distribution of Xi given

Wi. If, for example, we assume that f(Xi|Wi) is normal, it follows from the moment

generating function of the normal distribution that

h(t|Wi) ≈ h∗0(t) exp(βXE(Xi|Wi))

where a different baseline hazard function, h∗0(t), absorbs a factor of exp(0.5β
2
XVar(Xi|Wi)),

assuming the latter conditional variance is constant. Given estimates of the rele-

vant parameters, one can thus calculate Ê(Xi|Wi) for each subject and maximize

the partial likelihood function with this as covariate, in order to estimate βX .

Wang et al considered the asymptotic properties of this simple regression cali-

bration estimator [89]. They showed the regression calibration estimator is asymp-

totically normal, but that in general it is not a consistent estimator of βX . Wang et

al performed simulations in which internal validation data are available to estimate

the regression calibration function E(Xi|Wi). They performed simulations using a

uniformly distributed Xi, and both normal or uniformly distributed measurement

errors Ui, but assumed that E(Xi|Wi) = α0 + α1Wi, which they estimated using

OLS. For subjects in the validation sample, they used the observed Xi as covariate,

and for those subjects not in the validation study, Ê(Xi|Wi). Their simulation re-

sults suggested that RC performed well, giving estimates which had little bias. The

bias in RC estimates in this setting obviously depends on how large the validation

sample is. Wang et al also proposed a sandwich estimator of the variance of RC,

which is robust to misspecification of the calibration function E(Xi|Wi), and which

allows for the estimation of the parameters involved in E(Xi|Wi).

Subsequently, Wang considered the case in which internal replication data are

available, and where the conditional expectation E(Xi|Wi) is approximated by the

best linear approximation [90]. Wang proved that the simple RC estimator in this

case is also asymptotically normal, and proposed a sandwich estimator for its vari-

ance which takes into account estimation of the parameters required to calculate

the best linear prediction of Xi given Wi. Wang’s simulations confirmed that the

simple RC estimator may be substantially biased when the percentage of subjects

who are censored is low.
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5.3.2 Risk set calibration

Clayton proposed a modification to RC which does not require the assumption

that the proportion of subjects whose survival times are censored is high [40]. To

incorporate the conditioning information that Ti ≥ t in equation (5.13), Clayton

proposed modelling the distribution of Xi in each risk set as normal, with a separate

mean for each risk set but common variance σ2
X . This approach thus allows for the

fact that if the hazard function depends on Xi, the distribution of Xi in survivors

changes as time moves forwards, as subjects with large values of βXXi tend to fail

earlier than subjects with small values of βXXi.

Clayton considered the situation where a subset of subjects have ni = 2 error-

prone measurements of Xi, from which the usual moment based estimators of σ2
X

and σ2
U can be used. Clayton then proposed that the mean of Xi in each risk set

be estimated by the sample mean of W i for those subjects in the corresponding risk

set. The conditional expectation E(Xi|Wi, Ti ≥ t) can then be calculated for each

subject at risk at each risk set time t, using the risk-set specific mean of W i to take

into account the information that Ti ≥ t. The partial likelihood function can then

be maximized, replacing the unobserved value of Xi for each subject who is at risk at

each event time t by E(Xi|Wi, Ti ≥ t). Standard software can be used to maximize

the partial likelihood function by noting that E(Xi|Wi, Ti ≥ t) can be treated as a

time-dependent covariate, which changes value at each distinct event time.

More recently Xie et al considered a more flexible version of risk set RC by

allowing for the variance of Xi to vary as time proceeds [91]. For the risk set at

time t, Xie et al proposed using the best linear prediction of Xi based on Wi,

and using an estimate of the mean and variance of Xi given Ti ≥ t. As we have

discussed previously, the best linear prediction matches the conditional expectation

of Xi given Wi if Xi and Wi are jointly normal. However, as Xie et al noted, even

if they are jointly normal at t = 0, if Xi is related to survival, their conditional joint

distribution will not remain normal as time moves forward. This means that even

under marginal normality assumptions for the joint distribution of Xi and Wi, the

best linear prediction is only an approximation to the true conditional expectation

given survival to time t.

The proposed method of Xie et al is relatively simple to implement. The mea-

surement error variance σ2
U can be estimated in the usual way, using data from all

n subjects. Xie et al proposed that the mean of Xi at each risk set be estimated

by the unweighted mean of subjects’ values of W i and suggested a simple moment

estimator for the variance of Xi in each risk set, based on the variance of W i in the

risk set and the estimate of σ2
U .

Xie et al proved that the resulting estimator is asymptotically normal and derived

a sandwich estimator of variance. They also derived analytical expressions for its

asymptotic bias. They used these results to illustrate the asymptotic bias of their
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risk set RC estimator and compared it with the asymptotic bias of the simple RC

estimator when Xi and Uij are normally distributed, ni = 4 for all subjects, the

baseline hazard function is constant, and there is no censoring. Their results showed

that when βX is small, both the risk set RC estimator and simple RC show little

bias. For larger βX and larger values of σ2
U , the bias of both methods increases,

although the risk set RC estimator is uniformly less biased than the simple RC

estimator, as we would expect.

They also carried out simulations to examine the finite-sample performance of the

two RC estimators in the presence of fixed time censoring. These results also showed

that for small measurement error variances or small βX , simple RC performs as well

as risk set RC, and only for large σ2
U and βX does risk set RC offer substantially less

bias. In this latter situation, risk set RC was also more variable than simple RC. Xie

et al also performed simulations in which Xi and/or Uij were uniformly distributed.

Their results suggested that both simple RC and risk set RC still perform reasonably

well.

Xie et al also performed simulations in which censoring depended on Xi. In

these simulations, simple RC performed badly, whereas risk set RC performed well.

This is to be expected, because simple RC ignores the conditioning information

that Vi ≥ t (which implies that Ci ≥ t), which when censoring depends on Xi, is

informative. Xie et al concluded that risk set RC is likely to perform adequately in

situations which are typically found.

5.4 Maximum likelihood

5.4.1 Justifications for Cox’s partial likelihood

Before describing the ML approach for dealing with covariate measurement error

in the Cox model, it is first useful to consider an alternative justification for Cox’s

partial likelihood function for when the covariate Xi is observed, i.e. without covari-

ate measurement error. To do this, we follow the developments outlined in Section

25.10 of [28] and Exercise 4.7 of [83].

Cox’s partial likelihood function is usually heuristically justified by considering

the probability of the observed ranking of failure times, given subjects’ covariates,

ignoring the actual observed event times. However, Cox’s partial likelihood function

can also be derived as a profile likelihood by considering the likelihood of the full data

[92]. Using the relations between the probability density function, hazard function,

and survival function, a subject who is observed to fail at time Vi contributes a

factor f(Vi|Xi) = h(Vi|Xi)S(Vi|Xi) to the likelihood function, while a subject who

is censored at time Vi contributes a factor S(Vi|Xi), where S(Vi|Xi) denotes the

probability of survival to time Vi given Xi. The likelihood function for data from n
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independent subjects is then given by:

n∏

i=1

(h0(Vi) exp(βXXi))
Yi exp(−H0(Vi) exp(βXXi)). (5.17)

As we have previously described, the model is semi-parametric, due to the pres-

ence of the infinite-dimensional parameter h0(t). Just as in the case of parametric

models, the principle of maximum likelihood can often be used to find consistent and

efficient estimators in semi-parametric models (see Section 25.10 of [28]). However,

for semi and non-parametric models, the function which we maximize has to be

carefully defined. The likelihood function of equation (5.17) can be made arbitrarily

large by letting h0(t) be zero except from close to the observed event times, where

we let it become larger and larger.

To overcome this, we instead consider the modified likelihood function:

n∏

i=1

(∆H0(Vi) exp(βXXi))
Yi exp(−H0(Vi) exp(βXXi)) (5.18)

where H0(t) is a step-function, with jumps at the observed event times, which at

time t we denote ∆H0(t). Thus if Yi = 0 (subject i is censored), ∆H0(Vi) = 0,

whereas if Yi = 1, the increment ∆H0(Vi) is treated as a parameter to be estimated.

We now show how Cox’s (log) partial likelihood can be derived from this modified

likelihood function. First, we take logarithms of equation (5.18), giving:

n∑

i=1

Yi log(∆H0(Vi)) + YiβXXi − exp(βXXi)
∑

j:Vj≤Vi

∆H0(Vj). (5.19)

Denoting the observed failure times by P1 < P2 < ..., we can re-express this as:

∑

Pj

log(∆H0(Pj)) +
n∑

i=1

YiβXXi −
∑

Pj

S(0)(βX , Pj)∆H0(Pj), (5.20)

where S(0)(βX , Pj) =
∑n

i=1 1(Vi ≥ Pj) exp(βXXi).

Holding βX fixed, partial differentiation of equation (5.20) with respect to ∆H0(Pj)

shows that the likelihood is maximized by choosing:

∆H0(Pj) =
1

S(0)(βX , Pj)
. (5.21)

This matches an estimator for the cumulative baseline hazard function proposed by

Breslow [93]. Finally, we can find a profile log likelihood for βX by inserting this
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into equation (5.20), giving:

−
∑

Pj

log(S(0)(βX , Pj)) +
n∑

i=1

YiβXXi −
∑

Pj

1. (5.22)

Ignoring
∑

Pj
1, which does not involve any model parameters, this is identical to

Cox’s log partial likelihood function, as given in equation (5.8). We have thus shown

that Cox’s partial likelihood can be derived as a profile likelihood function.

In parametric models where the number of parameters increases at the same

rate as the sample size, maximum likelihood estimators are typically asymptotically

biased (Chapter 10 of [20]). A legitimate question is therefore why Cox’s estimator

for βX is consistent, despite the model containing as many parameters as unique

event times. According to Johansen [92], the Cox model ‘enjoys a property similar

to S-ancillarity, which can also be used to argue that one should use Cox’s par-

tial likelihood to estimate βX even though it is estimated at the same time as the

infinitely many parameters H0(t)’.

5.4.2 Maximum likelihood with covariate measurement er-

ror

Although Prentice first hinted at taking a full likelihood approach to deal with

covariate measurement error in a Cox proportional hazards model [86], only 15

years later did the proposal receive serious attention [94, 95]. As with continuous

and binary outcomes, we first specify a joint model for the full data, including Xi.

As usual, we assume that Xi is measured with classical error by ni error-prone

measurements Wij = Xi + Uij where Uij is independent of Xi, Ti, Ci, and other

measurement errors Uik. With a parametric density assumed for Xi, which we

denote f(Xi), the likelihood function can be formed as the product of the outcome

model density, the measurement error model f(Wi|Xi) and the marginal density

f(Xi). The likelihood function corresponding to the observed data is given by:

n∏

i=1

∫
(∆H0(Vi) exp(βXXi))

Yi exp(−H0(Vi) exp(βXXi))f(Wi|Xi)f(Xi)dXi. (5.23)

Estimation

As is the case for a logistic regression outcome model (Section 4.4), the likelihood

function in equation (5.23) cannot be expressed in closed form due to the intractable

integral over Xi. Thus, as for binary outcomes, either deterministic or Monte-Carlo

methods can be used to approximate the required integrals, and methods such as

Newton-Raphson, or EM, can be used to maximize the likelihood. Wulfsohn and

Tsiatis, in the more general setting of longitudinal error-prone measurements, pro-
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posed using the EM algorithm to obtain the MLEs [94]. In the E-step, expectations

of functions of Xi are required, conditional on the observed data, Yi, Vi,Wi, which

can be approximated using Gaussian quadrature. In the M-step, the parameter val-

ues are updated. For µX , σ
2
X , and σ

2
U , the expressions for their updated estimates

are the same as in the cases of continuous and binary outcomes. Wulfsohn and

Tsiatis proposed using one-step of Newton-Raphson to update the estimate of βX .

The increment of the cumulative baseline hazard function at time t is then updated

using:

∆̂(H0(t)) =
∑

i:Vi=t

Yi∑
j∈Ri

E(exp(β̂XXj))
. (5.24)

In simulations, Hu et al found that this ML approach gave estimates with little bias,

in contrast to simple RC, which showed some bias [95].

Inference and asymptotic properties

Hu et al proposed using profile likelihood to estimate the asymptotic variance of β̂X ,

although recently Hsieh et al have claimed that this approach may underestimate

the variance, and they therefore recommend using bootstrapping [96]. Within the

more general framework which allows for longitudinal error-prone measurements (see

Section 9.4), Zeng and Cai have recently shown that the MLE of the joint model

parameters is consistent and asymptotically normal [97]. They also appear to have

proved the validity of the profile likelihood approach proposed by Hu et al [95]

(and earlier, in the longitudinal setting, Wulfsohn and Tsiatis [94]), apparently in

disagreement with the claims of Hsieh et al [96].

Software

The NLMIXED command in SAS can be used to maximize the likelihood function.

As far as we are aware, until recently, this was the only way the model could be fitted

using a standard statistical package. For the more general model in which error-

prone measurements are made longitudinally, Guo and Carlin described taking a

Bayesian approach and using the WinBUGS software to fit the model, and also

discussed using NLMIXED to fit the model [98]. Recently, the JM package for R

has been released for fitting joint models of longitudinal error-prone measurements

and a censored survival time. Since the classical error model is a special case of this

more general framework, it should be possible to use this package to fit joint models

in which covariates are measured by simple classical error.
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5.4.3 Relaxing assumptions

Hu et al considered approaches to relax the normality assumption for Xi [95]. They

considered both a fully non-parametric approach and a semi-parametric approach

with respect to the distribution of Xi. In the non-parametric model, no assumptions

are made regarding the density of Xi. In the semi-parametric approach, the density

of Xi is assumed to belong to a large class of smooth densities, referred to as the

semi-non-parametric (SNP) class in the econometrics literature. The flexibility of the

class of densities is controlled by a tuning parameter, which is usually fixed rather

than estimated. Hu et al described how a Fortran command NLMIX, developed

previously by Davidian and Gallant, could be used to find MLEs for this semi-

parametric model. We believe the SAS NLMIXED procedure could also be used to

fit this model – the only modification required is to modify the normal density of

Xi to the SNP density function given by Hu et al .

Estimation for the non-parametric model is more complicated, and Hu et al pro-

posed using an EM algorithm, which necessitates additional programming. In simu-

lations, Hu et al found that when Xi was normally distributed, the non-parametric

approach was unbiased but more variable than the MLE based on assuming Xi is

normal, as we would expect. Paradoxically, the estimate based on a semi-parametric

model for f(Xi) was less variable than the estimate based on assuming Xi is nor-

mal. In simulations in which Xi was simulated as the mixture of two normals, the

misspecified MLE based on assuming normality for Xi had some bias, but much less

than RC. The semi-parametric estimate had little bias, and was only slightly more

variable than the misspecified MLE. The estimate based on making no assumptions

for f(Xi) had a small bias, and was also more variable than the other likelihood

estimates.

5.5 Ascent-based Monte-Carlo Expectation Max-

imization

As for binary outcomes (see Section 4.4), quadrature methods are feasible for finding

the MLEs of joint models in which Xi is scalar, or has low dimension. However, for

higher dimensional Xi quadrature methods become infeasible because the number of

required evaluations of the integrand grows exponentially. As previously discussed,

Monte-Carlo methods may be a feasible alternative in such settings. The use of

Monte-Carlo methods to find the MLEs of joint models with survival outcomes

and covariates measured with error is not new. For the more general setting in

which error-prone measurements are made longitudinally over time (see Chapter 9),

Henderson et al proposed using Monte-Carlo methods to approximate the integrals

involved in the E-step of the EM algorithm [99]. Earlier, Wulfsohn and Tsiatis [94],
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again in the setting of longitudinal error-prone measurements, had shown that the

expectations required in the E-step could be expressed in terms of expectations with

respect to the conditional density f(Xi|Wi), which, with normality assumptions for

f(Xi) and f(Wi|Xi), is also normal. Henderson et al therefore proposed sampling

randomly from f(Xi|Wi) and to use these draws to approximate the expected com-

plete data log likelihood. Henderson et al proposed using a fixed number of samples

of f(Xi|Wi) throughout the EM procedure, stating that ‘the value of M can be

tuned to balance numerical accuracy with computational speed’. As we have pre-

viously discussed, using a fixed number of Monte-Carlo samples/imputations is far

from ideal, as initially a smaller number of draws is usually sufficient, when the in-

creases in log-likelihood are largest, whereas as convergence is approached, a greater

number are required to ensure parameter estimates are found which increase the

likelihood function.

In this section, we show how ascent-based MCEM can be implemented for the

joint model defined in Section 5.4. We first show, in Section 5.5.1, how standard

rejection sampling can be used to sample from f(Xi|Yi, Vi,Wi). As in the case of

a binary outcome, this then means that the M-step consists of (with the exception

of the baseline hazard function) maximizing the complete data likelihood separately

for each imputation and averaging parameter estimates across imputations. This

means that built-in commands for maximizing the components of the complete data

log likelihood - specifically that for the Cox partial likelihood, can be used to update

the estimate of βX . However, it is not clear whether averaging parameter estimates

across imputations is appropriate for parameters which represent the increments in

the cumulative baseline hazard function. In Section 5.5.2 we describe the results

of our investigations into this question, and describe an alternative approach that

can be used to update the estimate of the baseline hazard function. We conclude

the section by describing how the ascent-based scheme for controlling the number of

imputations used in each iteration is used for the joint model under consideration.

5.5.1 Generating imputations using rejection sampling

To use MCEM we need to sample from f(Xi|Yi, Vi,Wi). For the related problem of

missing covariates in a Cox proportional hazards model, Herring and Ibrahim showed

how adaptive rejection sampling [100] can be used to sample from the required

conditional distribution [101]. We now show that, when the outcome model is a

proportional hazards model, standard rejection sampling can in fact be used to

sample from f(Xi|Yi, Vi,Wi), assuming we can sample from f(Xi|Wi). As far as

we are aware, this has not been previously proposed, either in the literature for

covariate measurement error, or in the literature concerning missing covariates.
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Analogous to the case of a binary outcome, under the non-differential error as-

sumption, the conditional density f(Xi|Yi, Vi,Wi) can be expressed as:

f(Xi|Vi, Yi,Wi) =
f(Xi, Vi, Yi,Wi)

f(Vi, Yi,Wi)

=
f(Vi, Yi|Xi,Wi)f(Xi|Wi)f(Wi)

f(Vi, Yi|Wi)f(Wi)

=
f(Vi, Yi|Xi)f(Xi|Wi)

f(Vi, Yi|Wi)
. (5.25)

This conditional distribution depends on f(Vi, Yi|Xi), which in turn depends on the

baseline hazard function h0(t). With no restriction on the baseline hazard function

h0(t), f(Vi, Yi|Xi) cannot belong to a particular parametric family of distributions.

However, we now show that rejection sampling can be used to sample from the

required density. This can be used either when a parametric form is assumed for

the baseline hazard function, or when a non-parametric estimate of the hazard

function is used. As in Section 4.5, we use f(Xi|Wi) as our candidate distribution

for rejection sampling, since it is normal, with mean and variance which are readily

calculated. We now consider separately the cases where Yi = 0 (censored) and Yi = 1

(event observed).

Censored subjects

We first consider the case when Yi = 0, so that the ith subject has been censored at

time Vi. Then using equation (5.25) we have that:

f(Xi|Vi, Yi = 0,Wi) =
S(Vi|Xi)f(Xi|Wi)

S(Vi|Wi)

To use rejection sampling we must bound:

f(Xi|Vi, Yi = 0,Wi)

f(Xi|Wi)
=

S(Vi|Xi)

S(Vi|Wi)

≤ 1

S(Vi|Wi)

since S(Vi|Xi) ≤ 1. Rejection sampling then proceeds by simulating a value xi ∼
f(Xi|Wi) and u ∼ U(0, 1). Then we accept xi if

u ≤ S(Vi|Wi)
f(xi|Vi, Yi = 0,Wi)

f(xi|Wi)

= S(Vi|Wi)
S(Vi|xi)
S(Vi|Wi)

= S(Vi|xi).

Thus we accept a sample xi if u ≤ S(Vi|xi) = exp(−H0(Vi) exp(βXxi)).
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Uncensored subjects

Now we consider the case when Yi = 1, so that the event was observed to occur at

time Vi for subject i. From equation (5.25) we have that:

f(Xi|Vi, Yi = 1,Wi) =
f(Vi, Yi = 1|Xi)f(Xi|Wi)

f(Vi, Yi = 1|Wi)
.

Then using the relationship between the hazard function and probability density

function:

f(Vi, Yi = 1|Xi) = h(Vi|Xi) exp(−H0(Vi) exp(βXXi))

= h0(Vi) exp(βXXi −H0(Vi) exp(βXXi)) (5.26)

Therefore we must bound:

f(Xi|Vi, Yi = 1,Wi)

f(Xi|Wi)
=

h0(Vi) exp(βXXi −H0(Vi) exp(βXXi))

f(Vi, Yi = 1|Wi)
.

Differentiating the numerator with respect to Xi we find that it takes its maximum

when exp(βXXi) = 1/H0(Vi), so that:

f(Xi|Vi, Yi = 1,Wi)

f(Xi|Wi)
≤ h0(Vi) exp(−1)

H0(Vi)f(Vi, Yi = 1|Wi)
.

Rejection sampling can thus be performed by simulating a value xi ∼ f(Xi|Wi) and

u ∼ U(0, 1) and accepting xi if

u ≤ f(Vi, Yi = 1|xi)
f(Vi, Yi = 1|Wi)

h0(Vi) exp(−1)
H0(Vi)f(Vi,Yi=1|Wi)

(5.27)

=
H0(Vi)

h0(Vi)
exp(1)f(Vi, Yi = 1|xi), (5.28)

with f(Vi, Yi = 1|xi) as given in equation (5.26).

When the baseline hazard function is left unspecified, as previously described in

Section 5.4, the likelihood function is maximized by allowing the cumulative baseline

hazard function to be a step-function, with increases at each observed failure time

Vi equal to ∆H0(Vi), with the size of the increments to be estimated. To implement

rejection sampling using the previously described expressions, we substitute ∆H0(Vi)

for h0(Vi) and
∑

j:Vj≤Vi
∆H0(Vj) for H0(Vi).

5.5.2 The M-step

In our implementation of the MCEM algorithm described in Section 4.5 we updated

each of the model parameters at each iteration of EM by finding the MLE of the

parameter using each imputation, and taking the mean of these values. If the
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complete data MLE is linear in the data (as it is for the mean for example), this

approach gives an identical estimate to that found by maximizing the likelihood

corresponding to the ‘clustered’ dataset using all M imputations. For those MLEs

(such as for the normal distribution variance) which are not exactly linear in the

data, they are asymptotically linear [52], so that in large samples the two approaches

are equivalent.

In the joint model we have described we treat the increments in the cumulative

baseline hazard function as parameters. There is thus an increment to be estimated

for each unique failure time. In implementing the MCEM algorithm, maximizing

the complete data likelihoods separately for each imputation results inM (assuming

M imputations are used at a particular iteration) estimates of βX and M estimates

of each increment in the cumulative baseline hazard function. We may then update

the estimates of these increments by taking their mean across the M imputations.

We have investigated this approach using simulations, but found that updating the

estimate of the cumulative baseline hazard function in this way often did not result

in an increase of the expected complete data log likelihood. We believe this may

be because for the parameters corresponding to the increments in the cumulative

baseline hazard function at later event times the number of subjects in the risk set

is small when there is little censoring. In this case, there is likely to be a larger

discrepancy between taking the mean of the estimates across imputations and that

found using the expression derived by Wulfsohn and Tsiatis [94] (equation (5.24)).

That is, the asymptotic justification for the equivalence between maximizing the

likelihood corresponding to the ‘clustered dataset’ formed by combining the data

from M imputations and maximizing the likelihoods separately for each imputation

and averaging is not reasonable.

For the purposes of updating the estimate of the baseline hazard function, we

therefore used equation (5.24), as given by Wulfsohn and Tsiatis, and replaced the

expectation involved by its Monte-Carlo approximation. That is, assuming we have

generated M imputations of Xi for i = 1, .., n, we updated the increment in the

cumulative baseline hazard function at time t by:

∆̂(H0(t)) =
∑

Vi=t

Yi
∑

j∈Ri

(∑M
m=1(exp(β̂XX

(m)
j ))

M

) , (5.29)

where β̂X = (1/M)
∑M

m=1 β̂
(m)
X denotes the most recently updated estimate of βX ,

based on the M imputations.

5.5.3 Ascent-based MCEM

To control how many imputations are required at each iteration of MCEM, we can

again apply the ascent-based proposal of Caffo et al [74], as previously described in
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Section 4.5.3. The only modification is to the complete data log likelihood compo-

nent corresponding to the outcome model. Whereas for the binary model we use

the log likelihood corresponding to a logistic regression model for Yi given Xi, we

now use the (log) of the Cox model modified-likelihood, as given in equation (5.18).

5.6 Multiple imputation

5.6.1 Multiple imputation for missing data

For the related problem of missing data, MI has been used to impute missing co-

variate values when the outcome model of interest is Cox’s proportional hazards

model. In a paper concerning the imputation of missing blood pressure values in

a survival analysis, van Burren et al proposed using log(Vi) and Yi as covariates

in the imputation model for the missing values [102]. Including the logarithm of

the survival/censoring time and censoring indicator in the imputation model for the

missing covariate(s) has subsequently become the accepted approach when imputing

missing covariates when the outcome model is Cox regression [103].

As discussed in Section 5.5.1, the conditional distribution of Xi given Vi, Yi

and Wi does not belong to a particular parametric class of distributions. This

follows from the fact that this conditional distribution depends on the baseline

hazard function h0(t), about which we make no parametric assumptions in Cox’s

proportional hazards model.

Recently White and Royston have investigated the problem of how best to in-

corporate a censored survival time, which is assumed to follow a Cox model given

covariates, in an imputation model [103]. White and Royston showed that, using

a Taylor series approximation, if Xi ∼ N(µX , σ
2
X), then Xi|Vi, Yi is approximately

normally distributed, with mean a linear function of Yi and H0(Vi), the cumulative

baseline hazard function at time Vi. The approximation is valid providing Var(βXXi)

is small and/or H0(Vi) exp(βXX i) (approximately the marginal cumulative hazard

at time Vi) is small.

By using Cox’s proportional hazards model we do not assume a particular para-

metric form for h0(t), and hence also do not assume a particular form for H0(t).

If we are willing to assume constant hazards for example, we can enter Vi in the

linear predictor of the imputation model for Xi. Alternatively, White and Royston

propose using a marginal (i.e. not conditional on covariates) estimator of the cumu-

lative hazard function H(t), such as the Nelson-Aalen estimator, as covariate in the

imputation model for Xi. So long as the covariate effects on survival are small, the

cumulative baseline hazard function and marginal cumulative hazard function will

be similar.
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5.6.2 Multiple imputation for measurement error

Recently Cole and Greenland proposed using MI to allow for misclassification in a

binary covariate in a Cox model [54]. Cole and Greenland assumed the presence

of a validation dataset in which the true covariate is measured, so that established

MI commands in statistical software packages could be used. They assumed an

imputation model for Xi with the censoring indicator and logarithm of the sur-

vival/censoring time as covariates, following the earlier proposals in the missing

data literature. In simulations, Cole and Greenland reported that MI gave almost

unbiased estimates in a number of scenarios, although the recent results of White

and Royston suggest that this method will in general give biased estimates.

We now consider how the results of White and Royston can be adapted to use MI

to deal with classical measurement error when the outcome model is Cox regression

and we have internal replication data. As in Sections 3.7 and 4.7, we can fit a

linear mixed model to the error-prone measurements Wi. To implement White and

Royston’s proposal, we include Yi and the Nelson-Aalen estimator of H(Vi) as fixed

effects. We explore the performance of this method using simulations, which are

reported in Section 5.8.

5.6.3 A spline-based imputation approach

Li and Ryan recently proposed an imputation based approach, whereby to impute

the unobserved Xi a linear spline model is assumed for the baseline hazard function

[104]. Their motivation is that approaches which make no assumptions about the

form of the baseline hazard function may have low efficiency, whereas specifying

simple parametric forms for the baseline hazard function will result in bias when

this specification is incorrect. For the purposes of imputing the unobserved Xi,

Li and Ryan assumed a piece-wise linear spline model for the logarithm of the

baseline hazard function. The estimating equations which are solved are equal to

the expectation of those that would be used if Xi were observed, taken with respect

to f(Xi|Vi, Yi,Wi). Since these expectations are not available in closed form, Li and

Ryan described numerical approaches to approximating them.

Li and Ryan’s proposed method appears to be very similar to the Monte-Carlo

EM algorithm, and rather than making no assumptions regarding h0(t), they assume

a linear spline model. Li and Ryan also claim that the method is expected to be

relatively robust even when the linear spline model for the baseline hazard is invalid

because the complete data partial likelihood score equation for βX does not depend

on it. Li and Ryan claimed that their algorithm is easy to implement, but arguably

the method is at least as complicated to implement as Monte-Carlo EM for the

model described in Section 5.4, if not more so because of the need to choose the

number and position of knots for the linear spline model.
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5.7 Conditional and corrected score methods

5.7.1 Conditional score method

The conditional score (CS) approach, original devised in the context of a generalised

linear outcome model (see Section 4.9), was adapted for use with Cox’s proportional

hazard model by Tsiatis and Davidian [105]. For Cox regression, the CS method

involves the sufficient statistic X̃i(t) = Wi+σ
2
UβXdNi(t) where dNi(t) is the counting

process increment for subject i at time t which equals one if subject i experiences

the event at time t and is zero otherwise. Song et al [106] showed that the CS

estimating equation for Cox regression can be expressed as:

n∑

i=1

Yi

(
Wi + σ2

UβX

−
∑

j∈Ri
(Wj + σ2

UβXdNj(Vi)) exp(βX(Wj + σ2
UβXdNj(Vi)))∑

j∈Ri
exp(βX(Wj + σ2

UβXdNj(Vi)))

)
= 0 (5.30)

When σ2
U = 0 the CS estimating equation reduces to the usual partial likelihood

score equation (equation (5.9)). Tsiatis and Davidian gave a heuristic proof that

there exists a consistent solution to the CS estimating equation, which then by the

theory of estimating equations is asymptotically normal. As for logistic regression,

with multiple error-prone measurements Wi, we can substitute W i in place of Wi

and σ2
U/ni in place of σ2

U in equation (5.30).

5.7.2 Corrected score method

The corrected score method was introduced by Nakamura as a general approach

to dealing with bias caused by covariate measurement error [107, 108]. The idea of

Nakamura’s corrected score method is to adjust the naive score function based on

using Wi as covariate so that the estimating equations have expectation zero at the

true value of βX . In the absence of covariate measurement error the outcome model

parameter βX would be estimated as the value which solves the likelihood score

equation. When Xi is measured with classical error by Wi, as we have seen, solving

the score equation with Wi in place of Xi results in asymptotically biased estimates

of βX . This means that the score equations have non-zero mean at βX . Nakamura

proposed a modified estimating equation which can be shown to have expectation

zero at the true value βX . Although Nakamura claimed that his corrected score

method was only asymptotically unbiased if σ2
U → 0 as n→ ∞, Kong later showed

that it is in fact consistent for fixed σ2
U [109]. The corrected score estimating equation
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for βX is given by:

n∑

i=1

Yi

(
Wi + σ2

UβX −
∑

j∈Ri
Wj exp(βXWj)∑

j∈Ri
exp(βXWj)

)
= 0. (5.31)

5.7.3 Conditional versus corrected score

Neither the conditional nor the corrected score methods make any assumption about

the distribution of Xi. However, they both assume normality for the measurement

errors Ui (or, in the case of multiple error-prone measurements,W i as a measurement

of Xi). The two methods are asymptotically equivalent [105], but in small samples

and relatively large measurement errors, Song et al found that the CS method was

considerably less variable [106]. Unfortunately, it is not possible to solve either

estimating equation by fitting a standard Cox model, and so the they must be

solved by methods such as Newton-Raphson. Furthermore, as for the CS method

for logistic regression, the estimating equations may have multiple solutions.

5.8 Simulations

In this section we report the results of simulations to compare the methods we have

described in this chapter.

5.8.1 Simulation setup

The covariate Xi was simulated as Xi ∼ N(0, 1). The survival time of each sub-

ject, Ti, was then generated according to an exponential distribution (i.e. constant

baseline hazard), with constant hazard equal to exp(βXXi), where βX = 0.1 or

0.9, representing weak and moderately strong covariate effects. The survival times

were then censored according to a type II censoring scheme, by censoring either the

largest 10% or the largest 90% of survival times. As before, we simulated data for

n = 5, 000 subjects, 500 of which had two measurements of Xi subject to normally

distributed error, while the remaining 4,500 had a single error-prone measurement

of Xi. We varied σ2
U to give values of the reliability ratio of 2/3, 1/2, and 1/3. We

again performed 10,000 simulations per scenario.

5.8.2 Estimation methods

Regression calibration

We first estimated βX using simple RC, i.e. not risk-set calibration, in the same way

as for linear and logistic regression outcome models.

137



Risk-set regression calibration

We used Xie et al ’s proposed implementation of risk-set regression calibration.

Specifically, we estimated µX separately in each risk-set by the mean of W i. We

estimated σ2
X in each risk-set using the moment estimator proposed by Xie et al . For

σ2
U we used the estimate obtained from fitting the random-intercepts model to the

error-prone measurements Wi of all subjects. As described in Section 5.3.2, risk-set

RC can be implemented using standard Cox regression commands, by splitting the

data at each event time, calculating the predicted value ofXi for each subject in each

risk-set, and using this as a time-dependent covariate. Unfortunately, we were unable

to do this because the expanded dataset was too large for the available memory on

our system, illustrating the additional computational burden of the method (in terms

of systems resources). We therefore found the risk-set RC estimate of βX by using

the nleqslv function, passing to it functions that manually calculate the likelihood

and score functions (without expanding, or splitting the dataset at each event time).

Maximum likelihood via ascent-based Monte-Carlo Expectation Maxi-

mization

We used ML to estimate βX using ascent-based MCEM, as described in Section 5.5.

As for logistic regression, the control parameters for ascent-based MCEM were set

to α = 0.25, β = 0.25 and γ = 0.05, and convergence was declared either when the

number of imputations reached 1,000 or if the upper confidence interval limit for

the increase in the Q function was less than 0.01. Since no valid analytical method

is available for estimation of standard errors, we do not report standard errors.

Multiple imputation

We also used frequentist MI to estimate βX , as described in Section 5.6.2. We

report the results from two MI estimators. The first is based on including Vi and

Yi as fixed effects in the linear mixed model for Wi. As the survival times were

generated according to an exponential distribution, H0(t) = kt for some constant k,

this MI estimator avoids use of the Nelson-Aalen estimator as an approximation to

the baseline cumulative hazard function. This first MI estimator thus allows us to

examine how much bias is induced by the Taylor series approximation used to derive

the results of White and Royston [103], as opposed to any bias induced by using

the Nelson-Aalen estimator as an approximate estimator of the baseline cumulative

hazard function. This second MI estimator is that which would be used in practice,

when we wish to make no assumption regarding the form of the baseline hazard

function. For both MI estimators we used 25 imputations.
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Conditional score

As for logistic regression, we fixed σ2
U at its estimated value from fitting the random-

intercepts model to Wi. We then solved the CS estimating equation (as expressed

by Song et al [106]), by using the nleqslv function in R, using the RC estimate of

βX as the initial value. As for the logistic regression simulations, for simulations

where the estimating equation could not be solved, we substituted the RC estimate

of βX for the purposes of the table of results (Table 5.1). We have not included

the corrected score method in our simulations, since it is asymptotically equivalent

to the CS method and Song et al have demonstrated that its performance in finite

samples is inferior to the CS method [106].

5.8.3 Simulation results

Table 5.1 shows the results of the simulations. RC had little bias when βX = 0.1.

For βX = 1 and 90% of survival times censored, RC showed a small downward bias,

with the amount of bias increasing with increasing measurement error. Conversely,

when only 10% of survival times were censored, estimates from RC were downwardly

biased by a substantial amount. The results for RC are similar to those for logis-

tic regression, which perhaps is not surprising given the close connection between

logistic and Cox regression [110]. The risk-set RC estimator performed well, with

less bias but increased variability compared to standard RC. For scenarios 10-12,

although the risk-set RC estimator had some bias, the biases were considerably

smaller than those for standard RC.

In preliminary simulations we found that for the scenarios in which the relia-

bility ratio was 1/3, the ascent-based MCEM estimates of βX had some bias. Our

hypothesis is that the observed data likelihood function is not concave, and that

in these cases the initial estimates (from RC) were farther from the MLE, leading

the EM algorithm to converge to a local maximum. To overcome these difficulties

we found that a small modification to the MCEM algorithm could be used to give

estimates which had little bias across all scenarios. We first used MCEM in which

all model parameters, except βX and the cumulative baseline hazard function in-

crements, were held fixed at the values estimated by fitting the random-intercepts

mixed model to Wi. This algorithm is ML for the model in which it is assumed

that µX , σ
2
X and σ2

U are known. Since we substitute consistent estimates of these

parameters in place of the known values this algorithm should itself give consistent

estimates of βX , although it may not be optimal in terms of efficiency. Such a

two-stage likelihood approach was proposed in the context of a logistic regression

outcome model by Carroll et al [111]. When this pseudo-ML MCEM algorithm was

deemed to have converged, we then re-started the full MCEM algorithm, whereby
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Table 5.1: Cox regression simulation results. Mean (SD) of estimates of βX from regression calibration (RC), risk-set regression calibration
(RRC), maximum likelihood via ascent-based Monte-Carlo Expectation Maximization (ML-MCEM), multiple imputation (MI) using censoring
indicator and time to event or censoring, MI using censoring indicator and estimated cumulative hazard function, and the conditional score
(CS) method. λ denotes the ratio of variance of Xi to variance of error-prone measurements

Scenario P (Yi = 1) βX λ RC RRC ML-MCEM MI using Yi and Vi MI using Yi and Ĥ(Vi) CS

1 0.1 0.1 2/3 0.100 (0.055) 0.100 (0.055) 0.100 (0.055) 0.100 (0.055) 0.100 (0.055) 0.100 (0.055)
2 0.1 0.1 1/2 0.101 (0.063) 0.101 (0.063) 0.102 (0.063) 0.102 (0.063) 0.101 (0.063) 0.101 (0.063)
3 0.1 0.1 1/3 0.100 (0.078) 0.100 (0.078) 0.100 (0.078) 0.100 (0.079) 0.100 (0.079) 0.100 (0.079)
4 0.1 1 2/3 0.973 (0.063) 0.985 (0.066) 1.005 (0.071) 0.970 (0.061) 0.969 (0.061) 1.004 (0.077)
5 0.1 1 1/2 0.963 (0.086) 0.983 (0.091) 1.009 (0.100) 0.965 (0.084) 0.965 (0.084) 1.010 (0.133)
6 0.1 1 1/3 0.961 (0.135) 0.989 (0.147) 1.022 (0.162) 0.969 (0.133) 0.969 (0.133) 1.109 (0.949)
7 0.9 0.1 2/3 0.100 (0.019) 0.100 (0.019) 0.100 (0.019) 0.100 (0.019) 0.100 (0.019) 0.100 (0.019)
8 0.9 0.1 1/2 0.100 (0.022) 0.101 (0.022) 0.101 (0.022) 0.100 (0.022) 0.100 (0.022) 0.101 (0.022)
9 0.9 0.1 1/3 0.101 (0.028) 0.102 (0.029) 0.102 (0.029) 0.101 (0.029) 0.101 (0.029) 0.102 (0.029)
10 0.9 1 2/3 0.842 (0.033) 0.951 (0.049) 1.003 (0.051) 0.828 (0.033) 0.861 (0.038) 1.001 (0.067)
11 0.9 1 1/2 0.787 (0.052) 0.943 (0.086) 1.005 (0.085) 0.794 (0.058) 0.840 (0.067) 1.008 (0.144)
12 0.9 1 1/3 0.747 (0.092) 0.951 (0.166) 1.012 (0.156) 0.782 (0.112) 0.838 (0.128) 1.093 (0.773)
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all model parameters are updated at each iteration. As shown in Table 5.1, the

resulting algorithm had little bias across all scenarios.

The two MI methods had bias and SD which were practically identical for scenar-

ios 1-9. Interestingly, for scenarios 10-12, MI using the Nelson-Aalen estimator Ĥ(Vi)

in the imputation model had less bias than MI using Vi in the imputation model.

White and Royston’s results suggest that H0(t) should be used in the imputation

model [103]. Since the survival times were generated according to an exponential

distribution, using Vi in the imputation model meant that the cumulative baseline

hazard function did not need to be approximated, and so we would expect this ap-

proach to give less bias. One possible explanation for the greater bias found for MI

using Vi in the imputation model is that because the survival times were exponen-

tially distributed, when there was only 10% censoring, a small number of subjects’

values of Vi have large influence over the estimated coefficient for the association

between Vi and Xi.

A solution to the CS estimating equation was found for all simulations in all

scenarios, with the exception of 6 simulations in scenario 6 and 2 simulations in

scenario 12. The CS method showed little bias, except for scenarios 6 and 12,

in which βX = 1 and λ = 1/3 and for which the method was biased upwards.

We presume this bias, analogous to the logistic regression simulations, is due to

solutions of the CS estimating equation being found which are not the consistent

solution. It is of interest to note that for scenarios 1-3 and 6-9, in which βX = 0.1,

the CS estimator had the same efficiency as ML. For scenarios 4-5 and 10-11, in

which βX = 1, the CS estimator showed little bias, but was less efficient than ML.

5.9 Conclusions

5.9.1 Effects of classical covariate measurement error

If the proportion of censored subjects is high and the covariate effects are small

to moderate in magnitude, the effect of classical error on estimates from Cox’s

proportional hazards model is to bias effect estimates towards the null (in the case of

a single covariate) by approximately the same amount as in linear regression outcome

models, i.e. by the reliability ratio of the error-prone measurements. However, as

we described in Section 5.2, when these conditions do not hold, the bias can often

deviate substantially from that implied by the reliability ratio.

5.9.2 Regression calibration

Our simulation results confirm that RC provides approximately unbiased estimates

when βX is small. For larger effects, RC has non-trivial biases, which is larger still

when a smaller proportion of subjects are censored. Risk-set RC, whereby predic-
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tions of Xi are updated at each risk-set, substantially reduces the bias of standard

RC. Risk-set RC can also be implemented using standard commands for fitting Cox

proportional hazards models, although in large datasets one may encounter difficul-

ties with regards to the memory resources required when ‘splitting’ or expanding

the dataset at each event time.

5.9.3 Maximum likelihood

Given correct parametric specifications, ML can be used to give consistent estimates

of the Cox model parameters. The NLMIXED command in SAS can in principle

be used to fit such models, requiring the user to write a function to evaluate the

complete data likelihood function. Recently however, the JM package for R has been

released, which fits joint models for longitudinal and survival data (see Chapter 9)

via ML, using quadrature methods to approximate the required integrals. The

classical measurement error model is a special case of the longitudinal models which

these packages accommodate, and so it should be possible to use these to find ML

estimates for Cox models which are subject to classical covariate error. We did

attempt to use the JM package to find ML estimates for the simulations reported

here. Unfortunately the command gave an error message reporting that the available

computer system memory was insufficient.

5.9.4 Ascent-based Monte-Carlo Expectation Maximization

We have shown in Section 5.5 that MCEM can be used to obtain ML estimates,

in which rejection sampling is used to multiply impute Xi at each iteration of EM.

As discussed in the conclusions to Chapter 4, the implementation of ascent-based

MCEM requires a moderate amount of programming. Our implementation in R is

quite slow, although as previously noted, it could be made more efficient by writing

the function which creates multiple imputations using rejection sampling using a

language such as C++, which the R program could then call. For univariate Xi use

of quadrature methods to find ML estimates may well be computationally faster.

However, for multivariate Xi, as previously discussed, quadrature methods rapidly

become infeasible, whereas Monte-Carlo approximation may still be feasible.

5.9.5 Multiple imputation

In Section 5.6 we have applied recent results regarding imputing missing covariates in

Cox models to deal with covariate measurement error. Our proposed implementation

is easy to use, and involves adaption of our linear mixed model approach (see Sections

3.6 and 4.6) to deal with the fact that the survival time distribution is not specified

parametrically and that survival times may be censored. Somewhat disappointingly,

in simulations the two implementations of MI that we considered performed very
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similarly to RC. In particular, the estimates using MI had moderately large biases

when there was little censoring and the covariate effects were moderately strong.

However, given that RC and this particular implementation of MI are justified for the

Cox model under the same assumptions (small covariate effects or low risk of events),

that both methods performed badly in these scenarios is perhaps unsurprising.

5.9.6 Conditional score method

Our simulation results suggest the CS method will perform well in a wide range of

scenarios. Only when the effect of Xi was moderate and the measurement error was

large did the CS method show some bias, which we presume to be due to solutions of

the CS estimating equation being found which are not the consistent root. Despite

making no assumption about the distribution of Xi, the CS estimator also had

comparable efficiency to ML, except when the effect of Xi and the measurement

error were large. The computational burden of the CS method is far less than

for ML, and so it should be considered more often as an alternative to simpler to

methods such as RC, especially when few subjects are censored and the effect sizes

are moderate. Its implementation is relatively straightforward, and can make use of

built-in commands for solving non-linear equations, such as the nleqslv package in

R.

5.9.7 Alternatives to Cox’s proportional hazards model

As discussed at the beginning of the chapter, the vast majority of research into the

effects of classical measurement error has focused on Cox’s proportional hazards

model, but some research has been conducted for other types of survival time re-

gression models. Classical covariate measurement error is easily accommodated in

Aalen’s non-parametric additive model, where the effects of classical error are the

same as for linear regression [112]. Gimenez et al investigated the effects of classical

error in Weibull regression models (a parametric proportional hazards model) [113].

They showed that with Xi and Ui both normally distributed and with no censoring,

the naive estimator β̂W is biased by the reliability ratio λ, as for linear regression.

Recently He et al have investigated the consequences of covariate error in general

accelerated failure time models, and explored the use of SIMEX to allow for the

resulting bias [114].
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Part II

Extensions to life-course studies
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Chapter 6

Background

In Chapters 2 to 5 we have examined the consequences of classical covariate mea-

surement error in models where the outcome is continuous, binary or is a censored

survival outcome. In many applications the simple classical measurement error

model may not be appropriate however. As discussed in Chapter 1, one example

which has received a large amount of interest in the last 20 years is when error-prone

measurements are made longitudinally over time, and interest lies in the associa-

tions between trajectories of one or more underlying longitudinal processes and an

outcome of interest. This is sometimes rather unspecifically referred to as ‘joint

modelling’. Underlying these approaches is an assumption that for each subject,

there exists an unobserved (latent) vector of random effects. These random effects

are assumed to influence both the longitudinal measurements, and the outcome of

interest, and are defined such that conditional on them, the longitudinal measure-

ments and outcome are independent.

In this chapter we review the linear mixed model family and describe how linear

mixed models can be used to model error-prone measurements of one or more longi-

tudinal processes. The random effects (or possibly a function of them) of the linear

mixed model for the longitudinal error-prone measurements are then treated as co-

variates in a regression model for the outcome of interest. In Section 6.2 we discuss

the specification of the outcome model. In particular, we note that in applications,

while we may have some confidence in our specification of a model for the longi-

tudinal error-prone measurements, we may be uncertain as to which aspects of the

longitudinal process influence the outcome. In consequence, analyses will often be

somewhat exploratory, and we may wish to fit a number of different models relating

the outcome to different aspects of the longitudinal process. We conclude in Section

6.3 by discussing assumptions concerning missingness of longitudinal error-prone

measurements.
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6.1 Linear mixed models for longitudinal error-

prone measurements

Linear mixed models represent an extremely flexible family of models which allow

data with complex dependency structures to be modelled. An extensive account

is given by Verbeke and Molenberghs [37]. One main application of linear mixed

models is to longitudinal settings in which multiple observations are made on sub-

jects over time. A linear mixed model is specified by a sum of functions of ‘fixed’

and ‘random’ effects. For longitudinal data, the fixed effects structure models the

mean evolution of the longitudinal process in the population. We then suppose

that there exist one or more, unobserved (latent) subject-specific random effects,

which determine how a subject’s underlying longitudinal trajectory deviates from

the population evolution. Within the structural equation literature, such models

are sometimes referred to as latent-variable models for longitudinal data [115].

For continuity with the preceding chapters, we adopt notation similar to that

used for classical measurement error. This helps make clear that, as we show shortly,

the latter can be viewed as a special case of this more general model framework. As

before, we denote byWi = (Wi1, ..,Wini
)T the vector of ni error-prone measurements

for subject i. We then assume that:

Wi = DiXi +Ui (6.1)

where Di is a known ni × p design matrix, Xi is a p × 1 vector of random effects

for the ith subject with mean µX and variance covariance matrix ΣX , and Ui =

(Ui1, .., Uini
)T is a ni×1 vector of within-subject ‘errors’. We assume the ‘errors’ Ui

are independent of Xi and that E(Ui) = 0.

Linear mixed models are usually parametrized such that the random effects have

mean zero, so that they represent subject deviations from the mean evolution. We

do not follow this convention, in order to maintain consistency with our notation in

the classical measurement error setting. It is of course simple to re-express equation

(6.1) in terms of a mean evolution and a mean zero random-effects vector by:

Wi = DiµX +Di(Xi − µX) +Ui, (6.2)

where Xi−µX is a mean zero random effects vector with variance covariance matrix

ΣX , and which is equal to the deviation of Xi from the population mean.

Depending on the estimation approach, we may make distributional assumptions

for Xi and Ui. A common assumption is that the random effects are multivariate

normal, Xi ∼ N(µX ,ΣX), with ΣX an unstructured variance covariance matrix.

Alternatively, structured covariance matrices can be used for Xi. A common as-

sumption is that the errors are Ui ∼ N(0, diag(σ2
U)), indicating that errors Uij, Uik
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are independent for j 6= k. With such normality assumptions, the parameters of

the linear mixed model can be estimated by ML or REML. Most modern statistical

packages provide facilities for fitting linear mixed models, such as the SAS command

PROC MIXED, Stata’s xtmixed command, and the lmer command in R.

6.1.1 Examples

Classical measurement error – single covariate

If Xi is a scalar, and Di is a column vector of 1’s, with length ni, we see that the

linear mixed model of equation (6.1) is identical to the classical measurement error

model for a single covariate.

Classical measurement error – multiple covariates

The linear mixed model of equation (6.1) has exactly the same form as the classical

measurement error model in the case of multiple covariates Xi, as described in

Section 2.5.1. For classical measurement error with multiple covariates, the design

matrix Di consists of columns of ones and zeros, which denote which component of

Xi each error-prone measurement corresponds to.

Random-intercepts and slopes

The random-intercepts and slopes model assumes there exists a bivariate random

effects vector Xi = (Xi1, Xi2)
T , in which Xi1 and Xi2 represent subject i’s intercept

and rate of increase in the longitudinal process over time. Assume that measurement

Wij is made at time tij. The random-intercepts and slopes model is then specified by

defining the jth row of the matrix Di to be equal to (1, tij). The model specification

is completed by assuming Var(Ui) = diag(σ2
U). This gives the so called random-

intercepts and slopes model.

Polynomial and spline models

The random-intercepts and slopes model assumes that the underlying longitudinal

process evolves linearly in time. While this may be a reasonable model for certain

settings, we may wish to use models which allow subjects’ trajectories to vary in a

more flexible way over time. Higher-order time effects can be included to model the

longitudinal process as a polynomial function of time. Furthermore, so called spline

models, such as a piece-wise linear function of time, can be fitted within the linear

mixed model framework [116].
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6.1.2 Multiple longitudinal processes

The model of equation (6.1) also encompasses models for error-prone measurements

of more than one longitudinal process. For example, we may measure both systolic

and diastolic blood pressure over time in subjects. Following Li et al [117], suppose

that we observe error-prone measurements of g longitudinal processes, and that for

the jth process the corresponding error-prone measurements, W
(j)
i follow a linear

mixed model:

W
(j)
i = D

(j)
i X

(j)
i +U

(j)
i

where D
(j)
i is a known design matrix, X

(j)
i is a vector of random-effects, and U

(j)
i

is a vector of mean zero within-subject errors, assumed independent of X
(j)
i . Now

define Wi = (W
(1)T

i , ..,W
(g)T

i )T , and similarly define Xi and Ui for the X
(j)
i s and

U
(j)
i s. If we let Di = D

(1)
i ⊕, ..,⊕D

(g)
i , then Wi follows a linear mixed model:

Wi = DiXi +Ui,

as in equation (6.1). This setting is more complicated than when a single longitu-

dinal process is measured, as it usually implies a particular structure amongst the

X
(j)
i s and U

(j)
i s. We would usually expect there to be correlation between differ-

ent longitudinal processes, which is dictated by the assumed structure for Var(Xi).

Since each X
(j)
i may be a vector, it may often be necessary to impose structure on

Var(Xi) to avoid modelling a prohibitively large number of covariance parameters.

The measurement errors of different longitudinal processes would usually be ex-

pected to have different variances. Depending on the application, there may also be

correlations between the errors of measurements of different longitudinal processes

which are made at the same time. Returning to the blood pressure example, it is

quite likely that if a systolic blood pressure measurement taken on a subject on a

particular day is above their current underlying or true level, we might expect the

diastolic measurement made on the same day to also be above their true level.

6.1.3 Definition of ‘errors’ and model extensions

Whilst we have used the term ‘errors’ for Ui, we emphasize that in the context of

longitudinal error-prone measurements its elements may often be the sum of both

technical measurement error and within subject temporal variability in measure-

ments which are not explained by the subject-level random effects. A key assump-

tion we make is the elements of Ui are independent. We must therefore define the

subject-level random-effects Xi in a way in which we hope captures the underlying

trajectory of the process under measurement, such that the elements of the ‘er-
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ror’ vector Ui are mutually independent. One approach to this is to specify a rich

subject-level random-effects structure, for example using spline models.

An alternative is to incorporate a serial correlation term. One way to do this

is to decompose the residual errors Ui into U(1)i + U(2)i where U(1)i represents

pure measurement errors which are independent of each other and U(2)i represents

serial correlation. Serial correlation is achieved by assuming a variance covariance

structure for U(2)i whereby the covariance between two elements is a function of

their times of measurement. A variety of functional specifications are possible (see

[37]), but they are usually a decreasing function of the time difference between

measurements. Incorporating serial correlation terms and specifying a richer subject

random-effects structure are two alternatives (although they can be combined) to

allowing for (residual) correlation between measurements within subjects.

Although the model defined in equation (6.1) is flexible, there are numerous

ways in which it may be extended. The model is a so called two-level model, mean-

ing that measurements (level 1) are clustered within subjects (level 2). Multi-level

mixed models allow specification of additional sets of random effects which partition

variability in the data into that which can be attributed to each level of clustering.

For example, suppose in an observational study that subjects are followed-up repeat-

edly over time, and that at each follow-up visit a variable of interest is measured

repeatedly with error. A three-level model could then be specified which includes

random subject effects, random visit effects, and random residual errors. Such a

model decomposes variability in the error-prone measurements into that which can

be ascribed to differences between subjects in their overall longitudinal trajectories,

that which can be ascribed to variability between follow-up visits around this tra-

jectory (assumed mutually independent), and the remainder which is within visit

variability. In such a model the role of the random visit effects is to allow for the

fact that a subject’s underlying value on a given day will usually deviate somewhat

from the value implied by their subject-level random-effects.

6.2 Outcome model specification

The specification of a joint model is completed by defining the outcome model. This

specification obviously depends on the type of outcome – we consider continuous,

binary, and survival time outcomes in Chapters 7, 8, and 9 respectively. Over the

last 20 years there has been a great deal of research effort into developing estimation

methods for such models, particularly for survival or time-to-event outcomes.

For continuous and binary outcomes, the methodological literature regarding

estimation methods almost exclusively considers the situation in which the distribu-

tion of the outcome Yi is assumed to potentially depend on all of the elements of Xi

(and error-free Zi, if present) (e.g. [59, 118]). For censored survival time outcomes,
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the longitudinal measurements are often observed at the same time as subjects are

at-risk for the event of interest. This leads to models in which hazard is mod-

elled as a function of time-dependent covariates, which themselves are functions of

the underlying longitudinal process(es). Methodological papers consider estimation

of model parameters given a particular specification for how the hazard at time t

depends on the values of the longitudinal process up to and including time t. A

common specification for this is that the hazard at time t is assumed to depend on

the longitudinal process only through its current value at time t [94].

In contrast, in applications, we rarely know a priori which aspects of a longitu-

dinal process(es) affect the outcome of interest, and we may therefore be interested

in fitting a number of different models. As a motivating example, Boshuizen et al

recently used data from the Seven Countries Study to investigate how mortality risk

depends on both current, and levels 25 years earlier of systolic blood pressure (SBP)

and total cholesterol [119]. In the Seven Countries Study, 6,518 men aged 40-59 were

recruited between 1958 and 1964, and were followed up for 35 years for mortality.

Blood pressure and cholesterol was measured at recruitment into the study, at 5 and

10 years after baseline, and then at numerous later times which varied by country.

Boshuizen et al first fitted linear mixed models to the longitudinal measurements of

SBP and cholesterol. They then fitted various Cox proportional hazards models for

the hazard of death due to coronary heart disease (and also models for the hazard of

death due to stroke), using an RC type approach to correct for measurement error

and intra-subject variation. Boshuizen et al first fitted a Cox model to examine

the effect of average SBP/cholesterol on hazard. Since subjects only had periodic

measurements of SBP and cholesterol, and these were subject to measurement error

and within-subject variation, at time t, Boshuizen et al used the BLUP of the mean

level of SBP/cholesterol between time zero and time t as a time-dependent covari-

ate. They then fitted models, again using RC, with either current SBP/cholesterol,

or SBP/cholesterol level 25 years earlier as time-dependent covariates. Lastly, they

fitted models in which both current and levels 25 years earlier were included simul-

taneously as covariates, to examine whether both current and past levels of SBP or

cholesterol have independent effects on hazard.

The investigation by Boshuizen et al is typical of many epidemiological studies,

whereby we may want to estimate the parameters of a number of different regression

models for the outcome of interest. The components of the random-effectsXi may be

highly correlated, such that estimation of their independent effects, through fitting

the ‘full model’ for Yi given Xi (and Zi), leads to imprecise estimates. Failure to

find evidence of an independent effect of one component of Xi is then likely due

to a lack of power, as opposed to the lack of an independent effect. In such a

situation, we may wish to proceed to fit a model for Yi in which the corresponding

component of Xi is not included as a covariate. However, we may be wary of making
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an assumption that this component has no independent effect on Yi, since we have

limited power to detect such an effect. In the following chapters we therefore explore

how the various methods can be used for estimation of a model for Yi in which some

function X∗
i = AXi of Xi (such as a subset of its components) enters as covariate.

In particular, we consider estimation of the parameters of this model when it is

assumed Yi only depends on Xi via X∗
i , but also when we do not wish to make this

assumption.

6.3 Missing longitudinal error-prone measurements

In most longitudinal cohort studies, subjects are scheduled to have measurements

of the longitudinal process(es) at particular times. For example, in the Framingham

Heart Study (see Part III), subjects were scheduled to return for follow-up visits

every two years after a baseline examination. In practice, some subjects will miss

one or more scheduled visits, for a possibly large variety of different reasons, leading

to missing error-prone measurements. In the estimation methods we consider in the

following three chapters, analogous to conditioning on the number ni of error-prone

measurements in the classical covariate error setting, we do not specify a model for

the missingness mechanism of longitudinal measurements, by treating the design ma-

trix Di for subject i’s longitudinal measurements as fixed. In reality, the mechanism

determining which error-prone measurements are missing for a particular subject

is a random process, so that the matrices Di are stochastic. Assumptions regard-

ing this mechanism which are sufficient for consistent estimation differ between the

different estimation methods. We thus give details regarding sufficient conditions

about this missingness mechanism as we describe each estimation method.
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Chapter 7

Continuous outcomes

In this chapter we consider estimation of the parameters of joint models for lon-

gitudinal error-prone measurements and continuous outcomes Yi. We assume that

longitudinal error-prone measurements Wi are available, and that a linear mixed

model of the form described in Section 6.1 has been specified. We first consider how

the methods previously described for allowing for classical covariate measurement

error can be extended to this setting when Yi is assumed to follow a linear regression

model given Xi and Zi:

Yi = β0 + β
T
XXi + β

T
ZZi + ǫi, (7.1)

where E(ǫi|Xi,Zi) = 0. In Section 7.1 we note why a naive two-stage approach to

estimation results in biased estimates. In Section 7.2 we describe how RC is easily

extended to the longitudinal setting. In Section 7.3 we consider ML estimation

for a particular parametric model, and give the implementation details of the EM

algorithm for this model. In Section 7.4 we note that our approach based on fitting

a linear mixed model for Wi given Yi and Zi, described in Section 3.6 for the case of

classical measurement error, can also be used in this more general setting in which

the measurement model is a linear mixed model. In Section 7.5 we describe how MI

can be implemented after first fitting this mixed model for Wi given Yi and Zi.

As discussed in Section 6.2, in applications we may often be interested in esti-

mating the parameters of a number of different regression models for Yi, in which

different functions of Xi enter as covariates, rather than Xi itself. In Section 7.6 we

introduce a framework in which rather than Xi, a lower dimension linear function

X∗
i of Xi is used as covariate in the regression model for Yi. We then consider how

each of the estimation methods can be used when interest lies in the estimating the

parameters of such an alternative outcome model.
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7.1 A naive two-stage approach

The first method we consider is an analogue of the ‘naive method’ described for

classical error in Section 3.2. For covariates measured with classical error a naive

analysis can be performed by treating an error-prone measurement as if it were equal

to the unobserved covariate of interest. With error-prone measurements which are

made longitudinally there is no direct analogue of such a naive analysis, as each

subject has multiple error-prone measurements which may be a complicated function

of the covariates Xi. However, one so called ‘naive approach’, considered by Wang

et al [59], is to substitute in place of the unobserved Xi the least squares estimate of

Xi based on the available error-prone measurements Wi. Following Wang et al [59],

we briefly outline why this approach gives biased estimates by showing it is biased

in a particular special case.

Wang et al assumed that Ui is multivariate normal with covariance matrix

parametrized up to a finite number of parameters, and that Ui is independent of

Xi. They considered a two-stage approach where the unobserved Xi are treated as

unknown parameters to be estimated. Using the observed Wi and design matrix

Di, we can use standard least squares regression to estimate Xi as:

X
(ls)
i = (DT

i Di)
−1DT

i Wi. (7.2)

In order to calculate X
(ls)
i , the design matrix Di must be of full rank, so that DT

i Di

is invertible. This condition effectively requires that there is some information with

which to estimate all elements of Xi. In the second stage, we fit the outcome model

using X
(ls)
i as covariate in place of the unobserved Xi.

To illustrate the method, suppose that we have chosen to model the longitudi-

nal error-prone measurements Wi by the random-intercepts and slopes model, as

described in Section 6.1.1. In this case, the two elements of X
(ls)
i are equal to the

OLS estimates of the intercept and slope of the regression of Wi with design matrix

Di. The requirement that Di be of full rank then corresponds to subject i having at

least two error-prone measurements, and that these measurements were not made

at the same time. In the second stage, we then fit the regression of Yi with the

predicted intercepts and slopes as covariates.

In general the resulting estimates of the parameters in the outcome model are in-

consistent however. A simple way to see why this approach yields biased estimates is

to consider the case of univariate Xi when Di = (1, .., 1)T and Ui ∼ N(0, diag(σ2
U)),

i.e. classical normally distributed measurement error. In this case, the least squares

estimate of Xi is simply the mean of the ni error-prone measurements, W i. Thus

the naive two-stage approach in this case consists of fitting the outcome model using

the mean of the error-prone measurements as covariate, a procedure which we have

seen earlier produces biased estimates of the outcome model parameters.

153



7.2 Regression calibration

RC can be applied in the case of a linear mixed measurement model in exactly the

same way as for multiple covariates measured with classical error (see Section 3.4.7).

Taking expectations of equation (7.1) conditional on Wi and Zi gives:

E(Yi|Wi,Zi) = β0 + β
T
XE(Xi|Wi,Zi) + β

T
ZZi (7.3)

Thus, as for classical measurement error, we must at least specify the conditional

mean function E(Xi|Wi,Zi) in order to use RC.

For example, suppose that we model the longitudinal measurements Wi using

the random-intercepts and slopes model (see Section 6.1.1). We assume bivariate

normality for the random-intercepts and slopes, with an unstructured covariance

matrix, and assume independent, normally distributed measurement errors with

constant variance σ2
U . Furthermore, assume that there are no error-free covariates Zi.

To implement RC, we first fit the random-intercepts and slopes model to the error-

prone measurements using either ML or REML. We can then calculate Ê(Xi|Wi)

by adding the estimated mean intercept and slope, µX , to the BLUPs of Xi − µX ,

which follow from standard results for linear mixed models (for example, see Chapter

7 of [37]). We can then fit the OLS regression of Yi on Ê(Xi|Wi) to estimate βX .

As for classical measurement error, RC is expected to be inefficient, relative to

ML, since in the second stage all subjects are given equal weight, irrespective of the

amount of error in the prediction of their value of Xi. This may be a particular

issue in the longitudinal setting, since in some applications the amount of informa-

tion regarding Xi may differ greatly between subjects because of differences in the

number and timing of their error-prone measurements Wi.

7.2.1 Missingness assumptions

In the first stage of RC we fit the linear mixed model (using either ML or REML)

for the observed longitudinal measurements Wi, conditioning on Zi if present. This

ignores the missing data mechanism, but gives valid parameter estimates under the

missing at random (MAR) assumption [37]. In our assumed model, this means that

missingness of longitudinal measurements depends at most on the observed longi-

tudinal measurements Wi and the error-free covariates Zi. If missingness depends

on Yi, the unobserved (possibly hypothetical) longitudinal measurements, or the

unobserved random-effects Xi, the estimates in general will be biased. Thus, pro-

viding missingness depends at most on the observed longitudinal measurements and

the error-free covariates, we expect RC to give consistent estimates of the outcome

model parameters.
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7.3 Maximum likelihood

As for classical measurement error, ML can be used for parameter estimation, given

a correctly specified parametric model. We first define a joint parametric model,

which is identical, except in the specification of the measurement model, to that

used for the case of multiple covariates measured with classical measurement error

(Section 3.5). We give the details of the observed data likelihood function, and

then discuss approaches to finding the MLEs. In the following section (Section

7.4) we show that our novel proposal for ML estimation in the case of classical

measurement error (Section 3.6) can also be used to find ML estimates with a linear

mixed measurement error model.

7.3.1 Model specification

As in Section 3.6.3 we assume that Xi is multivariate normal given Zi with:

E(Xi|Zi) = Γ0 + ΓZZi

Var(Xi|Zi) = ΣX|Z

where ΓZ is a p × q matrix of regression coefficients. We assume that Yi follows

the linear regression given in equation (7.1), with independent error ǫ ∼ N(0, σ2
ǫ ).

Lastly, we assume that:

Wi|Xi ∼ N(DiXi, σ
2
UIni×ni

). (7.4)

7.3.2 Likelihood function

The observed data likelihood function is given by the product of f(Yi,Wi|Zi) over

the n subjects. The joint density f(Yi,Wi|Zi) is multivariate normal. Taking ex-

pectations of equation (7.1) and Wi conditional on Zi, it follows that the mean

function of (Yi,W
T
i )

T is given by:

E

(
Yi

Wi

)
=

(
β0 + β

T
X(Γ0 + ΓZZi) + β

T
ZZi

Di(Γ0 + ΓZZi)

)

and similarly that the variance covariance matrix is given by:

Var

(
Yi

Wi

)
=

(
βT

XΣX|ZβX + σ2
ǫ βT

XΣX|ZD
T
i

DiΣX|ZβX DiΣX|ZD
T
i + σ2

UIni×ni

)
. (7.5)
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7.3.3 Estimation via the EM algorithm

As for classical error, the observed data likelihood function for this model is tractable,

and can be maximized by gradient based methods or the EM algorithm. We now

give the details of the EM algorithm for the previously defined model.

The outcome model and model for f(Xi|Zi) are the same as that assumed

by Schafer and Purdy [32], who give expressions for the updated estimates of

β0,βX ,βZ , σ
2
ǫ ,Γ0,ΓZ ,ΣX|Z (they assume the first element of Zi corresponds to an

intercept, and so there is no β0 in their formulation).

The complete data log likelihood component corresponding to f(Wi|Xi) (as

specified in equation (7.4)) is given by:

−0.5
n∑

i=1

log
∣∣σ2

UIni×ni

∣∣+ (Wi −DiXi)
T (σ2

UIni×ni
)−1(Wi −DiXi).

Using the fact that the determinant of a multiple of the identity matrix is equal to

the scalar raised to the dimension of the matrix and that the inverse of the identity

matrix is the identity matrix, this expression equals

−0.5
n∑

i=1

ni log(σ
2
U) + (Wi −DiXi)

T (Wi −DiXi)/σ
2
U ,

and expanding the matrix term gives:

−0.5
n∑

i=1

ni log(σ
2
U) + (WT

i Wi − 2WT
i DiXi +XT

i D
T
i DiXi)/σ

2
U .

We now take expectations conditional on the observed data (which we suppress in

the notation), which using a standard result for the expectation of quadratic forms

(e.g. Appendix S3 of [24]), gives:

− 0.5
n∑

i=1

ni log(σ
2
U) +

(
WT

i Wi − 2WT
i DiE(Xi)

+ tr(DT
i DiVar(Xi)) + E(Xi)

TDT
i DiE(Xi)

)
/σ2

U .

Differentiating with respect to σ2
U and solving the resulting equation for zero then

results in the updated estimate of σ2
U given by:

σ̂2
U =

∑n
i=1

(
WT

i Wi − 2WT
i DiE(Xi) + tr(DT

i DiVar(Xi)) + E(Xi)
TDT

i DiE(Xi)
)

∑n
i=1 ni

where tr() denotes the trace of a matrix.

The M-step of EM for this model thus requires evaluation of E(Xi|Yi,Zi,Wi)

and Var(Xi|Yi,Zi,Wi), where the unknown model parameters are replaced by their
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current estimates. These follow from standard results for multivariate normal dis-

tributions:

E(Xi|Yi,Zi,Wi) = E(Xi|Zi) + Cov(Xi, (Yi,W
T
i )

T |Zi)Var((Yi,W
T
i )

T |Zi)
−1

×
((

Yi

Wi

)
−
(
β0 + β

T
XE(Xi|Zi) + β

T
ZZi

DiE(Xi|Zi)

))
(7.6)

and

Var(Xi|Yi,Zi,Wi) = ΣX|Z

− Cov(Xi, (Yi,W
T
i )

T |Zi)Var((Yi,W
T
i )

T |Zi)
−1Cov(Xi, (Yi,W

T
i )

T |Zi)
T . (7.7)

The covariance matrix:

Cov(Xi, (Yi,W
T
i )

T |Zi) =
(
Cov(Xi, Yi|Zi) Cov(Xi,Wi|Zi)

)

=
(
ΣX|ZβX ΣX|ZD

T
i

)

and Var((Yi,W
T
i )

T |Zi) was given in equation (7.5).

7.3.4 Missingness assumptions

The likelihood approach we have described is based on the likelihood of the observed

data (Yi,Wi,Zi). Provided that missingness of longitudinal error-prone measure-

ments depends at most on the observed data, the likelihood approach we have de-

scribed gives consistent parameter estimates. We note that in contrast to RC, the

likelihood approach which ignores the missing data mechanism (for longitudinal

measurements) is still valid if missingness depends on the outcome Yi. If however

missingness (conditional on observed data) depends on the unobserved (possibly

hypothetical) longitudinal measurements, or the random-effects Xi, biased results

are expected in general.

7.4 Maximum likelihood estimation using linear

mixed models

In Section 3.6.3 we showed how ML estimates (for a particular parametric model

specification) could be obtained in the case of multiple covariates measured by clas-

sical error by fitting a linear mixed model for Wi given Yi and Zi. The derivation

of Section 3.6.3 did not however depend on the particular structure of the design

matrix Di or Var(Ui). It thus follows that the same approach can be used to obtain
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ML estimates when Wi follows a general linear mixed model as described in Section

6.1.

For completeness, we recall from Section 3.6.3 that Wi follows a linear mixed

model given Yi and Zi with:

E(Wi|Yi,Zi) = Diγ

where:

Di =
(
Di YiDi Zi1Di . . . ZiqDi

)

is the fixed effects design matrix, with corresponding vector of parameters γ. The

conditional variance covariance matrix is given by:

Var(Wi|Yi,Zi) = DiΣX|Z,YD
T
i +Var(Ui),

which implies a p-dimensional random effects vector, with design matrix Di, un-

structured covariance matrix ΣX|Z,Y , and residual covariance matrix Var(Ui). Cal-

culation of the MLEs of βX and βZ then proceeds as described in Section 3.6.3.

As described in that sub-section, although Wald-type intervals can in principle be

found, non-parametric bootstrapping may be a more convenient approach for infer-

ence.

7.5 Multiple imputation

Our implementation of MI, described in Section 3.7, can be easily extended to the

case of a linear mixed measurement model. As for classical error, the linear mixed

model for Wi given Yi and Zi, described in Section 7.4 can first be fitted using ML

or REML. Frequentist MI then consists of using the estimated parameter values

to draw from the conditional distribution f(Xi|Yi,Zi,Wi). For the same reasons

discussed in Section 3.7.2, as the number of imputationsM is increased, the resulting

estimates of β0,βX and βZ are expected to (asymptotically, as n → ∞) have the

same efficiency as the MLEs.

7.5.1 Missingness assumptions

As the implementation of MI as described is based on imputing from the model

with parameters estimated by ML, estimates from MI are consistent under the same

assumptions required for validity of ML (see Section 7.3.4).
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7.6 Alternative outcome model covariate specifi-

cations

In this section we consider the estimation of the parameters of regression models for

Yi in which, rather than Xi, a vector X∗
i , which is some function of Xi is used as

covariate. In Section 7.6.1 we develop a framework for investigating this. We restrict

attention to X∗
i which are a linear function of Xi. We then derive expressions for the

parameters of the regression model which usesX∗
i and Zi as covariates in terms of the

parameters of the ‘full’ regression model which has Xi and Zi as covariates. In the

remaining sections, we consider how the previously described estimation methods

(RC, ML, MI) can be adapted to estimate the parameters of this alternative outcome

model.

7.6.1 Alternative outcome model covariate specifications

As previously stated, we restrict attention to X∗
i which are linear functions of Xi:

X∗
i = AXi (7.8)

where A is a full-rank matrix with p (the length of Xi) columns and number of rows

less than than p. The matrix A thus defines a linear transformation of Xi, i.e. the

elements of X∗
i consist of linear functions of the elements of Xi.

To illustrate the flexibility of this framework, we give some simple examples.

Suppose Xi = (Xi1, Xi2)
T is a bivariate random effects vector. Then by defining:

A = (0.5, 0.5),

we have X∗
i = 0.5Xi1 + 0.5Xi2. This definition therefore corresponds to including

the mean of Xi1 and Xi2 as covariate in the alternative regression model for Yi.

Alternatively, defining:

A = (1, 0),

yields X∗
i = Xi1, corresponding to omitting Xi2 from the regression model for Yi.

For example, in the random-intercepts and slopes model, such a definition of A

corresponds to the outcome model for Yi only containing the random-intercepts as

covariate, but not the slopes.

We now consider the regression model for Yi in which we use X∗
i in place of Xi,

plus Zi, as covariates. Regardless of the specification of X∗
i , as in Section 3.1.1 we

can express Yi in terms of X∗
i and Zi as::

Yi = β0∗ + β
T
X∗X∗

i + β
T
Z∗Zi + ǫ∗i , (7.9)
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where ǫ∗i has mean zero and has zero correlation with X∗
i and Zi. This expression

holds irrespective of whether Yi is conditionally independent of Xi given X∗
i and Zi.

We now show how βX∗ and βZ∗ can be expressed in terms of βX ,βZ , the covari-

ance matrix of (XT
i ,Z

T
i )

T and its covariance with Yi. Recall from equation (3.14) in

Section 3.2.1 that βX ,βZ are equal to:

(
βX

βZ

)
=

(
ΣX ΣXZ

ΣZX ΣZ

)−1(
ΣXY

ΣZY

)
. (7.10)

The variance covariance matrix of (XT
i ,Z

T
i )

T can be inverted block-wise (see for

example Section 3.4 of [120]), giving:

βX = (ΣX −ΣXZΣ
−1
Z ΣZX)

−1(ΣXY −ΣXZΣ
−1
Z ΣZY ) (7.11)

and:

βZ = Σ−1
Z ΣZX(ΣX −ΣXZΣ

−1
Z ΣZX)

−1ΣXY

+(Σ−1
Z +Σ−1

Z ΣZX(ΣX −ΣXZΣ
−1
Z ΣZX)

−1ΣXZΣ
−1
Z )ΣZY

= Σ−1
Z ΣZX(ΣX −ΣXZΣ

−1
Z ΣZX)

−1(ΣXZΣ
−1
Z ΣZY −ΣZY ) +Σ−1

Z ΣZY

= Σ−1
Z (ΣZY −ΣZXβX). (7.12)

We can substitute X∗
i for Xi in equation (7.11), and using the definition X∗

i = AXi,

it follows that:

βX∗ = (ΣX∗ −ΣX∗ZΣ
−1
Z ΣZX∗)−1(ΣX∗Y −ΣX∗ZΣ

−1
Z ΣZY )

= (AΣXA
T −AΣXZΣ

−1
Z ΣZXA

T )−1(AΣXY −AΣXZΣ
−1
Z ΣZY )

= (A(ΣX −ΣXZΣ
−1
Z ΣZX)A

T )−1A(ΣXY −ΣXZΣ
−1
Z ΣZY )

= (A(ΣX −ΣXZΣ
−1
Z ΣZX)A

T )−1A(ΣX −ΣXZΣ
−1
Z ΣZX)βX . (7.13)

In the special case in which E(Xi|Zi) = Γ0 +ΓZZi with constant covariance matrix

ΣX|Z = ΣX −ΣXZΣ
−1
Z ΣZX , this gives:

βX∗ = (AΣX|ZA
T )−1AΣX|ZβX . (7.14)

Lastly, using equation (7.12) we can express βZ∗ as:

βZ∗ = Σ−1
Z (ΣZY −ΣZXA

TβX∗)

= βZ +Σ−1
Z ΣZX(βX −ATβX∗). (7.15)

Again in the special case in which E(Xi|Zi) = Γ0 + ΓZZi, Σ
−1
Z ΣZX = ΓT

Z , giving:

βZ∗ = βZ + ΓT
Z(βX −ATβX∗). (7.16)
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Thus βX∗ and βZ∗ can be expressed in terms of parameters of the regression model

for Yi which has Xi and Zi as covariates, βX and βZ , the variance covariance matrix

ΣX|Z , and the matrix of regression coefficients ΓZ .

In the special case in which there are no Zi, Xi is two-dimensional, and we omit

Xi2 by specifying A = (1, 0) (which we use in our simulations), this gives:

βX∗ = βX1 +
βX2Cov(Xi1, Xi2)

Var(Xi1)
. (7.17)

7.6.2 Regression calibration

Assuming conditional independence

One of the appeals of RC is that it separates the modelling of the longitudinal

error-prone measurements, without reference to the outcome Yi, and the fitting of

the outcome model for Yi, into two stages. Having calculated E(Xi|Wi,Zi), we can

predict X∗
i by:

E(X∗
i |Wi,Zi) = AE(Xi|Wi,Zi).

An obvious approach to estimating βX∗ and βZ∗ is then to regress Yi on these

predicted values. Taking expectations of equation (7.9) conditional on Wi and Zi:

E(Yi|Wi,Zi) = β0∗ + β
T
X∗E(X∗

i |Wi,Zi) + β
T
Z∗Zi + E(ǫ∗i |Wi,Zi).

Therefore, providing E(ǫ∗i |Wi,Zi) = 0, we can thus substitute Ê(X∗
i |Wi,Zi) in place

of the unobserved X∗
i to obtain consistent estimates of β0∗ ,βX∗ and βZ∗ .

The validity of RC here relies on the assumption that E(ǫ∗i |Wi,Zi) = 0. Assum-

ing that the measurement errors Ui are independent of Xi, Zi and ǫi, this follows if

Xi is independent of Yi conditional on X∗
i and Zi. This means that Xi is uninfor-

mative regarding Yi once X∗
i and Zi are known. In particular it means that:

E(Yi|Xi,Zi) = E(Yi|X∗
i ,Zi).

Thus if we are willing to assume that X∗
i contains all the information in Xi regarding

Yi, RC gives consistent estimates of the regression coefficients β0∗ ,βX∗ and βZ∗ . If

this conditional independence assumption does not hold, using RC is expected in

general to give asymptotically biased estimates of β0∗ ,βX∗ and βZ∗ . We therefore

refer to these estimates in our simulations (see Section 7.7) by the term ‘naive RC’.

Not assuming conditional independence

Although RC is only expected to give consistent estimates of βX∗ and βZ∗ under the

previously stated conditional independence assumption, it is still possible to obtain
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consistent estimates by using the expressions given in Section 7.6 and estimates

which are obtained in using RC to fit the regression model for Yi which has Xi and

Zi as covariates. It is particularly simple if we assume E(Xi|Zi) = Γ0 + ΓZZi and

Var(Xi|Zi) = ΣX|Z . For in this case, βX∗ and βZ∗ can be estimated using equations

(7.14) and (7.16). Equation (7.14) involves only the transformation matrix A, the

parameter βX , which can be estimated by using standard RC, and ΣX|Z , which is

estimated in the first stage of RC. Similarly, βZ∗ can be estimated by substituting

in the previously found estimates for βZ , βX∗ and ΓZ (which is estimated in the

first stage of RC) into equation (7.16). We refer to this approach in our simulation

results as ‘corrected RC’.

7.6.3 Maximum likelihood

Assuming conditional independence

To incorporate an assumption of independence between Yi and Xi, conditional on

X∗
i and Zi, the mean and covariance matrices corresponding to the observed data

are modified as follows. Taking expectations of equation (7.9) we have:

E(Yi|Zi) = β0∗ + β
T
X∗E(X∗

i |Zi) + β
T
Z∗Zi

= β0∗ + β
T
X∗AE(Xi|Zi) + β

T
Z∗Zi

= β0∗ + β
T
X∗AΓ0 + (βT

X∗AΓZ + βT
Z∗)Zi

and so the mean of (Yi,W
T
i )

T , conditional on Zi, is given by:

E

(
Yi

Wi

)
=

(
β0∗ + β

T
X∗AΓ0 + (βT

X∗AΓZ + βT
Z∗)Zi

Di(Γ0 + ΓZZi)

)
.

Similarly, the variance covariance matrix is given by:

Var

(
Yi

Wi

)
=

(
βT

X∗AΣX|ZA
TβX∗ + σ2

ǫ∗ βT
X∗AΣX|ZD

T
i

DiΣX|ZA
TβX∗ DiΣX|ZD

T
i + σ2

UIni×ni

)
. (7.18)

If the conditional independence assumption is incorrect, in general we will obtain

biased estimates of βX∗ and βZ∗ .

The EM algorithm can be easily modified to incorporate the conditional indepen-

dence assumption, and therefore to obtain the MLEs of this modified model. The

M-step corresponding to f(Yi|X∗
i ,Zi) is as before, but with X∗

i in place of Xi. The

conditional independence assumption also affects the expressions for E(Xi|Yi,Wi)
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and Var(Xi|Yi,Wi). These are then given by:

E(Xi|Yi,Zi,Wi) = E(Xi|Zi) + Cov(Xi, (Yi,W
T
i )

T |Zi)Var((Yi,W
T
i )

T |Zi)
−1

×
((

Yi

Wi

)
−
(
β0∗ + β

T
X∗E(X∗

i |Zi) + β
T
Z∗Zi

DiE(Xi|Zi)

))
(7.19)

and

Var(Xi|Yi,Zi,Wi) = ΣX|Z

− Cov(Xi, (Yi,W
T
i )

T |Zi)Var((Yi,W
T
i )

T |Zi)
−1Cov(Xi, (Yi,W

T
i )

T |Zi)
T . (7.20)

where:

Cov(Xi, (Yi,W
T
i )

T |Zi) =
(
Cov(Xi, Yi|Zi) Cov(Xi,Wi|Zi)

)

=
(
ΣX|ZA

TβX ΣX|ZD
T
i

)

and Var((Yi,W
T
i )

T |Zi) was given in equation (7.18).

Not assuming conditional independence

If we do not wish to make the conditional independence assumption, we can first find

the MLEs of the model parameters as described in Section 7.3. This does not involve

the specification of the transformation matrixA. Second, by the invariance principle

of ML, the MLEs of βX∗ and βZ∗ (for the model which does not assume conditional

independence between Yi and Xi given X∗
i and Zi) can be found by substituting in

the MLEs of the required parameters into equations (7.14) and (7.16).

This approach yields consistent estimates of βX∗ and βZ∗ regardless of whether

Yi is conditionally independent of Xi given X∗
i and Zi. However, if the conditional

independence assumption is valid, the resulting estimates are expected to be ineffi-

cient to some extent, relative the their MLEs for the model in which the conditional

independence assumption is used.

7.6.4 Maximum likelihood using standard linear mixed mod-

els

Assuming conditional independence

We do not believe our approach to ML estimation based on fitting a linear mixed

model for Wi given Yi and Zi can be used to find the MLEs for the joint model

in which it is assumed that E(Yi|Xi,Zi) = E(Yi|X∗
i ,Zi). This assumption implies

constraints between the fixed effects and random effects parameters in the mixed
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model for Wi given Yi and Zi, and such constraints cannot be specified in linear

mixed model commands in statistical packages.

Not assuming conditional independence

To find the MLEs of βX∗ and βZ∗ for the model which does not assume conditional

independence, we can first find the MLEs of the joint model, as described in Section

7.4, and then substitute the relevant estimates into equations (7.14) and (7.16).

7.6.5 Multiple imputation

Not assuming conditional independence

As described in Section 7.5, multiple imputations of Xi can be generated, by first

finding the MLEs of the joint model in which Yi is assumed to follow a linear regres-

sion given Xi and Zi. After having created M multiple imputations of Xi, denoted

X
(m)
i ,m = 1, ..,M , multiple imputations of X∗

i can then be easily generated as:

X∗(m)

i = AX
(m)
i

for m = 1, ..,M . Because of the previously described asymptotic equivalence be-

tween ML and MI, we expect the resulting estimates to have the same efficiency as

ML (as M → ∞) for the model which does not assume conditional independence

between Yi and Xi, given X∗
i and Zi. MI may be particularly useful because having

created the imputations of Xi, imputations of X∗
i can be generated for different

specifications of the transformation A using the same imputations of Xi.

7.7 Simulations

In this section we report the results of simulations investigating the performance of

RC and ML. We omit MI from the simulations because of the previously described

asymptotic equivalence between MI and ML. We simulated the longitudinal data

using the random-intercepts and slopes model we have previously discussed, and

simulated a continuous outcome Yi according to a linear regression model, with the

random-intercepts and slopes as covariates.

7.7.1 Simulation setup

For n = 1, 000 subjects we simulated the random-intercepts and slopes Xi =

(Xi1, Xi2)
T from a multivariate normal distribution with mean (1, 1)T and covariance
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matrix:

(
1 0.5

0.5 1

)
.

We then generated Yi according to a linear regression model:

Yi = βX1Xi1 + βX2Xi2 + ǫi

where ǫi ∼ N(0, σ2
ǫ ). We performed simulations with βX1 = 1, βX2 = 1 and with

βX1 = 1, βX2 = 0, corresponding to independent and equal effects of the intercepts

and slopes, and no effect of slopes given intercepts respectively. For both, we per-

formed simulations with either σ2
ǫ = 25 or σ2

ǫ = 1, to investigate the performance of

the methods when the covariates are either weakly or strongly predictive of Yi.

For each subject, their number of error-prone measurements, ni, was generated

as a random draw from the discrete uniform distribution, taking values between 1

and 20 (inclusive). For the jth measurement of subject i, we simulated the ‘time’ tij

that the measurement took place from the continuous uniform distribution, taking

values between 0 and 1. We then generated Wi according to:

Wij = Xi1 + tijXi2 + Uij

where the measurement errors Uij were simulated independently from N(0, 1). By

having some subjects with only one or a few error-prone measurements and some

with many more, we ensure that for some subjects Xi can be predicted well while

for others there is much greater uncertainty. We performed 10,000 simulations for

each scenario.

7.7.2 Estimation methods

Regression calibration

To estimate the adjusted effects of Xi1 and Xi2 on Yi using RC, we fitted a random

intercepts and slopes model to the error-prone measurements Wi using ML via the

R command lmer. We then found the BLUPs of Xi1 and Xi2 using the ranef()

command. We regressed Yi on these BLUPs to estimate βX1 and βX2 .

To estimate the unadjusted effects of Xi1 and Xi2 on Yi, we first regressed Yi

on the BLUPs of Xi1 and then regressed Yi on the BLUPs of Xi2. As described

in Section 7.6.2, this approach gives consistent estimates if Yi is conditionally in-

dependent of Xi given X∗
i . Here, this means that Yi must be independent of the

omitted component of Xi conditional on the included component. We refer to these

estimates by the term ‘naive RC’.
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We also estimated the unadjusted effects of Xi1 and Xi2 on Yi without making

the previously described conditional independence assumptions. To do this, we

substituted the RC estimates of the adjusted effects of Xi1 and Xi2 and the estimate

of ΣX from fitting the mixed model for Wi into equation (7.14). We refer to these

estimates by the term ‘corrected RC’.

Maximum likelihood

To estimate the adjusted effects of Xi1 and Xi2 on Yi, we fitted the linear mixed

model Wi, conditional on Yi, and calculated the MLEs of βX1 and βX2 as described

in Section 7.4.

To estimate the unadjusted effects of Xi1 and Xi2 on Yi, assuming that Yi is inde-

pendent of Xi2 (respectively Xi1) conditional on Xi1 (respectively Xi2), we used the

EM algorithm, as described in Sections 7.3.3 and 7.6.3. We used the estimated val-

ues from the model fitted to the longitudinal measurementsWi, i.e. the first stage of

RC, as initial values for the mean vector and covariance matrix ofXi and for σ2
U . For

the linear regression outcome model parameters we used the corresponding values

estimated which had been previously found by RC. At each iteration we calculated

the improvement in the observed data log likelihood, and declared convergence when

the change was less than 0.01.

To estimate the unadjusted effects of Xi1 and Xi2 on Yi without making the

previously described conditional independence assumptions, we substituted the ML

estimates of the adjusted effects of Xi1 and Xi2 and the estimate of ΣX from fitting

the mixed model for Wi into equation (7.14).

7.7.3 Simulation results

Adjusted effect estimates

Table 7.1 shows the mean (SD) of estimates of the adjusted effects of Xi1 and Xi2 on

Yi, using either RC or ML. Both methods showed little bias across all four scenarios,

as expected. Of interest, the efficiency of RC was no worse than ML for σ2
ǫ = 25

and only slightly worse than ML for σ2
ǫ = 1. Based on our findings in Section 3.4.6,

we expected there to be little difference in efficiency between RC and ML when the

covariates explain only a small part of the variability in the outcome. However,

for σ2
ǫ = 1 we expected ML to have a larger efficiency advantage compared to RC

since in our simulations there was large variability in the number ni of error-prone

measurements available for each subject. The lack of a difference may be due to the

relatively small measurement error variance σ2
U = 1, although in these simulations

there is much greater variability between subjects in the number of error-prone

measurements available. Indeed, inspection of values of V̂ar(Xi|Wi) for a single
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Table 7.1: Adjusted effect estimates for linear regression simulations. Mean (SD)
of estimates found using regression calibration (RC) and maximum likelihood (ML).

β̂X1 β̂X2

Scenario βX1 βX2 σ2
ǫ RC ML RC ML

1 1 1 25 0.995 (0.332) 0.995 (0.333) 1.004 (0.384) 1.007 (0.385)
2 1 1 1 0.989 (0.083) 0.990 (0.082) 1.009 (0.094) 1.012 (0.092)
3 1 0 25 1.003 (0.331) 1.003 (0.331) -0.010 (0.382) -0.009 (0.382)
4 1 0 1 1.009 (0.084) 1.009 (0.083) -0.009 (0.097) -0.008 (0.095)

simulated dataset showed large variation in this quantity, suggesting RC may be

expected to be inefficient.

Unadjusted effect estimates

Table 7.2 shows the results for the unadjusted effect estimates of Xi1 and Xi2 using

naive RC and ML (assuming conditional independence). As expected, in scenarios

1 and 2, in which Xi1 and Xi2 both have independent effects on Yi, both methods

gave biased estimates of the unadjusted effects. In scenarios 3 and 4, the naive RC

and ML estimates of the unadjusted effect of Xi2 had little bias. This is because for

these scenarios Xi2 has no independent effect on Yi. As before, the efficiency of the

naive RC estimates were very similar to that of ML, even for σ2
ǫ = 1. The estimates

of the unadjusted effect of Xi2 are biased because the corresponding conditional

assumption no longer holds – Xi1 has an independent effect on Yi, conditional on

Xi2.

Table 7.3 shows the results for the unadjusted effect estimates of Xi1 and Xi2

found using corrected RC and ML, which do not assume conditional independence.

As expected, the estimates for both methods showed little bias for all parameters

and across all four scenarios. The RC based estimates had very similar efficiency to

ML. For scenarios 3 and 4, the estimates of the unadjusted effect of Xi1 on Yi had

greater variability than those in Table 7.2. This increased variability is the price

paid for relaxing the conditional independence assumption in the case in which such

an assumption is appropriate. However, the efficiency loss is not drastic, with the

standard deviation of estimates 11% (scenario 3) and 14% (scenario 4) greater when

the conditional independence assumption was not made.

7.8 Conclusions

In this chapter we have shown that RC and ML can be easily extended to the more

general case of a linear mixed measurement error model.
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Table 7.2: Unadjusted effect estimates assuming conditional independence for linear regression simulations. Mean (SD) of estimates found
using naive regression calibration (naive RC) and maximum likelihood (ML).

Unadjusted effect of Xi1 Unadjusted effect of Xi2

Scenario βX1 βX2 σ2
ǫ True Naive RC ML True Naive RC ML

1 1 1 25 1.5 1.730 (0.180) 1.735 (0.181) 1.5 1.962 (0.227) 1.989 (0.229)
2 1 1 1 1.5 1.729 (0.061) 1.815 (0.064) 1.5 1.965 (0.115) 1.861 (0.095)
3 1 0 25 1 0.994 (0.174) 0.995 (0.174) 0.5 0.959 (0.213) 0.970 (0.217)
4 1 0 1 1 1.001 (0.041) 1.002 (0.041) 0.5 0.963 (0.081) 1.049 (0.074)
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Table 7.3: Unadjusted effect estimates not assuming conditional independence for linear regression simulations. Mean (SD) of estimates found
using corrected regression calibration (RC) and maximum likelihood (ML).

Unadjusted effect of Xi1 Unadjusted effect of Xi2

Scenario βX1 βX2 σ2
ǫ True Corrected RC ML True Corrected RC ML

1 1 1 25 1.5 1.503 (0.198) 1.505 (0.199) 1.5 1.506 (0.270) 1.510 (0.271)
2 1 1 1 1.5 1.503 (0.063) 1.504 (0.063) 1.5 1.513 (0.118) 1.516 (0.116)
3 1 0 25 1 0.995 (0.194) 0.996 (0.194) 0.5 0.501 (0.254) 0.502 (0.254)
4 1 0 1 1 1.002 (0.047) 1.003 (0.046) 0.5 0.500 (0.073) 0.502 (0.072)

169



7.8.1 Software

RC can be easily implemented using most modern statistical packages which include

commands for fitting linear mixed models. Alternatively, we have shown how our

estimation approach based on fitting a linear mixed model for Wi given Yi (and Zi,

if present), can be extended to this setting to give ML estimates.

7.8.2 Statistical efficiency

Our simulation results indicate that, at least in some scenarios, RC estimates of

the linear regression coefficients may have efficiency which is very similar to ML.

This was the case even when the covariates were strongly predictive of the outcome

and despite the fact that the number of error-prone measurements differed widely

between subjects in our simulations. We may have observed a greater difference in

efficiency had we simulated data with a larger value of σ2
U .

7.8.3 Assumptions

For classical measurement error we saw in Section 3.4 that RC gives consistent

estimates even if the normality assumptions for Xi are violated. In simulations

with a random-intercepts and slopes model, Li et al reported that RC, implemented

assuming normality of Xi, showed little bias under non-normal distributions for

Xi [118]. Given the findings of Li et al , and our earlier robustness results in the

case of classical measurement error, we believe that RC for the longitudinal setting,

predicated on normality for Xi, may also be robust to deviations from the normality

assumption.

7.8.4 Alternative outcome model covariate specifications

Often we do not know which aspects of a covariate’s longitudinal trajectory affect

the outcome of interest Yi, and so interest often lies on the exploration of different

specifications for the outcome conditional on the longitudinal trajectory. RC is a

particularly appealing approach in this case, since having calculated the BLUPs of

Xi, different models for Yi can be fitted using a linear transformation X∗
i of Xi

as covariate. The simplest example of this is when X∗
i contains a subset of the

components of Xi. As we have described in Section 7.6.2, in this case, the validity

of the resulting RC estimates relies on Xi being conditionally independent of the

outcome given X∗
i (and Zi, if present). Our simulations results agree with this,

showing that in general bias may occur if this conditional independence assumption

does not hold. In particular, the values which are unbiasedly estimated differ from

those values which would be unbiasedly estimated if we were able to regress Yi on

the true values of X∗
i .
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As our simulation results show, the same applies to ML estimation when one

incorrectly assumes that Yi only depends on Xi through the value of X∗
i , i.e. in gen-

eral bias occurs if the assumption does not hold. Here however, in contrast to RC,

the assumption is arguably more transparent, since it directly affects the specifica-

tion of the assumed model and therefore also the implementation of the estimation

algorithm. We have shown however that it is relatively easy to find estimates of

these parameters without making such a conditional independence assumption, us-

ing either the RC or ML estimates of the ‘full’ model, which assumes Yi may depend

jointly on all elements of Xi.

7.8.5 Inference

As for classical error, non-parametric bootstrapping can be used to find standard

errors and confidence intervals for estimates from all of the methods described. As in

the classical error case, when using non-parametric bootstrapping, we should sample

subjects (with replacement). For ML, asymptotic standard errors and Wald intervals

can be found using the observed information matrix, as in the case of classical

error. Alternatively, all of the estimators we have described can also be expressed

as solutions to unbiased estimating equations, and so the sandwich estimator of

variance can in principle be used.
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Chapter 8

Binary outcomes

We now consider the extension of the methods described previously for dealing with

classical measurement error for binary outcomes to the longitudinal setting. As in

Chapter 7, we first consider estimation when the regression model for Yi is assumed

to depend jointly on all of the elements of Xi, given Zi. As for classical error, we

therefore assume that Yi follows a logistic regression given Xi and Zi:

logit(P (Yi = 1|Xi,Zi)) = β0 + βXXi + βZZi. (8.1)

In Section 8.1 we discuss the use of RC. In Section 8.2 we consider ML estimation.

This includes describing how ascent-based MCEM can be implemented for joint

models with longitudinal error-prone measurements. In Section 8.3 we note that

our previously described proposal for ML estimation by fitting a mixed model for

Wi given Yi and Zi also applies to the longitudinal setting. However, this approach

is only appropriate when Xi and Zi are multivariate normal given Yi. In Section 8.4,

as in Section 4.7, we describe how the fitted mixed model for Wi given Yi and Zi

can nevertheless be used to multiply impute Xi. This approach permits consistent

estimation under the weaker assumption of conditional normality of Xi given Zi and

Yi. In Section 8.5 we describe the extension of the CS method to the longitudinal

setting, and note a requirement of the method which may limit its applicability in

certain settings.

As for continuous outcomes, in Section 8.6 we consider estimation when the

logistic regression model for Yi has a reduced subset, or a reduced subset of linear

combinations of the original Xi, X
∗
i = AXi, and Zi as covariates.

8.1 Regression calibration

The implementation of RC proceeds as for a linear regression outcome model (see

Section 7.2). As for classical measurement error in logistic regression, RC gives only

approximately consistent estimates of βX and βZ . The bias of RC estimates is
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expected to be small under the same conditions as for classical error with a logistic

regression outcome model, namely that the effects of Xi are small or Var(Xi|Wi,Zi)

is small. Wang et al reported simulation results for the performance of RC for a

logistic regression outcome model and linear mixed measurement model [59]. They

simulated data with bivariate Xi representing subject-specific intercepts and slopes,

which had correlation -0.1. Each subject had four error-prone measurements which

followed the random-intercepts and slopes model, with measurement times normally

distributed around ‘visit’ times 0, 1, 2 and 3, and normally distributed measurement

error. Wang et al ’s simulations results showed that RC had relatively small bias,

but that the bias increased with larger effects of Xi1 and Xi2, and to a lesser extent,

when the measurement error variance was larger. Li et al reported that RC was

‘unacceptably biased’ in simulations with Xi normally distributed [118]. However,

they performed simulations in which the effects of the intercepts and slopes on

the outcome Yi had standardized odds ratios of exp(3) ≈ 20 and exp(2.5) ≈ 12

respectively, which would ordinarily be considered to be quite large effects.

8.2 Maximum likelihood

In this section we outline some of the issues regarding use of ML for joint models

which include a logistic regression outcome model and linear mixed measurement

error model.

8.2.1 Model specification

The most common parametric assumption is that of conditional normality for Xi

given Zi. Given the assumed logistic regression model for Yi given Xi and Zi, the

only remaining specification is that for the measurement errorsUi in the linear mixed

model Wi = DiXi +Ui. The simplest assumption is that the errors Uij of Wij are

normally distributed with constant variance σ2
U , and that they are independent of

the errors Uik of other measurements.

8.2.2 Estimation using Monte-Carlo Expectation Maximiza-

tion

As for classical measurement error (see Section 4.4), the observed data likelihood

function for the model which assumes normality for Xi given Zi involves an in-

tractable integral with respect to f(Xi|Zi). Thus the same computational difficulties

are found as for logistic regression subject to classical measurement error case, and

either deterministic quadrature methods or Monte-Carlo techniques can be used to

find the MLEs. Monte-Carlo EM can be used to find the MLEs as described in Sec-

tion 4.5. This involves multiply imputing Xi from its conditional distribution given
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Wi,Zi and Yi using rejection sampling, followed by maximizing (for each imputa-

tion) the complete data likelihoods corresponding to the logistic regression outcome

model, the multivariate normal model for Xi given Zi, and the measurement model

for Wi given Xi.

8.2.3 Semiparametric likelihood methods

As previously discussed, MLEs based on a fully parametric model are expected to be

biased when the assumed model is incorrect. Semi-parametric methods such as the

CS method (see Section 8.5) can be used, which provide consistent estimates without

making any assumptions about the distribution of Xi, but this comes at the expense

of loss of efficiency. To address these concerns Li et al recently proposed a likelihood

approach which makes weaker assumptions regarding the distribution of Xi [121].

The approach of Li et al was to assume that the random effects distribution belongs

to the SNP (seminonparametric) class of smooth densities (see Section 5.4.3) which

includes ‘normal, multimodal, skewed, and heavy or thin tailed but not ‘unusual’

densities’. Li et al suggested using the EM algorithm for estimation, but, like the

joint model which assumes marginal normality forXi, the E-step involves intractable

integrals. Estimation for this model is therefore as computationally demanding as

when marginal normality for Xi is assumed, but with the additional complications

created by assuming the density for Xi belongs to the semiparametric SNP class. To

simplify the estimation process, Li et al also proposed a two-stage pseudo-likelihood

approach, in which the linear mixed model for Wi, which assumes the density of

Xi belongs to the SNP class, is first estimated without reference to the outcome

Yi. The likelihood function is then maximized, treating the parameters involved

in the mixed model for Wi as known at their estimated values, using the probit

approximation to the logistic function. This simplified procedure is still relatively

complex, and is not trivial to implement.

Li et al performed a number of simulations with different distributions for a

bivariate Xi. They simulated Xi according to a bivariate normal, a bimodal mix-

ture of normals, a bivariate skew-normal distribution, and a bivariate t-distribution.

They found that wrongly assuming bivariate normality for Xi caused substantial

bias when Xi was a bimodal mixture of normals, but under the other distributions

the bias was usually small. Their approach based on using the SNP class of densities

for Xi showed good performance, with little bias under all scenarios, and increased

efficiency compared to the CS method. Their pseudo-likelihood two-stage approach

also performed well compared to the full likelihood approach.
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8.2.4 Sensitivity to assumptions

The simulation results of Li et al [121] showed that the MLEs for the logistic re-

gression parameters for a joint model in which the Xi are assumed to be normal are

sometimes robust to violations of this normality assumptions. Recently, Huang et

al showed that when the longitudinal information about Xi is sufficiently rich, mis-

specifying the distribution of Xi does not cause bias in parameter estimates [122].

They showed that as the information about Xi increases, the observed data likeli-

hood (and hence the MLE) does not depend on the underlying density of the random

effects. Huang et al give a rigorous definition of the meaning of the longitudinal

information increasing, but as with typical asymptotic arguments, whether the in-

formation is sufficient in any given situation may be difficult to assess. To address

this, Huang et al proposed a re-measurement technique, similar to SIMEX, which

can be used to investigate whether the analysis of a particular dataset is sensitive

to the parametric assumptions for Xi [122].

8.3 Maximum likelihood using standard linear mixed

models

Our approach to ML estimation based on fitting a linear mixed model for Wi given

Yi and Zi when Wi is subject to classical error (see Section 4.6.1) can also be used

when the measurement model is a general linear mixed model, assuming that Xi

and Zi are multivariate normal given Yi. The derivation in Section 4.6.1 did not

rely on the particular specification of the design matrix Di and Var(Ui) which was

appropriate in the case of multiple covariates measured with classical error, and so

the results apply to the more general case in which Wi follows a linear mixed model

as described in Section 6.1.

8.4 Multiple imputation

As for classical measurement error, a major limitation of our ML approach based

on fitting a linear mixed model for Wi given Yi and Zi is the requirement that

Xi and Zi are jointly normal given Yi. However, as in Section 4.7, having fitted

the linear mixed model for Wi given Yi and Zi as described in Section 8.3, we can

create multiple imputations of Xi. These multiple imputations can be used to fit

the logistic regression model for Yi using the imputed values of Xi and the values of

Zi, and the resulting parameter estimates averaged over imputations, as previously

described. This approach will give consistent estimates of the logistic regression

parameters providing the imputation model, which assumes that Xi is normally

distributed given Yi and Zi, is correct.
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8.5 Conditional score method

The CS method (and another method, called the sufficiency score method), originally

conceived within the simple classical measurement error setting (see Section 4.9),

has recently been extended to the case of a linear mixed measurement error model

by Li et al [118]. Li et al assumed a linear mixed model Wi = DiXi +Ui for the

longitudinal error-prone measurements. They assumed that Ui ∼ N(0, σ2
UIni×ni

),

but made no assumptions regarding the distribution of the Xi. Analogous to the

classical measurement error setting, Li et al showed that X̃i = DT
i Wi + Yiσ

2
UβX is

a complete sufficient statistic for Xi when the parameters σ2
U and βX are known.

Using this property, Li et al derived the CS estimator as the solution to a set of

unbiased estimating equations. In simulations with a random-intercepts and slopes

model, Li et al found that the CS method gave consistent estimates of the logistic

model parameters under a number of different distributions for Xi.

In the case of classical measurement error, recall that the error variance σ2
U can

be first estimated (using replication data) by ANOVA methods, regardless of the

distribution of Xi. The CS estimating equations in the case of classical error, as

described in Section 4.9, then treat the estimated value of σ2
U as the true value. Li et

al proposed augmenting the CS estimating equations with an additional estimating

equation for σ2
U which does not require normality for Xi [118]. However, in a more

recent paper, Li et al gave simulation evidence suggesting that σ2
U can be estimated

consistently by fitting the linear mixed model for Wi which assumes normality for

Xi, even when this normality assumption does not hold [117]. This is in agreement

with the earlier robustness results for mixed models of Verbeke and Lesaffre [123].

Thus an alternative approach is to first fit the linear mixed model to Wi, assuming

normality of Xi, which yields an estimate of σ2
U . The estimating equations corre-

sponding to the logistic regression model can then be solved, treating the estimated

value of σ2
U as if it is known. Li et al (Web Appendix B of [117]) reported that

in simulations the efficiency difference between estimates obtained in this way and

those obtained by simultaneously estimating the logistic model parameters and σ2
U

was small.

8.5.1 Multiple longitudinal processes and correlated errors

The CS estimating equations originally proposed by Li et al [118] only allowed a sin-

gle error variance σ2
U , meaning that the approach could not be applied in the case of

multiple longitudinal processes or when the measurement errors are correlated. In a

more recent paper, the same authors have considered the extension of the CS method

to the case of multiple longitudinal processes measured with error [117]. Here, Li

et al assumed a separate mixed model W
(j)
i = D

(j)
i X

(j)
i +U

(j)
i for each longitudinal

process. They assumed that the errors were normally distributed, and have variance
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covariance Var(U
(j)
i ) which may include (within longitudinal process) correlations.

They assumed however that the errors of different longitudinal processes are un-

correlated. This means that the linear mixed model for each longitudinal process

can be fitted (assuming normality of X
(j)
i ), and consistent estimates obtained of the

parameters involved in Var(U
(j)
i ). A consistent estimate of the variance covariance

matrix Var(Ui) can then be obtained as a block diagonal matrix, formed by the

corresponding estimates of Var(U
(j)
i ). Li et al then generalized the CS estimating

equations to this more general measurement model, which rather than depending

on σ2
U , depend on Var(Ui) [117]. This was termed the generalized conditional score

(GCS) method by Li et al [117].

Li et al [117] also noted that multiplying the mixed model equation for the

combined longitudinal processes (Wi = DiXi + Ui) on the left by Var(Ui)
−1/2

yields:

W̃i = Var(Ui)
−1/2Wi = Var(Ui)

−1/2DiXi +Var(Ui)
−1/2Ui

= D̃iXi + Ũi,

in which Ũi ∼ N(0, I) (where I denotes the identity matrix, with number of rows

equal to the total number of error-prone measurements). Thus the CS estimating

equations for longitudinal data in the case of i.i.d. measurement errors can be

applied, using W̃i (or rather a consistent estimate of this, found by replacing Var(Ui)

by its estimate) as the vector of error-prone measurements, and setting σ2
U = 1.

Li et al investigated, via simulation, the impact of correlation between measure-

ment errors when only a single longitudinal process is observed, when it is assumed

the errors are independent [117]. They found, perhaps unsurprisingly, that estimates

found under the assumption of independence were biased, whereas using the GCS

method described above showed much less bias.

Although the GCS method relaxes an assumption of independence between er-

rors of the same longitudinal process, it still makes an assumption of independence

between errors of the different longitudinal processes, when more than one is being

modelled. However, Li et al noted that this can also in principle be relaxed, provid-

ing that Var(Ui) can be consistently estimated. Li et al conjectured that incorrectly

assuming independence between errors of different longitudinal processes might at

worst cause inefficiency, but not bias, and they reported that additional simulations

appeared to support this [117].

8.5.2 Estimation and inference

The CS estimating equations, as in the case of classical measurement error, must

be solved using an iterative method, such as Newton-Raphson. As in the case of

classical measurement error, because the CS estimator is defined as the solution of
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unbiased estimating equations, the resulting estimator is asymptotically normal and

has variance which can be estimated by the usual sandwich estimator. When σ2
U or

Var(Ui) is estimated separately in the first stage, and then treated as known, the

estimating equations used to obtain these estimates (e.g. the linear mixed model

likelihood score equations when this is used to estimate σ2
U) can be stacked with the

CS estimating equations for the logistic model parameters and treated as a single

set of estimating equations.

8.5.3 Identification conditions for the design matrix Di

An important requirement of the conditional score method is that the design matrix

Di in the linear mixed model for the longitudinal measurements must be of full-rank

for each subject. This means that for each subject there is some information about

all the components of Xi. Depending on the application and assumed model, it is

possible that this assumption may not be met for all subjects. For example, for the

random-intercepts and slopes model, this requirement means that each subject must

have at least two error-prone longitudinal measurements (and they must be made

at different times), so that there is some information regarding the intercept and

slope for each subject. Alternatively, if instead the underlying longitudinal process

were modelled by piece-wise linear splines, the rank requirement for Di would mean

that each subject must have at least one measurement between each pair of knots.

8.5.4 Missingness assumptions

Li et al [117,118] did not give details regarding the validity of the CS approach when

longitudinal measurements are subject to missingness. Of course they are consistent

if measurements are MCAR, but presumably they are also consistent under weaker

assumptions. This is an area for future research.

8.6 Alternative outcome model covariate specifi-

cations

Analogous to Section 7.6, we now consider estimation when, instead of Xi, interest

lies in the parameters of a logistic regression model for Yi in which the covariates are

a function of Xi (plus Zi, if present). We saw in Section 7.6.1 that for continuous

outcomes Yi it is easy to express the parameters of the linear regression of Yi on the

transformed X∗
i = AXi and Zi in terms of the parameters of regression model given

Xi and Zi and their covariance matrices. Unfortunately, this property does not hold

in general for non-linear models, including logistic regression. For example, if Yi

follows a logistic regression given Xi1 and Xi2, unless Xi2 has no independent effect

on Yi, Yi does not follow a logistic regression given only Xi1. However, by using
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the same methods as were used to find the model for Yi given Wi (see Section 4.2),

under certain conditions Yi approximately follows a logistic regression given X∗
i and

Zi. We describe these approximate expressions in Section 8.6.1.

One parametric model in which Yi does follow a logistic regression (exactly)

given X∗
i and Zi is when Xi and Zi are jointly normal given Yi, i.e. the normal

discriminant model. In Section 8.6.2 we give expressions for the parameters of the

logistic regression of Yi on X∗
i and Zi in this case.

Following this, we discuss how each of the previously described estimation meth-

ods can be used to estimate the parameters of the logistic regression model which

has X∗
i and Zi as covariates. For each method, as for linear regression, we treat

separately the cases in which Yi is assumed to be conditionally independent of Xi

given X∗
i and Zi, and when it is not.

8.6.1 Approximate results

To find approximate expressions, we consider the model induced for Yi given X∗
i

and Zi, assuming that Yi follows a logistic regression given Xi and Zi. Since X∗
i is

a function only of Xi, Yi is independent of X∗
i , conditional on Xi and Zi. Thus,

analogous to Section 4.2, we can write:

E(Yi|X∗
i ,Zi) = E

(
exp(β0 + β

T
XXi + β

T
ZZi)

1 + exp(β0 + β
T
XXi + β

T
ZZi)

|X∗
i ,Zi

)

Then using the results of Kuha for the justification of RC for logistic regression [64],

and viewing X∗
i as an imperfect ‘measurement’ of Xi, we can approximate this by:

E(Yi|X∗
i ,Zi) =

exp(β0 + β
T
XE(Xi|X∗

i ,Zi) + β
T
ZZi)

1 + exp(β0 + β
T
XE(Xi|X∗

i ,Zi) + β
T
ZZi)

, (8.2)

when either βT
XVar(Xi|X∗

i ,Zi)βX is small or when P (Yi = 1|Xi,Zi) is small and Xi

given X∗
i and Zi is normal.

Given a specification for E(Xi|X∗
i ,Zi), we can collect the coefficients X∗

i and

Zi in equation (8.2) to find expressions for the parameters βX∗ and βZ∗ , which

we define as those values that would be consistently estimated by fitting a logistic

regression of Yi on X∗
i and Zi.

Suppose for example that we assume Xi is normally distributed given Zi, with

E(Xi|Zi) = Γ0 + ΓZZi and Var(Xi|Zi) = ΣX|Z . It then follows that X∗
i and Xi

are jointly normal given Zi, with Var(X∗
i ) = AΣX|ZA

T and Cov(X∗
i ,Xi) = AΣX|Z .
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Then it follows that:

E(Xi|X∗
i ,Zi) = Γ0 + ΓZZi +ΣX|ZA

T (AΣX|ZA
T )−1(X∗

i −A(Γ0 + ΓZZi))

= Γ0 −ΣX|ZA
T (AΣX|ZA

T )−1AΓ0

+
(
ΓZ −ΣX|ZA

T (AΣX|ZA
T )−1AΓZ

)
Zi

+ΣX|ZA
T (AΣX|ZA

T )−1X∗
i .

Collecting together the coefficients of X∗
i and Zi it follows that:

βX∗ = (AΣX|ZA
T )−1AΣX|ZβX (8.3)

and that:

βZ∗ = βZ + ΓT
Z(βX −ATβX∗). (8.4)

We note that these expressions for βX∗ and βZ∗ are identical to those found in Sec-

tion 7.6 for linear regression. However, whereas for linear regression the expressions

are exact, the expressions are only approximate for logistic regression, under the

previously described conditions.

As in Section 7.6.1, in the special case in which there are no Zi, Xi is two-

dimensional, and we omit Xi2 by specifying A = (1, 0), this gives:

βX∗ = βX1 +
βX2Cov(Xi1, Xi2)

Var(Xi1)
. (8.5)

8.6.2 Normal discriminant model

One case where the induced model for Yi given X∗
i and Zi does follow a logistic

regression (exactly, rather than approximately) is when Xi and Zi are multivariate

normal given Yi, i.e. the normal discriminant model. Thus, as in Section 4.6.1 we

assume that Xi and Zi are multivariate normal given Yi:

(
Xi

Zi

)
∼ N

((
γX0 + γXY Yi

γZ0 + γZY Yi

)
,

(
ΣX|Y ΣXZ|Y

ΣZX|Y ΣZ|Y

))

This implies that Yi follows a logistic regression given Xi and Zi, with log odds

ratios:

(
βX

βZ

)
=

(
ΣX|Y ΣXZ|Y

ΣZX|Y ΣZ|Y

)−1(
γXY

γZY

)
(8.6)

Then since X∗
i is jointly normally distributed with Zi, conditional on Yi, Yi follows

a logistic regression model given X∗
i and Zi. This is true irrespective of whether

E(Yi|Xi,Zi) = E(Yi|X∗
i ,Zi). That is, even if Xi is informative about Yi, conditional
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on X∗
i and Zi, Yi still follows a logistic regression given X∗

i and Zi. The reduced

covariate X∗
i has conditional mean function:

E(X∗
i |Yi) = E(AXi|Yi)

= AE(Xi|Yi)
= A(γX0 + γXY Yi),

and conditional covariance matrix:

Var(X∗
i |Yi) = Var(AXi|Yi)

= AVar(Xi|Yi)AT

= AΣX|YA
T .

Its covariance with Zi given Yi is equal to:

Cov(X∗
i ,Zi|Yi) = Cov(AXi,Zi|Yi)

= ACov(Xi,Zi|Yi)
= AΣXZ|Y .

Thus Yi follows a logistic regression given X∗
i and Zi, with corresponding log odds

ratio vectors βX∗ and βZ given by:

(
βX∗

βZ∗

)
=

(
ΣX∗|Y ΣX∗Z|Y

ΣZX∗|Y ΣZ|Y

)−1(
γX∗Y

γZY

)
(8.7)

where:

γX∗Y = E(X∗
i |Yi = 1)− E(X∗

i |Yi = 0)

= AγXY .

Then using the derived mean and covariance functions for X∗
i we have that:

(
βX∗

βZ∗

)
=

(
AΣX|YA

T AΣXZ|Y

ΣZX|YA
T ΣZ|Y

)−1(
AγXY

γZY

)
. (8.8)

In the special case in which there are no Zi, Xi is two-dimensional, and we omit

Xi2 by specifying A = (1, 0), this gives:

βX∗ = βX1 +
βX2Cov(Xi1, Xi2|Yi)

Var(Xi1|Yi)
. (8.9)

We note that this expression is identical to that in equation (8.5), except that the

covariance and variance here are conditional on Yi. Whenever P (Yi = 1) is small, or
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the effects of Xi1 and Xi2 are small, as previously discussed, the difference between

the marginal and conditional covariances will be small, and so in these cases the two

expressions are equivalent.

8.6.3 Regression calibration

Assuming conditional independence

Since the implementation of RC is the same for linear and logistic regression, we

can follow the same procedure as described for continuous outcomes in Section

7.6.2. This involves fitting the logistic regression with Ê(X∗
i |Wi,Zi) and Zi as

covariates. In addition to the fact that RC is only approximately consistent for

logistic regression, as for linear regression, the resulting estimates are expected be

biased estimates of βX∗ and βZ∗ if Yi is not conditionally independent of Xi, given

X∗
i and Zi. We again refer to this approach by the term ‘naive RC’.

Not assuming conditional independence

If we do not wish to make this conditional independence assumption, as for linear

regression, we can use equations (8.3) and (8.4) to estimate βX∗ and βZ∗ , substi-

tuting the RC estimates of βX and βZ and the estimates of ΣX|Z and ΓZ which are

obtained from fitting the linear mixed model to Wi. We again refer to this by the

term ‘corrected RC’.

8.6.4 Maximum likelihood

Assuming conditional independence

Finding the MLEs of the joint model in which conditional independence is as-

sumed between Yi and Xi (conditional on X∗
i and Zi) requires two minor modi-

fications of the MCEM algorithm. First, when multiply imputing Xi using rejec-

tion sampling, the acceptance probability is equal to P (Yi = 1|X∗
i ,Zi), rather than

P (Yi = 1|Xi,Zi). Second, in the M-step, rather than fitting logistic regressions

for Yi with Xi and Zi as covariates, we use the imputations of X∗
i (found by pre-

multiplying the imputations of Xi by A) and Zi as covariates.

As described in Section 8.3, our novel approach to ML estimation based on

fitting a mixed model for Wi given Yi and Zi can be used when Xi and Zi are

jointly normal given Yi. However, as for linear regression, we do not believe this

approach can be used to incorporate an assumption of independence between Yi

and Xi conditional on X∗
i and Zi. To see why, we consider the implications of the

assumption for a particularly simple case. Thus suppose that Xi = (Xi1, Xi2)
T , that

there is no Zi, and that the transformation A = (1, 0) so that X∗
i is equal to Xi1.

Then the conditional independence assumption means that βX2 = 0. Then using
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equation (8.6), after some simple algebra, this implies that:

γX2Y =
Cov(Xi1, Xi2)γX1Y

Var(Xi1)
.

Thus in this case the conditional independence assumption implies a certain con-

straint between the fixed effects and random effects parameters of the mixed model

for Wi given Yi. Such constraints cannot be specified in the standard linear mixed

model commands of statistical software packages, and thus we do not believe that

our approach can be used to find the MLEs for the model which makes the assump-

tion of conditional independence between Yi and Xi given X∗
i and Zi.

Not assuming conditional independence

In general, if we do not assume conditional independence between Yi and Xi (con-

ditional on X∗
i and Zi), then as previously described, Yi does not follow a logistic

regression given X∗
i and Zi. In this case, βX∗ and βZ∗ are not parameters of a

correctly specified parametric model. However, if as before, we define βX∗ and βZ∗

as the vectors which would be estimated consistently by fitting a logistic regression

model to Yi with X∗
i and Zi as covariates, we can obtain approximately consistent

estimates by using equations (8.3) and (8.4), substituting the ML estimates of the

required parameters. Alternatively, we can create multiple imputations of Xi after

finding the full model’s MLEs via MCEM (see Section 8.6.5 below).

As previously described, if Xi and Zi are multivariate normal given Yi, it follows

that X∗ = AXi and Zi are also multivariate normal given Yi, with corresponding

logistic regression log odds ratios βX∗ and βZ∗ as given by equation (8.8). The

MLEs of βX∗ and βZ∗ can thus be calculated by inserting the MLEs (for the joint

model which assumes conditional normality of Xi and Zi, which can be obtained

using our approach of fitting a mixed model for Wi given Yi and Zi) of the required

parameters into this equation.

8.6.5 Multiple imputation

Not assuming conditional independence

As discussed previously, a by-product of fitting the full model which assumes marginal

normality for Xi via MCEM is a large set of multiple imputations, created assuming

that Yi may depend jointly on all of the components of Xi. Multiple imputations

of X∗
i can then be generated by pre-multiplying imputations of Xi by the trans-

formation matrix A. Logistic regression models can then be fitted to Yi, with the

imputations of X∗
i and Zi as covariates, and the resulting estimates of βX∗ and βZ∗

averaged over the imputations. Assuming the parametric assumptions hold, this
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will give consistent estimates of the values that would be consistently estimated if

we were able to observe X∗
i directly, without error.

As described in Section 8.4, if we are willing to assume Xi is normally distributed

given Yi and Zi, Xi can be multiply imputed after fitting the linear mixed model for

Wi given Yi and Zi described in Section 8.3. Multiple imputations of X∗
i can then

be generated as previously described. Providing the assumption of conditional nor-

mality for Xi given Yi and Zi holds, we believe the resulting estimates are consistent

for the vectors βX∗ and βZ∗ which would be consistently estimated if we were able

to fit the logistic regression for Yi with X∗
i and Zi as covariates. In Section 8.7 we

report the results of simulations to investigate this.

8.7 Simulations

In this section we report the results of simulations to examine the performance of

the previously described methods.

8.7.1 Simulation setup

Apart from specification of the outcome model and the minimum number of error-

prone measurements, we used the same simulation setup as for linear regression, as

described in Section 7.7, and which we recall here for completeness. We simulated

the random-intercepts and slopes Xi = (Xi1, Xi2)
T for n = 1, 000 subjects from a

multivariate normal distribution with mean (0, 0)T and covariance matrix:

(
1 0.5

0.5 1

)
.

For each subject, their number of error-prone measurements, ni, was generated as

a random draw from the discrete uniform distribution, taking values between 2 and

20 (inclusive). The minimum of two error-prone measurements was chosen so that

the identifiability requirement for the CS method would be satisfied for each each

subject. For the jth measurement of subject i, we simulated the ‘time’ tij that the

measurement took place from the continuous uniform distribution, taking values

between 0 and 1. We then generated Wij according to:

Wij = Xi1 + tijXi2 + Uij

where the measurement errors Uij were simulated independently from a normal

distribution with mean zero and variance one.
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Lastly, we generated a binary outcome Yi according to the logistic regression

model:

P (Yi = 1|Xi) =
exp(βX1Xi1 + βX2Xi2)

1 + exp(βX1Xi1 + βX2Xi2)
.

Since Xi1 and Xi2 had mean zero, this meant that P (Yi = 1) = 0.5. We simulated

data under four scenarios: scenario 1: βX1 = 0.1, βX2 = 0.1, scenario 2: βX1 = 1,

βX2 = 1, scenario 3: βX1 = 0.1, βX2 = 0, scenario 4: βX1 = 1, βX2 = 0. We

performed 10,000 simulations for each scenario.

8.7.2 Estimation methods

Ideal

Since closed form expressions do not exist for some of the unadjusted parameters

which we consider, we report the mean (SD) estimates of the ‘ideal’ method when

considering the unadjusted effects of Xi1 or Xi2. By this, we mean that we fitted

the logistic regression model using either Xi1 or Xi2 as covariate. In reality it is of

course not possible to use this estimator, as Xi is unobserved, or latent. However,

we use the mean of the ideal estimator over simulated datasets to give an estimate

of the values which would be estimated consistently if it were possible to observe Xi

directly.

Regression calibration (RC)

To estimate the adjusted effects of Xi1 and Xi2 on Yi using RC, we fitted a random

intercepts and slopes model to the error-prone measurements Wi using ML via the

R command lmer. We then found the BLUPs of Xi1 and Xi2 using the ranef()

command and then fitted the logistic regression model for Yi with these BLUPs as

covariates to estimate βX1 and βX2 .

To estimate the unadjusted effects of Xi1 and Xi2 on Yi (implicitly under the

assumption of conditional independence), we first regressed Yi on the BLUPs of Xi1

and then regressed Yi on the BLUPs of Xi2. As described in Section 8.6.3, this

approach gives approximately consistent estimates if Yi is conditionally independent

of Xi given X∗
i . Here, this means that Yi must be independent of the omitted

component ofXi conditional on the included component. We refer to these estimates

by the term ‘naive RC.

We also estimated the unadjusted effects of Xi1 and Xi2 on Yi without making

the previously described conditional independence assumptions. To do this, we

substituted the RC estimates of βX1 and βX2 , the estimate of Cov(Xi1, Xi2), and of

Var(Xi1) (or Var(Xi2)) from fitting the mixed model for Wi, into equation (8.5).

We refer to these estimates by the term ‘corrected RC’.
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Maximum likelihood assuming marginal normality for Xi (ML1)

To estimate the adjusted effects of Xi1 and Xi2 on Yi, we used ascent-based MCEM,

as described in Section 8.2.2. We used the same convergence criteria and control

parameters for ascent-based MCEM as in the simulations for classical measurement

error, as described in Section 4.10.

To estimate the effect of Xi1 (or Xi2) under an assumption of independence for

Yi and Xi2 (respectively Xi1) given Xi1 (respectively Xi2), we modified the MCEM

algorithm as described in Section 8.6.4.

Maximum likelihood assuming marginal normality + multiple imputation

(ML1+MI)

Following our proposal in Section 8.6.5, we multiply imputed Xi1 and Xi2, from the

model fitted using MCEM (which assumes Yi depends on both Xi1 and Xi2). We

then fitted logistic regression models for Yi, with either the imputations of Xi1 or

Xi2 as covariate.

Maximum likelihood assuming normality for Xi given Yi (ML2)

We found the MLEs of βX1 and βX2 for the model which assumes conditional nor-

mality for Xi given Yi, by fitting the linear mixed model to Wi, conditional on Yi

as described in Section 8.3.

We also used these estimates to calculate the MLEs (under the conditional

normal model) of the unadjusted effects of Xi1 and Xi2. To do this, we substi-

tuted the ML estimates of the adjusted effects of Xi1 and Xi2 and the estimate of

Cov(Xi1, Xi2|Yi) from fitting the mixed model for Wi into equation (8.9).

Conditional score

We used the CS method to estimate the adjusted effects of Xi1 and Xi2 on Yi. We

used the estimate of σ2
U obtained in the first stage of RC from fitting the linear mixed

model to Wi, and treated this as fixed in the CS estimating equations. We used the

RC estimates of β0 and βX1 and βX2 as starting values, and used the nleqslv function

in R to solve the estimating equations. For the derivatives, we used those described

by in the Web Appendix B to Li et al [117]. These expressions contain an error

(verified by personal communication with Li). In the expressions for the derivatives,

wherever the matrix (DiΣiDi)
−1 appears it should be replaced by (DiΣ

−1
i Di)

−1.

As before, if no solution to the estimating equations was found, we used the RC

estimates for the purposes of reporting mean and SD.
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8.7.3 Simulation results

Adjusted effect estimates

Table 8.1 shows the mean (SD) of estimates of the adjusted effects of Xi1 and Xi2

on Yi, using RC, ML assuming marginal normality of Xi (ML1), ML assuming

conditional normality of Xi given Yi (ML2) and CS.

For scenarios 1 and 3, there was little or no suggestion of bias in the RC estimates

of βX1 and βX2 . For scenarios 2 and 4, in which the effects were larger, RC showed

downward bias in the estimates of βX1 .

The ML1 estimates, based on marginally normality for Xi, showed some upward

bias in the estimates of the adjusted effect of Xi1 in scenario 4 and in the adjusted

effect ofXi2 in scenario 2, but otherwise had negligible bias. The ML1 estimates were

more variable than the ML2 estimates, despite ML1 being the correctly specified

MLE for the data-generating process. We suspect this may be due to Monte-Carlo

error inherent in the MCEM algorithm.

The MLEs based on assuming normality for Xi given Yi (labeled as ML2), which

is misspecified for the data-generating model, also showed little suggestion of bias

for scenarios 1 and 3. Furthermore, the estimates of βX1 in scenarios 2 and 4 were

less biased than the RC estimates. This is in agreement with our simulation results

of Section 4.10.

For scenarios 1 to 4 respectively, no solution was found for the CS estimating

equations in 35.3%, 26.8%, 34.2% and 21% of the 10,000 simulations. The mean

(SD) values shown in Table 8.1 for CS thus are based on estimates which approxi-

mately 25% of the time are the RC estimates. To ensure that our implementation of

the CS estimating equations was correct, we ran simulations under the setup used

by Li et al [118]. Under the setup of Li et al [118] a solution was found in virtually

all simulations, and our results were similar to those of Li et al [118]. In the simu-

lation setup of Li et al [118] most subjects have ni = 5 longitudinal measurements,

whereas in our setup subjects have between 2 and 20 measurements. We found that

if we fixed ni to be the same for all subjects a solution to the CS estimating equa-

tions was found in all simulations. This suggests that finding a solution to the CS

estimating equations may be problematic in cases where the number of error-prone

measurements differs widely between subjects.

Unadjusted effect estimates assuming conditional independence

Table 8.2 shows the results for the unadjusted effect estimates of Xi1 and Xi2 using

the true Xi values (ideal), and naive RC and ML1 (which assumes marginal nor-

mality). The naive RC and ML1 estimators here assume (respectively, implicitly

and explicitly) that Yi is independent of the omitted covariate given the included

covariate. Comparing the naive RC and ML1 estimates with the ideal estimates, as
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Table 8.1: Adjusted effect estimates for logistic regression simulations. Mean (SD)
of estimates found using regression calibration (RC), maximum likelihood assum-
ing marginal normality for Xi using MCEM (ML1), maximum likelihood assuming
normality for Xi given Yi (ML2), and the conditional score method (CS).

β̂X1

Scenario βX1 βX2 RC ML1 ML2 CS

1 0.1 0.1 0.097 (0.130) 0.097 (0.133) 0.098 (0.131) 0.098 (0.480)
2 1 1 0.946 (0.171) 0.999 (0.171) 0.973 (0.164) 0.996 (0.643)
3 0.1 0 0.098 (0.132) 0.099 (0.136) 0.098 (0.133) 0.097 (0.345)
4 1 0 0.985 (0.156) 1.031 (0.184) 1.019 (0.178) 1.025 (0.215)

β̂X2

Scenario βX1 βX2 RC ML1 ML2 CS

1 0.1 0.1 0.104 (0.149) 0.106 (0.154) 0.105 (0.151) 0.108 (0.281)
2 1 1 0.973 (0.191) 1.036 (0.224) 0.996 (0.209) 1.015 (0.682)
3 0.1 0 0.003 (0.151) 0.002 (0.156) 0.002 (0.152) 0.000 (0.551)
4 1 0 -0.011 (0.172) -0.020 (0.183) -0.013 (0.179) -0.020 (0.256)

expected, in scenarios 1 and 2, in which Xi1 and Xi2 both have independent effects

on Yi, both methods give biased estimates of the unadjusted effects. In scenarios 3

and 4, the naive RC and ML1 estimates of the unadjusted effect of Xi2 have little

bias. This is because for these scenarios Xi2 has no independent effect on Yi. The

estimates of the unadjusted effect of Xi2 are biased because the corresponding condi-

tional assumption no longer holds – Xi1 has an independent effect on Yi, conditional

on Xi2.

Unadjusted effect estimates without assuming conditional independence

Table 8.3 shows the results for the unadjusted effect estimates of Xi1 and Xi2, but

which are found without assuming that Yi is necessarily independent of the omitted

covariate, given the included covariate. For scenario 1, the corrected RC estimates

of the unadjusted effects, obtained by substituting the RC estimates of the adjusted

effects into equation (8.5), showed little bias relative to the ideal estimates. In

contrast, in scenario 2, the corrected RC estimates were biased upwards relative

to the ideal estimates, due to the fact that the effects of Xi1 and Xi2 were larger,

thus making the assumption used to justify equation (8.5) less tenable. If the RC

estimates of βX1 and βX2 were unbiased, we would expect the estimator based on

equation (8.5) to have expectation 1.5. However, the downward bias in the RC

estimates of βX1 and βX2 act to reduce the bias in the estimate of the unadjusted

effect of Xi1. In scenario 3, the corrected RC estimate of the effect of Xi1 had little

bias, but the estimate of the unadjusted effect of Xi2 was biased upwards slightly. In

scenario 4, the estimated effect of Xi1 was biased downwards slightly. This can be

explained by consideration of equation (8.5). The RC estimator of βX2 is expected
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Table 8.2: Unadjusted effect estimates for logistic regression simulations assuming
conditional independence. Mean (SD) of estimates found using Xi1 and Xi2 (ideal),
naive regression calibration (naive RC), and maximum likelihood assuming marginal
normality of Xi (ML1).

Unadjusted effect of Xi1

Scenario βX1 βX2 Ideal Naive RC ML1

1 0.1 0.1 0.150 (0.064) 0.173 (0.070) 0.174 (0.070)
2 1 1 1.322 (0.097) 1.597 (0.124) 1.760 (0.153)
3 0.1 0 0.099 (0.063) 0.099 (0.069) 0.100 (0.069)
4 1 0 1.005 (0.084) 0.974 (0.089) 1.008 (0.098)

Unadjusted effect of Xi2

Scenario βX1 βX2 Ideal Naive RC ML1

1 0.1 0.1 0.151 (0.064) 0.197 (0.081) 0.199 (0.083)
2 1 1 1.320 (0.097) 1.800 (0.166) 2.422 (0.286)
3 0.1 0 0.050 (0.063) 0.096 (0.079) 0.097 (0.080)
4 1 0 0.434 (0.069) 0.887 (0.115) 1.050 (0.145)

to have mean zero here, and so the expected value of the corrected RC estimate of

the unadjusted effect of Xi1 reduces to the expected value of the RC estimate of

βX1 , which from Table 8.2, is biased downwards. For the unadjusted effect of Xi2,

from equation (8.5) it follows that the corrected RC approach would give unbiased

estimates of 0.5, providing the RC estimates of βX1 and βX2 were unbiased. Their

downward bias then causes the corrected RC estimates of the effect of Xi2 to be less

than 0.5.

The estimates based on MI from the fitted model using ML1 showed little bias

compared to the ideal estimator, except for scenario 2, in which estimates were

biased upwards slightly.

The ML2 estimates, based on an assumption of normality forXi given Yi, showed

little bias for both effects across all four scenarios.

Lastly, we compare the efficiency of the estimates of the unadjusted effect of Xi1,

between when an assumption of conditional independence is made between Yi and

Xi2, given Xi1 (Table 8.2), and when this assumption is relaxed (Table 8.3). For

the RC estimates, we see that the standard deviation of the estimates in scenario 3

increases from 0.069 to 0.076, and in scenario 4 increases from 0.090 to 0.098. The

loss in efficiency is the price to be paid for relaxing the conditional independence

assumption, although at least under the simulation setup considered, this price is

not particularly large.
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Table 8.3: Unadjusted effect estimates for logistic regression simulations not as-
suming conditional independence. Mean (SD) estimates found using Xi1 or Xi2

(ideal), corrected regression calibration (corrected RC), maximum likelihood assum-
ing marginal normality for Xi + multiple imputation (ML1+MI), and maximum
likelihood assuming normality for Xi given Yi (ML2).

Unadjusted effect of Xi1

Scenario βX1 βX2 Ideal Corrected RC ML1+MI ML2

1 0.1 0.1 0.150 (0.064) 0.150 (0.077) 0.150 (0.077) 0.150 (0.077)
2 1 1 1.322 (0.097) 1.437 (0.126) 1.333 (0.137) 1.313 (0.130)
3 0.1 0 0.099 (0.063) 0.099 (0.077) 0.099 (0.078) 0.099 (0.077)
4 1 0 1.005 (0.084) 0.977 (0.097) 1.013 (0.113) 1.006 (0.110)

Unadjusted effect of Xi2

Scenario βX1 βX2 Ideal Corrected RC ML1+MI ML2

1 0.1 0.1 0.151 (0.064) 0.153 (0.099) 0.155 (0.101) 0.154 (0.100)
2 1 1 1.320 (0.097) 1.450 (0.168) 1.359 (0.213) 1.331 (0.200)
3 0.1 0 0.050 (0.063) 0.052 (0.099) 0.052 (0.100) 0.052 (0.099)
4 1 0 0.434 (0.069) 0.491 (0.120) 0.440 (0.114) 0.440 (0.113)

8.8 Conclusions

As we have seen, the extension of estimation methods to the case of longitudinal

error-prone measurements is also relatively simple for binary outcomes. We con-

clude with some comments on the various methods when interest lies in estimating

the parameters of the logistic regression model for Yi given Xi and Zi, and then

we discuss the issue of fitting models with different functions of the longitudinal

process(es) as covariate.

8.8.1 Regression calibration

In our simulations RC performed well in estimating βX , with biases of the same

order of magnitude as in our simulations for classical measurement error. While some

authors (e.g. Li et al [118]) report that RC has large biases for logistic regression,

even when the normality assumptions for Xi hold, this only occurs when the effects

of Xi are quite large. In the simulations by Li et al , the standardized log odds

ratio for Xi1 was 3, corresponding to an odds ratio of around 20, which may not be

typical of most epidemiological studies.

8.8.2 Maximum likelihood

We have shown that ascent-based MCEM can be used to find MLEs for joint models

with longitudinal error-prone measurements and binary outcomes, in which marginal

normality is assumed for Xi. However, our implementation of the method, in R, is
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very slow to run. As discussed in Section 4.11, this is due to the large amount of

looping required to multiply impute Xi. With further programming effort however,

this could be overcome.

8.8.3 Maximum likelihood using standard linear mixed mod-

els and multiple imputation

Our simulation results suggest our novel approach to ML estimation, based on an

assumption of conditional normality for Xi given Yi, gives estimates with smaller

biases than RC, even when Xi is marginally normal. However, as in Section 4.11,

with larger effects of Xi, we would expect biases to increase. In contrast to the

model which assumes marginal normality for Xi, our approach involves fitting a

linear mixed model, for which standard mixed model commands in packages such

as R, Stata, and SAS, can be used. It is thus computationally efficient, and may

be less biased than RC. In the presence of error-free covariates Zi, this fitted model

can be used to multiply impute Xi, from which βX and βZ can be estimated.

8.8.4 Conditional score method

The conditional score method offers the potential for computationally efficient esti-

mation, while relaxing distributional assumptions for Xi. Our simulations suggest

however that in certain settings it may be difficult to find solutions to the CS estimat-

ing equations. As previously discussed in Section 4.11, this is a numerical problem

which could potentially be overcome by using more sophisticated root-finding algo-

rithms. Our investigations suggest however that successful implementation of the

method is not quite as easy as some methodological papers imply. In particular,

our results suggest that solving the estimating equations becomes problematic when

the number of longitudinal error-prone measurements differs substantially between

subjects.

8.8.5 Alternative outcome model covariate specifications

Our simulation results confirm that naive application of RC gives biased estimates of

the parameters of a logistic regression model for Yi given X∗
i = AXi and Zi if Yi and

Xi are not conditionally independent given X∗
i and Zi. Specifically, estimates of the

unadjusted effects, obtained by omitting the predicted values of some components

of Xi from the logistic regression model for Yi, are biased estimates of those values

which would be obtained by fitting the model with X∗
i as covariate. Our simulation

results suggest that the expressions given in Section 8.6.1 can be used, together with

the RC estimates of βX and βZ , to give approximately consistent estimates of βX∗

and βZ∗ . However, these expressions may not be valid when the effects of Xi are

large.
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These expressions can of course also be used with estimates of βX and βZ ob-

tained by ML. However, in this case, we can use the fitted model to multiply im-

pute the Xi from its conditional distribution, and estimate βX∗ and βZ∗ using the

imputed values of X∗
i . For the model which assumes marginal normality Xi, impu-

tations of Xi are a by-product of the MCEM algorithm. Providing the parametric

assumptions are correct, this provides consistent estimates of βX∗ and βZ∗ , without

requiring the small effect size conditions made in justifying equation (8.3).

8.8.6 Inference

Approaches to estimate standard errors and confidence intervals for the resulting

estimates are the same as described for continuous outcomes, as discussed in Section

7.8.
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Chapter 9

Survival outcomes

Joint modelling of longitudinal and survival (or more generally time-to-event) out-

comes has been the subject of a great deal of research over the last 15 years. We first

give a brief overview of this field, before summarizing the contents of the chapter.

Excellent overviews of the field have been given by Tsiatis and Davidian [124] and

more recently, by Diggle et al [125].

9.1 Overview

The large research effort into models for longitudinal and survival outcomes is mo-

tivated by the fact that many studies generate both longitudinal measurement data

and data regarding the time to an event of interest. A particularly popular frame-

work involves specification of a vector of unobserved, subject-specific random-effects,

which are responsible for inducing associations between the longitudinal process and

the time to the event of interest. Usually, the occurrence of the event of interest

precludes any further longitudinal measurements being made, and we will assume

this to be the case. Extensions to multiple longitudinal processes are possible, but

for simplicity we restrict attention to the case of a single longitudinal process.

Joint modelling of longitudinal and survival (or time to event) outcomes may

be used to answer at least two different questions [99]. The first is to describe how

the longitudinal process influences the time to the event of interest. This coincides

with our developments of the previous two chapters, in which certain aspects of the

longitudinal process enter as covariates in the outcome model. Here the outcome

model describes the dependency of time to the event of interest on those aspects

of the longitudinal process thought to be important. Some of the earliest research

into methods for such models was motivated by studies in AIDS, in which interest

lay in the relationship between a patient’s CD4 count profile over time and their

survival [126,127].

An alternative focus for joint models is when the longitudinal process is itself

of primary interest, but the occurrence of the event, such as losing a subject to
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follow-up, or ‘dropping-out’, means that no further longitudinal measurements are

made. In this situation, the occurrence of the event causes all subsequent planned

longitudinal measurements to be missing. In this case, analysis of the observed

longitudinal measurements, for example by fitting a linear mixed model by likeli-

hood methods, and which ignores the drop-out (missing data) process, may result

in biased estimates. For example, Henderson et al used data from a clinical trial

of schizophrenia patients to investigate the trajectory of scores from a measure of

psychiatric disorder [99]. As the trial progressed, some patients dropped out from

the trial, following which no further scores were observed. Analysis of the longi-

tudinal measurements by likelihood methods, which ignore the drop-out process,

are consistent under the MAR assumption. If the data are missing not at random

(MNAR), so that conditional on observed longitudinal measurements, the future

trajectories differ systematically between subjects who drop-out and those who do

not, an analysis which ignores the drop-out process, such as based on a linear mixed

model, in general results in biased estimates. One way in which this occurs is if

drop-out depends on the unobserved random-effects. The joint models we consider

are usually referred to as ‘shared parameter models’ within the missing data litera-

ture, the shared parameters being the unobserved random-effects which are assumed

to induce the dependency between the longitudinal process and the time-to-event

outcome [128].

The particular specification of a joint model obviously depends on the study

design and inferential objectives, but Figure 9.1 depicts three common situations,

in which the longitudinal and survival, or time-to-event outcome, are observed in

different windows of time. We assume that n subjects are recruited into a study

at time 0, with longitudinal measurements made periodically from time 0 onwards

until either the subject experiences the event of interest, is censored, or until time

tL1 . Subjects are considered at risk for the event of interest from time tS0 ≥ 0 until

time tS1 . The three situations depicted in Figure 9.1 correspond to:

1. tL1 <= tS0 : longitudinal error-prone measurements are made in a time period

which precedes the ‘at-risk’ period, and so there is no overlap between these

time periods

2. tS0 = 0 and tL1 = tS1 : the time period in which longitudinal measurements take

place is identical to the ‘at-risk’ period

3. tS0 > 0 and tL1 > tS0 : longitudinal measurements are made at times preceding

the at-risk period, but are also made during the at-risk period

Situation 1 is analogous to the models considered in Chapters 7 and 8 for con-

tinuous and binary outcomes. Since the longitudinal process occurs prior to when

subjects become at risk of experiencing the event of interest, the random-effects
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Figure 9.1: Diagrammatic representation of three situations in which longitudinal
and time-to-event data are observed
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which characterize the longitudinal process may enter as time-independent covari-

ates in a model for the survival time / time to event. This situation has been

considered less frequently, probably because if the hazard function for the event of

interest depends on the longitudinal process values preceding the at-risk period, it

is also likely to depend on more recent values of the longitudinal process as time

proceeds, i.e. situation 2 or 3.

The majority of research into methods for jointly modelling longitudinal and

survival or time-to-event data has focused on what we call situation 2 [94, 99, 105].

Here the longitudinal process and time-to-event outcome are observed over the same

time period. The relevant aspects of the longitudinal process would then usually

enter the model for the time to the event of interest as time-dependent covariates.

An example of such a model is that used by Tsiatis et al , who fitted models using

data from HIV patients in which the hazard of death at time t was assumed to

depend on the patient’s historical CD4 levels only through its current value at time

t [127].

In situation 3, observations of the longitudinal process can occur both prior to

the at-risk period and also concurrently with the at-risk period. Of course if subjects

are observed for the longitudinal process, they will usually also be observed for the

event of interest at the same time. However, when we are interested in relating

hazard at time t to the value of the longitudinal process at some time prior to t,

we must necessarily consider the at-risk period to start at a time tS0 , and thus our

analysis is conditional on being event free at time tS0 . An example of this are the

analyses by Boshuizen et al [119], previously described in Section 6.2. Using data

from the Seven Countries Study, Boshuizen et al investigated how, given survival

to age 65, the hazard for mortality due to coronary heart disease (and in a second

analysis, death due to stroke) at ages t > 65 was related to systolic blood pressure

(SBP) at time t and to SBP at time t− 25, i.e. 25 years earlier.

In Section 9.2 we define the modelling assumptions and notation for the chapter.

In Section 9.3 we review the application of an RC type approach to joint models

for longitudinal and survival outcomes. The investigation of Boshuizen et al [119],

as previously discussed in Chapters 6, 7, and 8, is typical of many epidemiological

studies, in that we usually do not know a priori how the hazard for the event of

interest at a particular time t depends on the history of the longitudinal process,

e.g. underlying SBP. In Section 9.3 we therefore also discuss the application of

RC when interest focuses on estimation of a number of different specifications for

the outcome model covariates, and describe the implicit assumptions which are

required for (approximately) consistent parameter estimation. In Section 9.4 we

review the ML approach to estimation for such joint models. In Section 9.5 we show

how the MCEM algorithm, described in the case of time-independent covariates

measured with classical error in Section 5.5, can be extended to the current setting,
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in which in general the model for survival (or time to the event of interest) has

time-dependent covariates which are a function of the longitudinal process. This

involves showing how multiple imputations of the subject-specific random-effects

can be generated using rejection sampling. In Section 9.6 we show how we can use

such multiple imputations to find estimates when a number of different outcome

model specifications are of interest, such as in the analyses performed by Boshuizen

et al , under weaker assumptions than implicitly required for RC. We review the

extension of the CS method to the setting of longitudinal and survival outcomes in

Section 9.7. In Section 9.8 we report the results of simulations, and in Section 9.9

consider the implications of using such models when the occurrence of the event of

interest means the longitudinal process is undefined at times following the event’s

occurrence. We summarize the chapter in Section 9.10.

9.2 Modelling assumptions and notation

In this section we describe a particular modelling framework for a single longitudinal

process measured with error, and the time to survival or an event of interest. In

Section 9.10 we discuss extensions to multiple longitudinal processes.

9.2.1 Longitudinal process

In this chapter we shall use a slightly different notation to that previously used, in

order to make dependency on time explicit. Thus we now assume that the (single)

longitudinal process has true value Mi(t) at time t. The trajectory of Mi(t) over

time is assumed to be given by:

Mi(t) = g(t)TXi (9.1)

where g(t) is a known vector-valued function of time, and Xi is a vector of subject-

specific random effects. We let MH
i (t) = {Mi(u) : u ≤ t} (H stands for history)

denote the set of values of Mi(t) at times up to and including t.

We give two examples for illustrative purposes. First, if Xi is a two-dimensional

random-effects vector, by defining:

g(t) = (1, t)T , (9.2)

we assume that the longitudinal process is a linear function of time, with intercept

Xi1 and slope Xi2. As a second example, suppose Xi is a four-dimensional random-

effects vector, representing the underlying average systolic blood pressure level in

the first four consecutive decades of a person’s life. In this case, we would define
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g(t), with t in years, by:

g(t) = (1(t < 10), 1(10 ≥ t < 20), 1(20 ≥ t < 30), 1(30 ≥ t < 40))T , (9.3)

where 1() denotes the indicator function which takes value one if its argument is

true and zero otherwise.

Rather than observingMi(t) directly, we measure it periodically, and with error.

We assume measurements can be made at any time from time 0 until either the

subject experiences the event of interest, is censored, or time tL1 . As before we

assume subject i has error-prone measurements Wij, j = 1, ..ni. Measurement Wij

is made at time tij, and is assumed to be an unbiased measurement of Mi(tij):

Wij = Mi(tij) + Uij

= g(tij)
TXi + Uij . (9.4)

We assume that the measurement errors Uij are N(0, σ2
U) and that they are in-

dependent of each other. We let WH
i (t) = {Wij : tij ≤ t} denote the vector of

error-prone measurements made at times up to and including time t, and denote by

tHi (t) = {tij : tij ≤ t} the corresponding vector of measurement times.

Together equations (9.1) and (9.4) imply that Wi = (Wi1, ..,Wini
)T follow a

linear mixed model. While we could express the model for Wi in the familiar form

Wi = DiXi +Ui, this formulation does not make explicit how the mean function

of the longitudinal process depends on time, which is important for subsequent

developments.

9.2.2 Survival process

As in Chapter 5, for each subject i, we denote by Ti and Ci the time to the event

of interest and time to censoring respectively. We observe Vi = min(Ti, Ci), and

a failure indicator Yi = 1(Ti ≤ Ci). In order to accommodate each of the three

scenarios previously described, we assume that each subject is at risk from time tS0 .

We are then interested in modelling the hazard for times t > tS0 .

Except in situation 1, it does not make sense for the hazard at time t to depend

jointly on the random-effects vector Xi. This is because (especially for the models

we consider later) some of the random-effects may only influence the longitudinal

process at later times, and it does not make sense to allow the hazard at time t to

depend on future values of the longitudinal process. This can be seen most clearly in

the second example given earlier, whereby Xi is a four-dimensional random-effects

vector representing the mean systolic blood pressure levels in the first four decades

of a subject’s life. If we consider the subject to be at-risk from t = 0, it would not

make sense to model the hazard in the first decade as depending on mean blood
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pressure levels in future decades. To incorporate this assumption, we define a (in

general vector valued) time-dependent covariate X∗
i (t) which is a function of the

available longitudinal history at time t, MH
i (t):

X∗
i (t) = G(MH

i (t)), (9.5)

where G(.) is some function of the history at time t. Since the longitudinal process

is a deterministic function of the random-effects Xi, as given in equation (9.1), we

may also view X∗
i as a direct function of time and Xi:

X∗
i (t) = A(t,Xi). (9.6)

The notation X∗
i (t) = G(MH

i (t)) makes explicit however that the hazard at time t

cannot depend on future values of the longitudinal process. Continuing the random-

intercepts and slopes example, we might define X∗
i (t) = Mi(t) = Xi1 + Xi2t to be

the value of the longitudinal process at time t. In the piece-wise constant model for

systolic blood pressure, if we considered subjects to be at risk from t = 10 years

onwards, we might assume X∗
i (t) = Mi(t − 10), so that hazard depended on the

mean systolic blood pressure in the preceding decade.

Given the specification of X∗
i (t), we assume a Cox proportional hazards model:

h(t|MH
i (t),Zi) = h0(t) exp(β

T
X∗X∗

i (t) + β
T
Z∗Zi), (9.7)

where h0(t) denotes an arbitrary baseline hazard function and Zi denotes, as usual,

a vector of fully observed error-free covariates. This equation makes explicit an

assumption that the hazard at time t only depends on the history of the longitudinal

process,MH
i (t) via the value of X∗

i (t). This means that X∗
i (t) captures those aspects

of the longitudinal process up to time t which are related to the hazard of the event

of interest.

9.2.3 Assumptions

Additional assumptions which are sufficient to give valid parameter estimates, using

the observed data, differ somewhat between the various estimation methods. We

therefore defer statement of sufficient assumptions to our description of each of the

estimation approaches.

9.3 Regression calibration

The idea of RC was extended to the setting of joint models for longitudinal mea-

surements and time to event outcomes by Tsiatis et al [127]. Tsiatis et al con-

sidered what we have described as situation 2 (see Figure 9.1), but the methods
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apply in all three situations. In the case of time-independent covariates measured

with classical error (Section 5.13), we derived the induced hazard function, given

an error-prone measurement of the unobserved covariate. In the current setting,

with time-dependent covariates which are a function of a longitudinal process, the

‘observable hazard’, with Xi(t) measured with error, and in the presence of censor-

ing, is equal to h(t|WH
i (t), t

H
i (t),Zi, Vi ≥ t) [127]. Then, analogous to the induced

function derived in Section 5.13), we can write:

h(t|WH
i (t), t

H
i (t),Zi, Vi ≥ t)

= E(h(t|WH
i (t), t

H
i (t),M

H
i (t),Zi, Vi ≥ t)|WH

i (t), t
H
i (t),Zi, Vi ≥ t). (9.8)

For RC to give valid estimates, we must make the following conditional independence

assumption:

h(t|WH
i (t), t

H
i (t),M

H
i (t),Zi, Vi ≥ t) = h(t|MH

i (t),Zi), (9.9)

which means that, conditional on the longitudinal process history MH
i (t) and Zi,

the hazard at time t does not depend on the observed longitudinal measurements

made up to time t, the number or timing of the measurements, and the fact that

subject i has not yet been censored. In this case the observable hazard is equal to:

E(h(t|X∗
i (t),Zi)|WH

i (t),Zi, Vi ≥ t)

= h0(t)E(exp(β
T
XX

∗
i (t) + β

T
Z∗Zi)|WH

i (t),Zi, Vi ≥ t). (9.10)

To enable use of standard routines for fitting Cox proportional hazards models, as

in Section 5.3, we can approximate this expectation using the delta method, thus

giving:

h0(t) exp(β
T
XE(X

∗
i (t)|WH

i (t),Zi, Vi ≥ t) + βT
Z∗Zi). (9.11)

9.3.1 Risk-set regression calibration

In order to calculate the required expectation, we must make distributional assump-

tions for the random-effects Xi. Typically these are assumed to be multivariate

normal. To approximate the required expectation, Tsiatis et al [127] proposed that,

at each event time t, the linear mixed model specified by equations (9.1) and (9.4) is

fitted to the longitudinal measurements WH
i (t) (i.e. all measurements up to time t),

using only data from those subjects who were at risk at time t (thus incorporating

the conditioning information that Ti ≥ t). The BLUPs of the random-effects can

then be calculated, from which the required expectation of the covariates X∗
i (t) can

be approximated. This can be viewed as the extension of risk-set RC, described for
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time-independent covariates measured with classical error in Section 5.3.2, to the

setting of time-dependent covariates which are functions of a longitudinal process.

The risk-set RC approach proposed by Tsiatis et al [127] requires that a separate

linear mixed model be fitted at each event time, and so is relatively computationally

intensive. Its implementation in any given situation may also encounter difficulties,

depending on the specification of the linear mixed model for the longitudinal mea-

surements and the availability of measurements. For example, suppose we are in

‘situation 2’, where error-prone measurements of an underlying longitudinal process

are made concurrently with the at-risk period. Suppose further that we assume a

random-intercepts and slopes model for the longitudinal process, and that we specify

that the hazard at time t depends on the longitudinal process via its current value,

Xi1 + Xi2t. Assume that each subject has an error-prone measurement available

at t = 0. Now suppose that a subject dies (the event of interest) before any sub-

jects have had a second error-prone measurement. With only a single error-prone

measurement available from each subject, it is not possible to fit a random-effects

model. In this situation one approach may be to ignore the earliest deaths from

the analysis, and only analyse deaths which occur after a time at which the linear

mixed model can be fitted. This illustrates that the implementation of risk-set RC

will need to take into account the particular modelling assumptions and availability

of longitudinal measurements in any given application.

An advantage of risk-set RC over more complex estimation methods is that it

can be implemented using standard software for fitting linear mixed models and Cox

proportional hazards models with time-dependent covariates. As Tsiatis et al noted

[127], the approach is only expected to give approximately consistent estimates of

βX∗ and βZ∗ . As for time-independent covariates measured with classical error, risk-

set RC involves at least two approximations. First, we approximate the expression in

equation (9.10) by equation (9.11). Second, even if the Xi are normally distributed

in the population, once we condition on being event free to a particular time t,

the distribution of Xi in this so far event-free sub-group will no longer be normally

distributed.

9.3.2 Simplifications

As previously noted, the risk-set RC approach requires that a separate linear mixed

model be fitted at each unique event time. A variety of ad-hoc modifications have

been proposed in the literature to reduce the computational demands of this ap-

proach.

Dafni and Tsiatis performed simulations in which longitudinal measurements

were made in subjects at 8 week intervals [129]. They assumed a random-intercepts

and slopes model for the longitudinal process, and assumed that the hazard at time

t depended on the current value of the longitudinal process at time t. Rather than
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fitting a separate mixed model at each event time, Dafni and Tsiatis refitted the

mixed model once for each 8 week interval, using data from those subjects at risk

at the start of the interval, and using only their measurements preceding that time.

Their simulation results suggested that while there was some bias in the resulting

estimates, the bias was much smaller compared to that of a naive method, in which at

time t a subject’s last measurement of the longitudinal process was used as covariate.

Aside from other considerations, the latter naive approach makes no allowance for

the measurement error, and so is expected to be biased.

Tsiatis and Davidian considered an approach in which the mixed model is fitted

four times, using the available longitudinal data at times corresponding to the 25%,

50%, 75% and 100% percentiles of the ordered failure times [105]. At each event time,

the covariate X∗
i (t) was predicted using the mixed model fit corresponding to which

quartile the event occured in. Tsiatis and Davidian reported that they found through

simulations that this simplified approach gave estimates which differed negligibly

compared to the ‘full regression calibration’ approach.

Boshuizen et al simplified the approach further, by fitting the linear mixed model

once, to all subjects’ available longitudinal measurements [119]. They reported that

the resulting estimates were very similar to those obtained by refitting the mixed

model at each risk set. We refer to this simplified version by the term ‘RC’.

Recently Ye et al have compared the performance of risk-set RC with the simpli-

fied version used by Boshuizen et al , which involves fitting the linear mixed model

once, with simulations (although they used a so called semiparametric stochastic

mixed model, rather than a standard linear mixed model, for the longitudinal mea-

surements) [130]. Mirroring the investigations of Xie et al [91] in the case of time-

independent covariates measured with classical error, Ye et al found that the risk-set

RC estimator had smaller bias but larger variability than the non-risk-set RC esti-

mator.

If the failure rate is low, as in the case of time-independent covariates measured

with classical error, we might expect that ignoring the conditioning information

Vi ≥ t is reasonable. However, note that in these simplified versions of RC, at

any time t, future longitudinal measurements are used to predict X∗
i (t), contrary to

equation (9.11). It is not clear how use of this use of information from the future

may affect the resulting estimates. We investigate this simplified version of RC, as

well as ‘risk-set’ RC, using simulations, which are described in Section 9.8.

It is important to note that, as described in Section 9.1, fitting the linear mixed

model to the observed longitudinal measurements does not, under our modelling

assumptions, give valid inferences. We have assumed that no longitudinal measure-

ments take place after a subject experiences the event of interest. Since the occur-

rence of the event of interest is assumed to be driven by the unobserved random-

effects Xi, these ‘missing’ longitudinal measurements are not missing at random,
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which is the weakest condition under which a likelihood based analysis of the longi-

tudinal measurements, which ignores the mechanism giving rise to the missing data,

gives valid inference.

9.3.3 Different specifications of X∗
i (t)

As previously discussed in Chapters 6, 7, and 8, in a typical epidemiological study

we usually do not know a priori how the hazard at time t depends on the longitudinal

process history MH
i (t), i.e. we are uncertain regarding the specification of X∗

i (t) =

G(MH
i (t)). We may often be interested in estimation for a number of different

specifications for X∗
i (t) = G(MH

i (t)).

As previously described in Section 6.2, Boshuizen et al recently used data from

the Seven Countries Study to investigate how mortality risk depends on both current,

and levels 25 years earlier, of systolic blood pressure (SBP) and total cholesterol

[119]. They first fitted a linear mixed model to the longitudinal measurements of

SBP and cholesterol. They then fitted various Cox proportional hazards models for

the hazard of death due to coronary heart disease (and also models for the hazard

of death due to stroke), using the simplified RC approach previously described.

Boshuizen et al first examined the effect of average SBP/cholesterol on hazard.

Since subjects only had periodic measurements of SBP and cholesterol, and these

were subject to measurement error and within-subject variation, at time t, Boshuizen

et al used the BLUP of the mean level of SBP/cholesterol between time zero and

time t as a time-dependent covariate. They then fitted models, again using RC,

with either current SBP/cholesterol, or SBP/cholesterol level 25 years earlier as

time-dependent covariates. Lastly, they fitted models in which current and levels 25

years earlier were included simultaneously as covariates, to examine whether current

and past levels of SBP or cholesterol have independent effects on hazard.

For each specification of X∗
i (t) = G(MH

i (t)), the validity of the resulting RC

estimates of βX∗ and βZ∗ relies on the assumption of equation (9.7), which says that

the hazard at time t depends onMH
i (t) only through the value ofX∗

i (t) = G(MH
i (t)).

If this is not the case, RC is not expected to give consistent estimates of a meaningful

parameter. In the context of the analyses performed by Boshuizen et al , this

means for example that when fitting the Cox model with current SBP as a time-

dependent covariate, RC only gives (approximately) consistent estimates of the effect

of current SBP if the past SBP levels have no independent influence on hazard. If

they do, RC does not give valid estimates of the unadjusted effect of current SBP

on hazard, which is the value we would consistently estimate if Xi were observed

directly. We have highlighted this issue in a letter regarding the paper by Boshuizen

et al [131]. Boshuizen et al replied to our letter [132], in which they explained

that for example when fitting the Cox model with only predicted current SBP as

covariate, they were implicitly assuming that past levels of SBP had no independent
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effect on hazard. Boshuizen et al also presented results for the effect of SBP 25

years earlier on current hazard, without adjustment for current SBP. Analogous to

above, the resulting RC estimates for this analysis are then only valid if current SBP

has no independent effect on hazard. These two sets of analyses thus only provide

estimates of meaningful parameters under two sets of conflicting assumptions.

The magnitude of the bias in such RC estimates will depend both on the effect of

the omitted covariate and the strength of the association between the omitted (true)

covariate and the included covariate. We investigate how large the biases may be

through simulations, which are described in Section 9.8. In Section 9.6 we show how

multiple imputation might be used to overcome such difficulties. Specifically, in the

example examined by Boshuizen et al , we would propose imputing Xi from a fitted

model in which the hazard is assumed to potentially depend jointly on current and

past SBP levels. The imputations can then be used to fit models in which either

current or past SBP level is entered as a time-dependent covariate. In the case when

the omitted covariate (current or past SBP) has an independent effect on hazard,

this approach is expected to give consistent estimates of the crude, unadjusted effect

of the included covariate, in contrast to RC, provided that hazard depends on the

longitudinal history only through its current value and its value 25 years earlier.

9.4 Maximum likelihood

In this section we give an overview of the ML approach for joint models of longi-

tudinal and survival outcome models. In Section 9.5 we show how MCEM can be

used to obtain ML estimates.

9.4.1 Model specification and likelihood function

Wulfsohn and Tsiatis were the first to propose using maximum likelihood to estimate

the parameters of a joint model in which the outcome model is Cox’s proportional

hazards model, the covariates of this model are time-dependent, and these are mea-

sured periodically and with error [94]. Wulfsohn and Tsiatis considered what we have

described as ‘situation 2’, in which the longitudinal measurements are observed con-

currently with the event of interest, although the method also applies for all three

of the situation types we described earlier. They assumed a random-intercepts and

slopes model for the longitudinal process, and that the hazard at time t depended

on the longitudinal process only via its current value Mi(t) = Xi1 +Xi2t.

Later Henderson et al considered estimation within a more general model specifi-

cation [99]. Whereas Wulfsohn and Tsiatis consideredX∗
i (t) = Xi1+Xi2t, Henderson

et al considered models in which the hazard at time t depends jointly on a subject-

specific intercept Xi1, slope Xi2, and current value Xi1 +Xi2t. Henderson et al also

allowed for a frailty (subject-specific random-effect) term in the Cox proportional
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hazards model and considered models in which the longitudinal process is also a

function of a stochastic process, in addition to subject-specific random-effects and

independent measurement error.

We now review the model and likelihood function specifications for the modelling

assumptions described in Section 9.2. In addition to the assumptions previously

stated, we must specify a parametric model for the random-effects Xi, conditional

on Zi. Due to computational convenience, an assumption of multivariate normality

has typically been made for Xi. As before, the observed data likelihood function

is then equal to the integral of the complete data (i.e. when the Xi is observed)

likelihood function:

n∏

i=1

∫
f(Vi, Yi|Xi,Zi)f(Wi|Xi)f(Xi|Zi)dXi. (9.12)

The component corresponding to the Cox proportional hazards outcome model is

given by:

(
h0(Vi) exp(β

T
X∗X∗

i (Vi) + β
T
Z∗Zi)

)Yi

× exp

(
−
∫ Vi

tS0

h0(s) exp(β
T
X∗X∗

i (s) + β
T
Z∗Zi)ds

)
. (9.13)

Under our assumed model, the longitudinal measurements Wi are multivariate nor-

mal conditional on Xi, with density:

f(Wi|Xi) =

ni∏

j=1

1√
2πσ2

U

exp

(
(Wij − g(tij)

TXi)
2

2σ2
U

)
. (9.14)

Lastly, we must specify f(Xi|Zi). As in previous chapters, one possible specifica-

tion assumes that Xi is multivariate normal with mean a linear function of Zi and

constant covariance matrix ΣX|Z .

As in the case of time-independent covariates measured with classical measure-

ment error (Section 5.4), if no assumptions are made regarding the form of the

baseline hazard function, MLEs can be found by assuming that the cumulative

baseline hazard function is a step function. At each failure time t, it increases by

an amount ∆H0(t), which is treated as a parameter to be estimated. In this case,

the component of the modified observed data likelihood function corresponding to

the Cox proportional hazards model (equation (9.13)) is equal to:

(
∆H0(Vi) exp(β

T
X∗X∗

i (Vi) + β
T
Z∗Zi)

)Yi

× exp


−

∑

j:Vj≤Vi

∆H0(Vj) exp(β
T
X∗X∗

i (Vj) + β
T
Z∗Zi)


 . (9.15)
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9.4.2 Estimation

The integral involved in the observed data likelihood function given by equation

(9.12) cannot be expressed in closed form. Wulfsohn and Tsiatis proposed that the

EM algorithm be used to maximize the observed data likelihood, using Gaussian

quadrature to approximate the intractable integrals [94]. In the M-step (as pre-

viously described in Section 5.4.2), Wulfsohn and Tsiatis showed that closed form

expressions exist for the updated estimate of σ2
U and the mean and covariance pa-

rameters for Xi. Wulfsohn and Tsiatis proposed using one-step of Newton-Raphson

to update the estimates of βX∗ (in their particular model formulation X∗
i was scalar,

and there were no Zi). The increments ∆H0(t) of the cumulative baseline hazard

function are then given by Breslow’s estimator, but with the denominator terms

replaced by their estimated expectation (see equation (5.24) of Section 5.4.2).

Henderson et al proposed using Monte-Carlo integration to approximate the

required integrals, and hence to use the MCEM algorithm [99]. Wulfsohn and Tsiatis

had shown earlier that the integrals involved could be expressed as expectations with

respect to the conditional distribution of Xi given the longitudinal measurements

Wi. With normality assumptions for Xi and the measurement errors Uij, this

conditional distribution is normal, and thus easy to generate draws from. Henderson

et al thus proposed generating draws from this conditional distribution and using

these to approximate the required integrals. In the M-step, the parameters are then

updated in the same way as proposed by Wulfsohn and Tsiatis [94].

9.4.3 Inference and asymptotic properties

Zeng and Cai have recently shown [97] that the MLE of the joint model parameters

is consistent and asymptotically normal, and that the profile likelihood approach,

proposed by Wulfsohn and Tsiatis [94], can be used to give asymptotically valid

inferences for the finite dimensional parameters of the model. This appears however

to conflict with more recent findings by Hsieh et al [96], who claim that the approach

underestimates the variance of estimates.

9.4.4 Assumptions and likelihood justification

The likelihood function given in equation (9.12) was loosely justified in the paper

by Wulfsohn and Tsiatis [94] as being valid provided that the timing of error-prone

measurements is uninformative. However, except in what we described as situation

1, the longitudinal error-prone measurements play a role analogous to ‘internal’

time-dependent covariates [133]. That is, their timing is predictive of survival, in

the sense that if a subject has an error-prone measurement at time t, we know they

did not fail prior to time t. More recently, Tsiatis and Davidian have given a more

formal justification for such a likelihood function [124]. In the same way as the
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likelihood function in the case of time-dependent covariates for standard survival

models is derived, Tsiatis and Davidian showed that a likelihood function such as

that given in equation (9.12) is valid under the assumptions [124]:

• h(t|Vi ≥ t,Xi,Zi,W
H
i (t), tHi (t)) = h(t|Ti ≥ t,Xi,Zi)

• measurement errors Uij are independent of all other variables, conditional on

Xi and Zi

• at each time t, the hazard of censoring may depend on the past observed

longitudinal history and Zi, but not on Xi

• at each time t, the probability of a longitudinal error-prone measurement tak-

ing place may depend on the past observed longitudinal history and Zi, but

not on Xi

9.4.5 Software

A significant issue in relation to the use of ML for longitudinal and survival models

is the lack of availability to fit such models in statistical software packages. As

far as we are aware, the SAS PROC NLMIXED command is the only way ML

estimates can be obtained using standard statistical software. To address the need

for estimation routines for such models, Rizopoulos has recently released the JM

package for R, which allows a number of joint survival/longitudinal models to be

fitted, including the one used by Wulfsohn and Tsiatis [94]. Unfortunately, the JM

package only permits estimation for models in which X∗
i (t) is scalar and equal to

the current value Mi(t) of the longitudinal process.

9.4.6 Flexible parametric approach and sensitivity to para-

metric assumptions

The ML approach described thus far is based on making parametric assumptions,

typically of multivariate normality, for the random-effects vector Xi. To relax this

assumption Song et al proposed a likelihood approach in which the distribution of

Xi is assumed to belong to the semi-nonparametric class of distributions [134]. They

proposed using the EM algorithm for estimation, which like the model which assumes

normality for Xi, involves intractable integrals at the E-step. They described the

use of Gaussian quadrature to approximate the required integrals. Unexpectedly,

Song et al found that ML estimates for the model which assumes normality for

Xi appeared to remain unbiased even when the normality assumption was violated,

which they said required further investigation. Additional simulations by Tsiatis and

Davidian further supported this finding of robustness to parametric assumptions for

Xi [124].
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This phenomenon has been investigated further from various theoretical perspec-

tives by a number of authors [96,122,135]. As discussed earlier in Section 8.2.4, the

results of these papers suggest that the ML approach may be robust to violations of

the parametric assumptions for the random-effects Xi when the information avail-

able about the random-effects for each subject is large. This can occur either because

measurement errors are small, or because subjects have many longitudinal measure-

ments. Huang et al have recently proposed an approach similar to SIMEX, which

can be used to investigate the sensitivity of the ML estimator to the distributional

assumptions for Xi in a particular dataset [122].

9.4.7 Parametric models for the hazard function

As previously discussed use of quadrature methods is feasible when the dimension

of Xi is small. However, there is probably considerable interest in fitting models in

which the dimension of Xi is larger. In particular, this is the case if we attempt

to model the trajectory of the longitudinal process using splines or higher-order

functions of time (see Section 9.9). To address the computational difficulties of

finding the MLE in such joint models, Rizopoulos has recently proposed using a

version of the Laplace approximation technique to approximate the integrals [136].

Rather than make no assumptions about the baseline hazard function, Rizopoulos et

al proposed a model in which the baseline hazard function is specified parametrically

using B-splines [136]. Since in typical applications the baseline hazard function can

be expected to be smooth, use of a fully parametric model can be expected to have

greater efficiency compared to leaving its form unspecified. Furthermore, inference

for parameter estimates follows from standard asymptotic theory, in contrast to the

situation when the baseline hazard function is estimated non-parametrically.

9.5 Ascent-based Monte-Carlo Expectation Max-

imization

In this section we show how MCEM, described in the case of a time-independent

covariate measured with classical measurement error in Section 5.5, can be used

to find MLEs for the parametric model described in Sections 9.2 and 9.4.1. We

show in Section 9.5.1 that, as in the case of time-independent covariates measured

with classical measurement error, rejection sampling can be used to draw from the

conditional distribution of Xi given the observed data. In Section 9.5.2 we describe

the necessary modifications to the M-step of EM. The rules of ascent-based MCEM,

as previously described in Section 4.5.3, can again be applied without modification.
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9.5.1 Generating imputations using rejection sampling

We first restate equation (5.25), but in more generality here with multivariate Xi

and potentially error-free Zi:

f(Xi|Vi, Yi,Wi,Zi) =
f(Vi, Yi|Xi,Zi)f(Xi|Wi,Zi)

f(Vi, Yi|Wi,Zi)
. (9.16)

As in Section 5.5.1, we consider the cases of Yi = 0 and Yi = 1 separately. We

use f(Xi|Wi,Zi) as our candidate density, as this is multivariate normal under

the previously stated assumptions (of conditional normality for Xi given Zi and

normality for Wij given Xi).

For censored subjects, the derivation of Section 5.5.1 applies without modifica-

tion. Thus, we can draw xi ∼ f(Xi|Wi,Zi) and u ∼ U(0, 1), and accept xi if:

u ≤ S(Vi|xi,Zi) = exp


−

∑

j:Vj≤Vi

∆H0(Vj) exp(β
T
X∗x∗

i (Vj) + β
T
Z∗Zi)


 , (9.17)

where x∗
i (Vj) = A(Vj,xi).

We now consider the case in which subject i experiences the event of interest, so

that Yi = 1. To use rejection sampling with f(Xi|Wi,Zi) as the candidate density,

we must bound:

f(Xi|Vi, Yi = 1,Wi,Zi)

f(Xi|Wi,Zi)
, (9.18)

which by equation (9.16) is equal to:

f(Vi, Yi = 1|Xi,Zi)

f(Vi, Yi = 1|Wi,Zi)
. (9.19)

The density f(Vi, Yi|Xi,Zi) for Yi = 1 is, according to equation (9.15):

f(Vi, Yi = 1|Xi,Zi) = ∆H0(Vi) exp(β
T
X∗X∗

i (Vi) + β
T
Z∗Zi)

× exp


−

∑

j:Vj≤Vi

∆H0(Vj) exp(β
T
X∗X∗

i (Vj) + β
T
Z∗Zi)


 (9.20)

We now substitute X∗
i (t) = A(t,Xi) to make clear the dependence on Xi:

∆H0(Vi) exp(β
T
X∗A(Vi,Xi) + β

T
Z∗Zi)

× exp


−

∑

j:Vj≤Vi

∆H0(Vj) exp(β
T
X∗A(Vj,Xi) + β

T
Z∗Zi)


 (9.21)
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We do not believe it is possible to tightly bound this expression without taking into

account the particular specification of the function A(t,Xi). However, since the

increments ∆H0(Vj) are always positive, the expression is always less than or equal

to:

∆H0(Vi) exp(β
T
X∗A(Vi,Xi) + β

T
Z∗Zi)

× exp
(
−∆H0(Vi) exp(β

T
X∗A(Vi,Xi) + β

T
Z∗Zi)

)
. (9.22)

Analogous to the derivation in Section 5.5.1, by differentiating with respect to Xi

it follows that this expression takes its maximum when:

exp(βT
X∗A(Vi,Xi) + β

T
Z∗Zi) = 1/∆H0(Vi), (9.23)

so that the expression in equation (9.22) can be bounded above by exp(−1). Thus

equation (9.19) can be bounded above by:

exp(−1)

f(Vi, Yi = 1|Wi,Zi)
. (9.24)

Rejection sampling can then be used by drawing xi ∼ f(Xi|Wi,Zi) and u ∼ U(0, 1),

and accepting xi if:

u ≤ f(Vi, Yi = 1|xi,Zi)

f(Vi, Yi = 1|Wi,Zi)
exp(−1)

f(Vi,Yi=1|Wi,Zi)

= exp(1)f(Vi, Yi = 1|xi,Zi), (9.25)

where f(Vi, Yi = 1|xi,Zi) is as given in equation (9.20). While this procedure

allows us to generate imputations from f(Xi|Vi, Yi = 1,Wi,Zi), the looseness of

the bound used means that a large number of draws will be required before the

(u,xi) pair satisfies the inequality in equation (9.25). We recall that in the case of

a time-independent covariate (measured with classical error), the inequality found

in Section 5.5.1 was u ≤ H0(Vi)
h0(Vi)

exp(1)f(Vi, Yi = 1|xi), which is much more likely to

be satisfied, due to the presence of the term H0(Vi)
h0(Vi)

.

9.5.2 M-step

Having multiply imputed Xi, the model parameter estimates must be updated. As

before, we let X
(m)
i denote the mth imputation of Xi. The updated estimate of the

measurement error variance σ2
U for the mth imputation is then given by:

∑n
i=1

∑ni

j=1(Wij − g(tij)
TX

(m)
i )2∑n

i=1 ni

. (9.26)
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The mean and covariance parameters of the normal distribution corresponding to

f(Xi|Zi) similarly follow from standard results for MLEs in the multivariate normal

model, depending of course on the specification for how the mean varies with Zi.

The Cox model parameters βX and βZ can be estimated using standard rou-

tines to fit a Cox proportional hazards model with time-updated covariate X∗
i =

A(t,X
(m)
i ) (in the mth imputation) and time-independent covariate Zi. Lastly, the

increments of the cumulative baseline hazard function are, analogous to the expres-

sion in Section 5.5.2, updated by:

∆̂(H0(t)) =
∑

Vi=t

Yi∑
j∈Ri

E(exp(βT
X∗X∗

j(t) + β
T
Z∗Zj))

, (9.27)

where the expectation is replaced by its Monte-Carlo estimate based on the multiple

imputations of Xi.

9.6 Multiple imputation

Analogous to our proposals of Sections 7.6.5 and 8.6.5, we propose that MI can

be used to estimate the Cox proportional hazard model parameters βX∗ and βZ∗

corresponding to a number of different specifications for X∗
i (t) = G(MH

i (t)) =

A(t,Xi). First, we define X∗
i (t) such that all of our alternative specifications of

interest for X∗
i (t) are special cases. For example, in the analyses of Boshuizen et

al , it appeared that the authors were interested in at least the three following

specifications for X∗
i (t):

1. X∗
i (t) =Mi(t)

2. X∗
i (t) =Mi(t− 25)

3. X∗
i (t) = (Mi(t),Mi(t− 25))T

In this case, the first and second models are nested within the third more general

model specification. To obtain valid parameter estimates for βX∗ and βZ∗ under all

three of these specifications, we propose that the parameters of the joint model be

first estimated under the general specification (for example by ML), within which

the other specifications are nested (i.e. X∗
i (t) = (Mi(t),Mi(t− 25))T ).

Having estimated the parameters of the joint model for the general specification

of X∗
i (t), we can then multiply impute Xi, using the estimates of the model param-

eters. This can be done using rejection sampling, as described in Section 9.5.1. For

the mth imputation, we can then fit the Cox model for each of the specifications

of X∗
i (t), where we use the imputation X

(m)
i to generate X∗

i (t) = A(t,X
(m)
i ). The

parameter estimates can then be averaged over the imputations. Providing that the

model used to generate the imputations is not misspecified, we believe this approach
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will yield valid parameter estimates for a given specification of X∗
i (t), even if the

conditional independence assumption:

h(t|X∗
i (t),M

H
i (t),Zi) = h(t|X∗

i (t),Zi) (9.28)

does not hold. In the models considered by Boshuizen et al , we may for example fit

the Cox model corresponding to X∗
i (t) =Mi(t), and the parameter estimates should

be consistent for the unadjusted effect of current SBP, even if SBP levels 25 years

earlier have an independent effect on hazard at time t.

One of the advantages of using the MCEM procedure described in Section 9.5

to find ML estimates is that a large set of imputations of Xi is available after the

procedure has converged. Providing the specification of X∗
i (t) made encompasses

the various alternative specifications of X∗
i (t) as special cases, we can use these

multiple imputations to estimate βX∗ and βZ∗ under the various alternatives for

the definition of X∗
i (t). We explore this proposal in simulations, which we report in

Section 9.8.

Since our proposed MCEM procedure is very computationally intensive, an al-

ternative approach to creating imputations would be to first estimate the model

parameters using a method such as RC, and then to create multiple imputations

(using rejection sampling as described) using these parameter estimates.

9.7 Conditional score method

The conditional score method, originally devised by Carroll et al for generalised

linear outcome models (see Section 4.9), was first adapted to the case of a Cox

proportional hazards model in the setting of longitudinal error-prone measurements,

by Tsiatis and Davidian [105]. Tsiatis and Davidian described the implementation

of the method when Xi = (Xi1, Xi2)
T represent random-intercepts and slopes for a

longitudinal process, and when the hazard at time t is assumed to depend on the

longitudinal process history via its current value X∗
i (t) = Xi1 +Xi2t.

In the implementation of the CS method for binary outcomes, we recall the

requirement that the design matrix Di in the linear mixed model Wi = DiXi +

Ui be of full-rank. In the case of a time-to-event outcome with time-dependent

covariates, the analogous conditions mean that a subject may be able to contribute

to estimation at some risk-sets, but not others. For the random-intercepts and

slopes model considered by Tsiatis and Davidian [105], for an event to contribute

to estimation, the subject who died must have had at least two longitudinal error-

prone measurements preceding their event time, so that their intercept and slope

are identifiable. Furthermore, at each event time, only subjects who at the event

time in question have at least two longitudinal error-prone measurements contribute

to the risk-set.
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Tsiatis and Davidian proposed an estimator for the measurement error variance

σ2
U , and gave a heuristic argument of the consistency and asymptotic normality of the

CS estimator. In simulations, Tsiatis and Davidian found that the CS estimator gave

unbiased estimates under a wide range of different distributions for Xi [105]. One

of the prices for obtaining consistency without requiring distributional assumptions

for Xi is inefficiency, relative to the correctly specified ML estimator. In simulation

results by Tsiatis and Davidian [124], the standard deviation of the CS estimator

was 15% larger than the MLE.

9.7.1 Multiple longitudinal processes and alternative model

specifications

Subsequently Song et al generalized the CS method to a much more general model

setting [137]. Song et al developed the method when there may be multiple lon-

gitudinal processes, each of which follow a model as given in equation (9.1) (i.e.

not restricting attention to the random-intercepts and slopes model), and in which

measurements of the different longitudinal processes made at the same time may

be correlated. In this more general setting, a subject i can only contribute to the

risk-set at time t if X∗
i (t) is identifiable based on their preceding measurements.

Song et al stated that at a given time, a subject must have (in the case of a single

longitudinal process) at least as many error-prone measurements as the dimension

of Xi, although this does not seem to be a strong enough sufficient condition to

allow identifiability. In our simulations (see Section 9.8), we consider a piece-wise

constant model for Mi(t), with a five-dimensional random-effects vector Xi repre-

senting the longitudinal process value in each of five equally size periods of time. We

then assume the hazard at time t depends on the value of the longitudinal process in

the preceding two intervals over which the process is constant. In this case, even if

a subject had at least five longitudinal measurements, if they had no measurements

from one of the two preceding intervals, the value of X∗
i (t) would not be identifiable.

We therefore believe subjects could only contribute to the CS estimating equation

in a particular period if they had at least one error-prone measurements in the

two preceding periods. Such a requirement may be overly restrictive in particular

applications.

9.7.2 Assumptions

Tsiatis and Davidian later detailed assumptions under which the CS estimator gives

consistent estimates [124]. In summary:

• h(t|Vi ≥ t,Xi,Zi,W
H
i (t), tHi (t)) = h(t|Ti ≥ t,Xi,Zi)

• Measurement errors Uij are independent of all other variables
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• At each time t, the hazard of censoring, after conditioning on Xi, Zi, t
H
i (t),

does not depend on the past measurement errors

• At each time t, the probability of a longitudinal error-prone measurement

taking place, after conditioning on Xi, Zi, t
H
i (t), does not depend on the past

measurement errors

As noted by Tsiatis and Davidian, the third and fourth assumptions differ compared

to the third and fourth assumptions which are sufficient to justify the likelihood

approach [124]. Whereas for the likelihood approach, censoring and timing of mea-

surements may depend on past longitudinal measurements but not Xi, for the CS

method, censoring and timing of measurements may depend on Xi, but conditional

on Xi, not on the past longitudinal measurements (which conditional on Xi is equiv-

alent to being independent of the measurement errors). As Tsiatis and Davidian

pointed out, if censoring and the timing of measurements is thought not to depend

on Xi or the past measurement history, then the assumptions required for either the

likelihood or CS approach are satisfied [124].

9.8 Simulations

In this section we give the results of simulations to investigate the performance

of RC methods and ML via ascent-based MCEM. Rather than simulate under the

random-intercepts and slopes model, as we have done previously for continuous and

binary outcomes, we adopt the piece-wise constant model we have previously given

as an example. Our motivation for this is discussed further in Section 9.9.

9.8.1 Simulation setup

Longitudinal process

For each of n = 1, 000 subjects, we simulated a five dimensional random-effects

vector Xi, with mean (0, 0, 0, 0, 0)T and variance covariance matrix:

ΣX =




1 0.5 0.4 0.3 0.2

0.5 1 0.5 0.4 0.3

0.4 0.5 1 0.5 0.4

0.3 0.4 0.5 1 0.5

0.2 0.3 0.4 0.5 1




(9.29)

We assumed that the longitudinal process is observed from time 0 until potentially

tL1 = 50 ‘years’ and we divided time into 5 intervals of 10 years. We assumed a
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piece-wise constant model for the longitudinal process, so that for a given time t,

Mi(t) = Xi(⌊t/10⌋+1), (9.30)

where ⌊x⌋ denotes x rounded down to the next smallest integer. We then generated

error-prone measurements Wij according to:

Wij =Mi(tij) + Uij , (9.31)

with Uij ∼ N(0, 1). All subjects had an error-prone measurement at t = 0, as would

typically occur at the beginning of a study. We then simulated from a discrete

uniform distribution to determine how many additional error-prone measurements

each subject had, ranging from 0 to 19 (to give an overall potential maximum of 20

error-prone measurements). The times of these additional measurement, tij, were

then generated according to the continuous uniform distribution on (0, 50). Any

measurements which took place after the time when a subject experienced the event

of interest (see below) were then removed.

Survival process

We assumed the risk-period started at tS0 = 20 years, and that the hazard at time

t depended jointly on the value of Mi(.) in the preceding two decades. For a given

time t, let j denote the integer such that 10j < t < 10(j+1), i.e. j = ⌊t/10⌋. Then:

X∗
i (t) = (Mi(t− 10),Mi(t− 20))T

= (Xij , Xi(j−1))
T , (9.32)

We assumed that the hazard for subject i at time t was equal to:

h0 exp(β
T
X∗X∗

i (t)) (9.33)

where h0 = 0.1 denotes an assumed constant baseline hazard. The survival function

is then given by:

S(t|Xi) = exp

(
−
∫ t

20

h0 exp(β
T
X∗X∗

i (s))ds

)
. (9.34)
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To evaluate the integral we decompose it based on the partition of time into intervals

of length 10, over which X∗
i , and hence the integrand, is constant:

∫ t

20

h0 exp(β
T
X∗X∗

i (s))ds =

⌊t/10⌋−1∑

j=2

∫ 10(j+1)

10j

h0 exp(β
T
X∗X∗

i (s))ds

+

∫ t

10⌊t/10⌋

h0 exp(β
T
X∗X∗

i (u))du (9.35)

Since the integrand is constant in the domains of each of these integrals:

∫ 10(j+1)

10j

h0 exp(β
T
X∗X∗

i (s))ds = 10h0 exp(βX∗
1
Xij + βX∗

2
Xi(j−1)), (9.36)

and

∫ t

10⌊t/10⌋

h0 exp(β
T
X∗X∗

i (s))ds

= (t− 10 ⌊t/10⌋)h0 exp(βX∗
1
Xi(10⌊t/10⌋) + βX∗

2
Xi(10⌊t/10⌋−1)) (9.37)

To simulate the event time for each subject, we simulated a draw u ∼ U(0, 1) and

then found the value t (using the above expressions) such that S(t|Xi) = u. If

u < S(50|Xi), then the subject was censored (and the event indicator Yi = 0) at

t = 50.

We simulated data under four scenarios; scenario 1: βX∗
1
= 0.1, βX∗

2
= 0.1,

scenario 2: βX∗
1
= 1, βX∗

2
= 1, scenario 3: βX∗

1
= 0.1, βX∗

2
= 0, scenario 4: βX∗

1
= 1,

βX∗
2
= 1.

9.8.2 Estimation methods

Analogous to the simulations in Chapters 7 and 8, we considered estimation of:

• βX∗
1
and βX∗

2
, the mutually adjusted effects of Mi(t− 10) and Mi(t− 20)

• the unadjusted effect of Mi(t− 10)

• the unadjusted effect of Mi(t− 20)

We now describe the estimation methods used. Due to the computational time

required for the ML (via MCEM) approach, we performed 100 simulations per sce-

nario.

Ideal

As for the simulations with a binary outcome, closed form expressions are not avail-

able for some of the unadjusted effect parameters. For the unadjusted effects, we
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therefore present the mean (SD) of the ‘ideal’ estimator, which consists of fitting a

Cox proportional hazards model using the true value of the longitudinal process in

the preceding decade (or the value two decades earlier) as time-dependent covariate.

This estimator is thus of course not possible in practice, but it allows us to esti-

mate the unadjusted parameter which would be consistently estimated if Xi were

observed without error.

Regression calibration

To implement RC, we fitted a single linear mixed model to all the longitudinal

measurements from all subjects, using the lmer command in R. Based on this fit, the

BLUPs of their five dimensional random-effects vectorXi were calculated, and added

to the estimated mean µ̂X . These were then used to predict the time-dependent

covariate X∗
i , as given by equation (9.32). That is, for events occurring between

20 and 30 years, the first covariate was set equal to each subject’s predicted value

of Xi2, and the second covariate was set equal to their predicted value of Xi1. For

events between 30 and 40 years, the predictions of, respectively, Xi3 and Xi2 were

used as covariates. To estimate βX∗
1
and βX∗

2
, we fitted the Cox proportional hazards

model with the predictions of the longitudinal process in the preceding two decades

as time-dependent covariates. To estimate the unadjusted effects of eitherMi(t−10)

or Mi(t − 20), we re-fitted the Cox model with the corresponding predicted values

as covariate.

Risk-set regression calibration

To implement risk-set RC, in closer spirit to the induced hazard given in equation

(9.10), at each event time, we refitted the linear mixed model, using data only from

subjects who were at risk at that event time. Furthermore, at each event time, we

fitted the linear mixed model using only those measurements made in the decades

preceding that in which the event occurred. For example, for events occurring

between 20 and 30 years, we fitted linear mixed models using only measurements

occurring between 0 and 20 years (and by implication with only a two-dimensional

random-effects vector). The linear mixed model fit was then used to predict X∗
i (t)

at the particular event time. We then fitted the same Cox proportional hazards

models as described for RC.

If we had attempted to include longitudinal measurements made in the ‘cur-

rent’ decade, estimation problems would occur at event times early in the decade.

For example, suppose an event occurred at 20.1 years. Then it is likely that very

few subjects would have any error-prone measurements between times 20 and 20.1,

meaning there would be very little information with which to estimate the variance

and covariances of Xi3.
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Maximum likelihood via ascent-based Monte-Carlo Expectation Maxi-

mization (ML)

We used ascent-based MCEM to estimate the mutually adjusted effects ofMi(t−10)

and Mi(t − 20) on the hazard at time t, as described in Section 9.5. We used the

estimates of µX , ΣX and σ2
U found in the first stage of RC as initial estimates. For

βX∗ and the baseline hazard function, we used the RC estimates. We used the same

values of the control parameters for ascent-based MCEM as described previously.

When running the simulations we found that the MCEM algorithm did not

converge, even after many iterations. In our previous simulations, the number of

imputations increased as the estimated increase in likelihood at each iteration be-

come smaller. However, for the current simulations, with each iteration the estimate

of the increase in likelihood did not decrease, so that the number of imputations did

not increase from the initial 10. We suspected that the increase in the likelihood

(strictly the expected complete data log likelihood) at each iteration was being over

estimated. To investigate this, at each iteration we generated a second, independent

set of imputations, from which we estimated the increase in the likelihood. This

confirmed that the estimate based on the imputations used to update the model

parameters was over-optimistic. This occurs because the same set of imputations

are used to find updated values of the model parameters and to assess the increase

in likelihood. This optimism converges in probability to zero as the number of im-

putations increases [74]. By using an independent set of imputations to estimate the

increase in the likelihood function, we found that the algorithm converged reliably.

We are unsure as to why this occurred in these simulations but not in our earlier

simulations. However, the issue also occurred in our data analyses, both when con-

sidering a binary outcome (Chapter 12) and a time to event outcome (Chapter 13),

in which the dimension of Xi was moderate. This suggests the issue is related to the

higher dimensionality of Xi, although we are unsure as to exactly why this occurs.

We did not find the ML estimates of the unadjusted effects for the joint model

which assumes hazard at t depends only on Mi(t− 10) or Mi(t− 20) (as we did for

the analogous simulations in Chapters 7 and 8), because the MCEM algorithm here

was so much slower in terms of computational time.

Maximum likelihood via ascent-based Monte-Carlo Expectation Maxi-

mization plus multiple imputation (ML+MI)

To estimate the unadjusted effects of Mi(t − 10) and Mi(t − 20) on the hazard at

time t, we fitted time-dependent Cox models using the multiple imputations of Xi

which were available after termination of the MCEM algorithm. These estimates

thus do not rely on the omitted covariate having no independent effect on hazard.
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Table 9.1: Estimates of adjusted effects for Cox regression simulations. Mean (SD)
of estimates found using regression calibration (RC), risk-set regression calibration
(RRC), and maximum likelihood via ascent-based MCEM (ML).

β̂X∗
1

Scenario βX∗
1

βX∗
2

RC RRC ML

1 0.1 0.1 0.099 (0.058) 0.103 (0.061) 0.100 (0.059)
2 1 1 0.795 (0.071) 0.864 (0.079) 1.008 (0.089)
3 0.1 0 0.106 (0.054) 0.110 (0.056) 0.107 (0.055)
4 1 0 0.869 (0.058) 0.919 (0.069) 0.994 (0.076)

β̂X∗
2

Scenario βX∗
1

βX∗
2

RC RRC ML

1 0.1 0.1 0.098 (0.055) 0.097 (0.056) 0.099 (0.056)
2 1 1 0.731 (0.073) 0.854 (0.080) 0.992 (0.096)
3 0.1 0 -0.004 (0.050) -0.005 (0.051) -0.004 (0.051)
4 1 0 -0.011 (0.055) 0.012 (0.061) 0.003 (0.063)

9.8.3 Simulation results

Estimates of adjusted effects

Table 9.1 shows the mean (SD) of estimates of the adjusted effects of Mi(t − 10)

and Mi(t− 20) using RC, RRC, and ML via ascent-based MCEM. RC showed little

bias in scenarios 1 and 3, in which the covariate effects were small. In contrast, in

scenario 2 the estimates were biased towards the null by approximately 20% (effect

of Mi(t − 10)) and 27% (effect of Mi(t − 20)). In scenario 4, the RC estimate of

the effect of Mi(t − 10) was still biased towards the null, but to a smaller extent

(approximately 13%).

The risk-set RC estimates showed less bias but greater variability than the RC

estimates, consistent with our findings in the case of a time-independent covariate

measured with classical error (see Chapter 5). However, in scenarios 2 and 4, the

RRC estimates still showed substantial bias.

In contrast, the ML estimates, obtained using ascent-based MCEM, showed little

bias across all four scenarios. For those parameters where RC/RRC had little bias

(and therefore a comparison of SD is reasonable), the variability of the ML estimates

was similar to that of RC.

Estimates of unadjusted effects

Table 9.2 shows the estimates of the unadjusted effects of Mi(t− 10) or Mi(t− 20),

using RC, RRC and ML+MI. For scenario 1, the estimates from RC were biased

upwards, due to the fact that the conditional independence assumption was invalid in

this scenario. For scenario 2, the mean of the RC estimates was slightly higher than
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Table 9.2: Estimates of unadjusted effects for Cox regression simulations. Mean
(SD) of estimates found using true Xi (ideal), regression calibration (RC), risk-set
regression calibration (RRC), and maximum likelihood via ascent-based MCEM plus
multiple imputation (ML+MI).

Unadjusted effect of Mi(t− 10)

Scenario βX∗
1

βX2 Ideal RC RRC ML+MI

1 0.1 0.1 0.152 (0.030) 0.167 (0.038) 0.170 (0.040) 0.148 (0.042)
2 1 1 1.161 (0.049) 1.176 (0.070) 1.205 (0.090) 1.164 (0.082)
3 0.1 0 0.103 (0.031) 0.103 (0.040) 0.106 (0.042) 0.104 (0.042)
4 1 0 1.004 (0.035) 0.860 (0.051) 0.925 (0.061) 0.993 (0.069)

Unadjusted effect of Mi(t− 20)

Scenario βX∗
2

βX2 Ideal RC RRC ML+MI

1 0.1 0.1 0.148 (0.030) 0.158 (0.036) 0.158 (0.037) 0.148 (0.038)
2 1 1 1.176 (0.050) 1.110 (0.068) 1.178 (0.084) 1.163 (0.081)
3 0.1 0 0.051 (0.028) 0.061 (0.037) 0.062 (0.038) 0.049 (0.038)
4 1 0 0.393 (0.035) 0.471 (0.051) 0.483 (0.056) 0.395 (0.049)

that of the ideal estimator. We believe this reflects a fortuitous combination of bias

towards the null inherent in RC for the Cox model, and bias away from the null (for

this particular simulation setup) due to the conditional independence assumption

being invalid. Indeed, for the effect of Mi(t − 20), RC was biased downwards in

scenario 2. For scenario 3, the RC estimates of the effect of Mi(t− 10) showed little

bias, since the conditional assumption was valid here, and the effect size was small.

In contrast, the estimates of the effect of Mi(t − 20) were biased upwards, due to

the conditional independence assumption being false. In scenario 4, the estimates

of the effect of Mi(t − 10) were biased downwards (usual bias of RC for the Cox

model), whereas the estimates of the effect of Mi(t− 20) were biased upwards (due

to invalidity of conditional independence assumption outweighing usual bias of RC

for the Cox model).

In the absence of violations of the conditional independence assumption, the

RRC estimator showed less bias than RC for estimates of the adjusted effects of

Mi(t − 10) and Mi(t − 20). Consequently, when the conditional independence was

violated (scenarios 1 and 2, and in scenarios 3 and 4, the estimates of the effect of

Mi(t − 20)), the RRC estimator had greater bias than RC. When the conditional

independence assumption was not violated (estimates of the effect of Mi(t− 10) in

scenarios 3 and 4), RRC was less biased than RC.

The ML+MI estimates had a similar mean to the ideal estimator for all effects.

In particular, the ML+MI estimator, which uses the RC estimates as initial values,

corrected for the upward bias in the RC estimates.
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9.9 Modelling assumptions revisited

Throughout our developments we have assumed that for all subjects there exists

an unobserved (latent) random-effects vector Xi, which determines the trajectory

of the longitudinal process, according to equation (9.1). The majority of papers

concerning joint models of this kind have considered the simple setting in which

Xi is two-dimensional, representing random-intercepts and slopes [94, 105, 137]. As

discussed by Tsiatis and Davidian [124], one interpretation of this assumption is that

it implies that the longitudinal trajectory is an inherent characteristic of a subject.

In contrast, in many epidemiological applications, we may envisage that the

longitudinal process evolves stochastically over time. To address this, Henderson et

al proposed a model in which in addition to the random-effects Xi, the longitudinal

process path also depends on a continuous time stochastic process [99]. Such a

model allows the longitudinal process trajectory to evolve stochastically in time, over

and above the ‘long term’ trend dictated by the subject-specific random-effects Xi.

However, although this may be attractive from a modelling perspective, being closer

to our understanding of how data arise, the addition of the stochastic process to

the model substantially increases the computational complexity involved in finding

MLEs [99,125].

Both Tsiatis and Davidian [124], and more recently Diggle et al [125], have sug-

gested that it may be possible to specify models which are closer in spirit to that

proposed by Henderson et al [99] (in which a stochastic process allows the longitu-

dinal process to evolve over time) within the type of modelling framework we have

considered (i.e. with only random-effects Xi determining the longitudinal trajec-

tory). Diggle et al specifically suggested that spline models, expressed in terms

of a random-effects model, might be used as a compromise between models which

include a stochastic process (which are computationally problematic) and the types

of simple random-effects specifications (e.g. random-intercepts and slopes) which

had previously dominated the literature regarding joint modelling of longitudinal

and survival data [125]. In fact, in one of the earliest papers proposing joint models

for longitudinal and survival data, DeGruttola et al suggested that for longitudi-

nal data measured at a small set of common time points, a saturated mean and

covariance model could be used for the longitudinal measurements, thus making no

assumptions such as linearity over time for the trajectory [126].

The setup used in our simulations of Section 9.8 takes up these suggestions, by

assuming that the longitudinal process is assumed to follow a piece-wise constant

trajectory, with the elements of Xi representing the constant levels in the time

periods 0 to 10, 10 to 20, 20 to 30, 30 to 40, 40 to 50. In certain situations, although

the occurrence of the time-to-event outcome precludes further longitudinal error-

prone measurements, it may not preclude the existence of the longitudinal process

after the event. The most obvious example is when the event of interest is drop-out
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from a clinical trial or observational study. In this case, assuming subjects are still

alive, the longitudinal process of interest still exists after the event occurs, even if it

is not observable. In this case, a model of the kind used in our simulations may be

appropriate.

In some situations however, the occurrence of the event of interest may terminate

the existence of the longitudinal process. In Chapter 13 we consider models for the

relationship between SBP levels and the hazard of cardiovascular disease (either non-

fatal or death due to cardiovascular disease). After death, a person’s blood pressure

does not exist, and is therefore not a well defined quantity. Applying the model

used in our simulations to this setting, for subjects who ‘die’ between t = 20 and

t = 30, what do the random-effects Xi4 and Xi5 represent? From one perspective,

our modelling assumptions for the ‘complete data’, which include Xi, imply that

the SBP trajectory for a particular subject is defined at all times (e.g. from t = 0

to t = 50), irrespective of if, and when, the event of interest occurs. For a particular

subject who dies at t = 25, we may then view the random-effects Xi4 and Xi5 as

representing a subject’s SBP levels in the periods 30 to 40 and 40 to 50, in the

hypothetical situation in which death does not preclude further observation (and

indeed existence) of SBP. In settings such as this, a legitimate question is whether

use of models which assume the existence of such quantities is appropriate.

We now give a brief argument explaining why, at least in terms of parameters

of the survival model, using estimation methods which assume the existence of the

vector Xi when the event of interest terminates the existence of the longitudinal

process, may still be reasonable. To illustrate our argument, we continue with the

setup used in the simulations of Section 9.8. The data in our simulations were

generated in the following way:

1. Generate Xi = (Xi1, Xi2, Xi3, Xi4, Xi5)
T ∼ N(µX ,ΣX)

2. Generate survival time Ti according to model with hazard at time t given

by 0.1 exp(βX∗
1
Mi(t − 10) + βX∗

2
Mi(t − 20)) (and zero hazard for t < 20), as

previously described in Section 9.8

3. Set Vi = Ti, Yi = 1, unless Ti > 50, in which case set Vi = 50, Yi = 0

4. Generate times longitudinal error-prone measurements as previously described

in Section 9.8

This underlying data-generating model is consistent with the modelling framework

we have used in this chapter. In particular, the vector Xi is well-defined for all sub-

jects. The occurrence of the event of interest merely prevents any further observation

of the longitudinal process. The observed data consist of (Vi, Yi,Wi) (plus the times

of the measurements Wi). Now consider the following, alternative, data-generating

model:
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1. Generate Xi = (Xi1, Xi2, Xi3)
T ∼ N(µX1−3

,ΣX1−3), i.e. from a multivariate

normal distribution with mean and covariance matrices given by the appro-

priate sub-vector/matrix of µX and ΣX

2. Generate survival up to time t = 30 according to an exponential distribution

with hazard 0.1 exp(βX∗
1
Xi2 + βX∗

2
Xi1)

3. For those subjects who survived to t = 30, generate Xi4|Xi1, Xi2, Xi3 from a

normal distribution, with conditional mean and variance implied by µX1−4
and

ΣX1−4 from standard results for the multivariate normal

4. For those subjects who survived to t = 30, generate survival from t = 30 to

time t = 40 according to an exponential distribution with hazard 0.1 exp(βX∗
1
Xi3+

βX∗
2
Xi2)

5. For those subjects who survived to t = 40, generate Xi5|Xi1, Xi2, Xi3, Xi4 from

a normal distribution, with mean and variance implied by µX and ΣX

6. For those subjects who survived to t = 40, generate survival from t = 40 to

time t = 50 according to an exponential distribution with hazard 0.1 exp(βX∗
1
Xi4+

βX∗
2
Xi3)

7. Set Vi = Ti, Yi = 1, unless Ti > 50, in which case set Vi = 50, Yi = 0

8. Generate times longitudinal error-prone measurements as previously described

in Section 9.8

The observed data again consist of (Vi, Yi,Wi) (plus the times of the measurements

Wi).

These two different data-generating models give rise to observed data with the

same joint distribution. From this it follows that whatever estimation procedure is

applied to the observed data, the same values are consistently estimated irrespective

of which underlying data-generating model is correct. In particular, this suggests

that we can obtain valid estimates of the parameters of the survival model, which is

the same in the two data-generating models, by using estimation methods which are

based on the first data-generating model, even if the second data-generating model

more closely matches our belief of how the data arise.

The implications for the parameters of the longitudinal model are somewhat

different however. In the first data-generating model, the random-effects vectorXi =

(Xi1, Xi2, Xi3, Xi4, Xi5)
T is defined for all subjects, with corresponding population

mean µX and covariance matrix ΣX . In the second data-generating model, Xi4 and

Xi5 are only defined for those subjects who survive to t = 30 and t = 40 respectively,

and their means in particular (in these subsets of the original population) differ from

the corresponding elements of µX . For example, if SBP is associated with increased
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hazard, those who survive to t = 30 will tend to be subjects with lower values of

Xi1 and Xi2 (which affect survival from t = 20 to t = 30).

Consider for example, the parameter corresponding to E(Xi4). Estimates of

this parameter from either RC or the ML approach (which assume the first data-

generating model) are estimates of the corresponding elements of the marginal mean

vector µX . In particular, they are not estimates of the mean of Xi4 in survivors to

t = 30. For those subjects who die prior to t = 30, both RC and ML implicitly

impute what the value of Xi4 would have been on the basis of Xi1, Xi2 and Xi3

(which themselves are implicitly imputed based on error-prone measurements, and

in addition, for ML, using the fact the subject had died). This imputation is made

using the relationship between Xi4 and the preceding levels as estimated using data

from those who have longitudinal error-prone measurements between t = 30 and

t = 40. In situations in which the event of interest may terminate the existence

of the longitudinal process, we therefore do not believe the estimates of parameters

relating to the longitudinal process at later times correspond to meaningful popula-

tion parameters. The estimate of E(Xi4) for example can be viewed as a weighted

mean of the Xi4 in the fourth decade in those who survive to the start of the decade

and the value of Xi4 that would have occurred in those who died prior to t = 30,

assuming the relationship between Xi4 and (Xi1, Xi2, Xi3) is the same as it was in

the sub-group who survived to t = 30.

This issue has been recently addressed in a paper by Kurland et al [138], who

considered the slightly different objective of the analysis of longitudinal data which

is subject to missingness due to death. They similarly concluded that methods

which marginalize over the missing data patterns are usually inappropriate when

data are missing due to death, since, as we have described, such methods implicitly

impute the missing data after death, based on the relationship estimated in those

who do not die. Further research is needed to investigate whether use of models

such as those considered in this chapter are appropriate when the focus is instead

on the relationship between the longitudinal process and the occurrence of the event

of interest.

9.10 Conclusions

The extension of estimation methods from the classical measurement error to the

longitudinal setting is arguably most complicated (except for what we described in

Section 9.1 as situation 1, in which covariates are time-independent) in the case

of time-to-event outcomes, compared to continuous or binary outcomes. This is

due to the fact that in the longitudinal setting the event process is often observed

concurrently with the longitudinal process, leading to models for the event of interest

in which the longitudinal process enters as one or more time-dependent covariates.
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9.10.1 Regression calibration

Mirroring the results of our simulations for time-independent covariates measured

with classical error, our simulation results suggest that an RC approach (based

on a single linear mixed model fit) may carry substantial biases when the time-

dependent covariate effects are moderate or large. For a time-independent covariate

measured with classical error, our simulation results (Section 5.8) suggested that

recalibrating in each risk-set removed much of the bias of the RC estimator. In our

simulations using a piece-wise constant model for the longitudinal process, while

the bias of the risk-set RC estimator was less than that of RC, considerable bias

remained when the effects of the time-dependent covariates were moderate. Despite

the approximate nature of RC, its continued popularity is due to the fact that it

can be easily implemented using routines in standard statistical packages.

Our simulation results confirmed that if RC is used to estimate the parameters of

a Cox proportional hazards model in which one or more influential time-dependent

covariates are omitted, bias results in general. In our simulations such biases acted

in the opposite direction of the inherent bias in the RC estimator, resulting in less

overall bias. This will obviously not always be the case. For example, had the effect

of the omitted time-dependent covariate on hazard been in the opposite direction to

the effect of the included covariate, the bias would have been in the same direction as

that inherent in RC estimates for Cox models (i.e. towards the null). We note that,

whereas for continuous and binary outcomes, we were able to construct a ‘corrected

RC’ estimator, such a simple correction is not possible in the case of a Cox pro-

portional hazards outcome model with time-dependent covariates. This is because

the time-dependent covariates do not usually have a constant variance covariance

matrix as time moves forward, as they do in the case of time-fixed covariates.

9.10.2 Maximum likelihood

Maximum likelihood methods have received a large amount of attention in the con-

text of joint models of time-to-event outcomes and longitudinal processes measured

periodically with error. However, a barrier to wider use has been the lack of imple-

mentation in standard statistical packages. Developments such as the JM package in

R should help encourage more widespread usage, although this is limited to models

with a single time-dependent covariate.

9.10.3 Maximum likelihood using ascent-based Monte-Carlo

Expectation Maximization and multiple imputation

We have shown how MCEM can be implemented for joint models with a Cox pro-

portional hazards outcome model by using rejection sampling to generate samples

from the conditional distribution of the random-effects Xi given the observed data.
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However, as discussed in Section 9.5, the bound used in rejection sampling is a very

loose one. Consequently, depending on the number of subjects in the dataset (which

affects the magnitude of the jumps in the non-parametric estimate of the cumula-

tive baseline hazard function), it may take thousands of proposed draws before one

is found which satisfies the stated inequality. This means that rejection sampling

is even more computationally intensive than in the case of time-independent co-

variates measured with classical error. As discussed in Chapter 8, the algorithm

could certainly be implemented more efficiently from a computational perspective

by programming the rejection sampler in a language such as C++. Since R is an ‘in-

terpreted’ package, loops are performed extremely slowly in comparison to compiled

code. Nevertheless, our simulation results suggest that use of rejection sampling,

as part of ascent-based MCEM, can be used to find consistent estimates of the pa-

rameters of the Cox proportional hazards model. Furthermore, unlike quadrature

methods, the method may be expected to still be feasible for models in which the

dimension of the random-effects vector Xi is larger.

A benefit of using the proposed rejection sampling method and estimating the

model parameters using ascent-based MCEM is that upon convergence, a large num-

ber of multiple imputations of Xi is available as a by-product of the algorithm. As

we have shown in our simulations, these can be used to estimate the parameters of

alternative outcome models with different specifications for the time-dependent co-

variates X∗
i , provided that the model is nested within the model used to generate the

imputations. Of course, the validity of such estimates still rests on the assumption

that the model used to create the imputations is correctly specified.

9.10.4 Conditional score method

Unfortunately we were unable to implement the CS method in our survival sim-

ulations due to time constraints. The CS method provides consistent estimates

without requiring any distributional assumptions for the random-effects Xi. The

price for not needing to make a distributional assumption for Xi is inefficiency com-

pared to the correctly specified MLE. In the case of binary outcomes, a subject can

contribute to estimation in the CS method if and only if the design matrix Di of

their longitudinal error-prone measurements is of full-rank. In the case of a time-to-

event outcome with time-dependent covariates, the issue is slightly more subtle, as

previously described. A subject’s event can contribute only if the value of the time-

dependent covariates are identifiable for the subject. At each event time, the risk-set

consists of those subjects who were both at risk and for whom the time-dependent

covariates are identifiable. Depending on model specification and the availability

of longitudinal error-prone measurements, these requirements may mean that few

events can contribute to the analysis, and that in the events that can, few subjects

contribute to the risk-set. However, in such cases, Tsiatis and Davidian commented
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(in the context of the random-intercepts and slopes model) that attempting to es-

timate the model parameters ‘may be a fruitless enterprise regardless of estimation

method’ [105]. As we have previously discussed, we believe further efforts are needed

to make such methods more widely used, including coding the method into packages

or commands that users can use off the shelf, and perhaps making more accessible

explanations of the methodology.

9.10.5 Modelling assumptions

As discussed in Section 9.9, much of the statistical literature concerning joint models

of longitudinal and survival data have assumed simple random-intercepts and slopes

models for the longitudinal process. Others have proposed models which, in addition

to subject-specific random-effects, allow the longitudinal process trajectory to be af-

fected by a stochastic process. Estimation for such models is an order of magnitude

more difficult however. The use of spline type models, which can be expressed as

random-effects models, has recently been advocated as a potential compromise. For

settings in which the longitudinal process is no longer well defined after the occur-

rence of the event of interest (e.g. death, for many longitudinal processes), it is not

entirely clear that use of methods which assume a model for the longitudinal process

at all times (i.e. even after the occurrence of the event of interest) is appropriate.

In such situations, we have argued that although the methods we have considered

in this chapter may not give estimates of meaningful parameters in the longitudinal

model, they may be appropriate when interest lies in the relationship between the

longitudinal process and the occurrence of the event of interest. Further research

regarding these issues is needed.
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Part III

Systolic blood pressure and

cardiovascular disease - analyses of

data from the Framingham Heart

Study
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In the following chapters we report the results of two analyses of data from the

Framingham Heart Study, with the aim of illustrating the application of some of the

estimation methods we have previously described to a real dataset. In Chapter 10

we describe the Framingham Heart Study and summarize all-cause mortality and

mortality due to cardiovascular disease of the subjects in Framingham. In Chapter

11 we describe the protocol for measurement of blood pressure in the study, and

summarize the available blood pressure measurements in the men recruited into

the Framingham Study. In Chapters 12 and 13 we use the data from the men in

the Framingham Study to illustrate some of the estimation methods described in

Chapters 8 and 9 respectively. In Chapter 12 we report the results of analyses

investigating the associations between risk of death due to cardiovascular disease

between age 70 and 80 (a binary outcome) and underlying systolic blood pressure

at earlier ages. In Chapter 13 we report analyses examining how the hazard of

experiencing a cardiovascular event (a time-to-event outcome) between ages 60 and

80 depends on subjects’ current and past underlying systolic blood pressure. These

analyses are intended to be illustrative of some of the the methods we have previously

described, and are not in any way intended to be a definitive epidemiological analysis

of the Framingham Study data.
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Chapter 10

The Framingham Heart Study

In this chapter we describe the background to the Framingham Heart Study, de-

scribe the baseline characteristics of the cohort, and summarize their all-cause and

cardiovascular mortality. The Framingham Heart study was one of the earliest large

scale epidemiological studies to be initiated, and was set up to investigate the epi-

demiology of cardiovascular disease (CVD) [14]. The study was conducted in the

town of Framingham in the state of Massachusetts, in the USA. The aim of the

study was to investigate risk factors for the development of CVD. In total, 5,209

subjects were recruited to the study, between 1948 and 1951. Subjects were then

invited to return to a hospital clinic every two years following their initial base-

line examination. At each follow-up visit, a medical history, physical examination,

blood studies and other laboratory tests were performed. Symptoms of illness that

had occurred since the previous follow-up visit were recorded, including any interim

hospitalization or medical visits. Inevitably, at each follow-up visit some subjects

did not attend, causing missing data in the variables measured at each visit. Fur-

thermore, the protocol specifying which variables were to be measured varied as the

study progressed, as new variables of interest were added and variables no longer

thought to be of interest were removed.

The limited access Framingham dataset

Our analyses are based on the ‘limited access’ Framingham Heart Study data. The

limited access dataset is provided by the US National Heart Lung and Blood In-

stitute (NHLBI) to researchers who wish to use the Framingham Heart Study data

for epidemiological or methodological research. Of the 5,209 subjects in the Fram-

ingham Study, 130 subjects did not give consent for the data to be shared. The

limited-access dataset provided by the NHLBI thus includes data on 5,079 subjects.

Furthermore, the dataset does not contain variables which may potentially enable

study participants to be identified. This means for example that dates of when

subjects were recruited to the study or when their follow-up visits took place are
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not available. Instead, variables are provided which specify how many days elapsed

between a subject’s baseline examination and his/her subsequent follow-up visits.

10.1 Study recruitment procedure

We briefly describe the inception and recruitment procedure used in the Framing-

ham Study, based on the book by Dawber [14]. The town of Framingham was chosen

because it was considered at the time to be a relatively self-contained community. In

1948, Framingham had an estimated population of 28,000. Based on the expected

rates of CVD and the expected strengths of association between risk factors, it was

decided that between 5,000 and 6,000 subjects would be required to estimate associ-

ations between risk factors and CVD with reasonable precision. Based on the town

census list, the study investigators drew up a list of each family and arranged them

alphabetically. From this, two thirds of the families were selected, who together

formed a group of 6,507 subjects who were invited to participate in the study. The

study investigators anticipated that almost all selected subjects would respond to

the invitation to come for the initial examination. A community organisation was

established, which involved giving an initial examination to subjects who volun-

teered to be involved (as opposed to being selected). These volunteers were in turn

asked to approach some of the selected individuals to try and encourage them to

participate in the study. As a result, 4,469 (68.7%) of the subjects who were selected

to participate did attend the initial examination. In addition, the study included

740 subjects who volunteered to be involved in the study, giving a total sample

of 5,209 subjects. The fact that 31.3% of those invited to participate chose not

to potentially limits the representativeness of the sample. Based on interviewing a

sample of the nonparticipants, Dawber concluded that the main reason that people

did not want to participate was for fear of medical conditions being discovered in

the examinations.

10.2 Characteristics at the initial examination

Table 10.1 shows descriptive statistics for a number of variables recorded at entry

to the Framingham Study. Bearing in mind that study recruitment took place

between 1948 and 1951, many biochemical variables which would be measured in

a modern epidemiological study were not measured. More women than men were

recruited into the study. The youngest subject was just under 29 years of age at

recruitment, while the oldest was just under 63 years of age. The age at entry

was reasonably uniformly distributed between the ages of 30 and 60, and was well

balanced between men and women. As expected, the men were taller and heavier

than the women on average. The mean systolic blood pressure (SBP) was similar
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Table 10.1: Descriptive statistics for 5,079 Framingham subjects at entry to study

Mean (SD)

Variable (units) Number missing Males (n=2,294) Females (n=2,785)

Age (years) 0 44.7 (8.6) 44.6 (8.6)
Height (cm) 6 171.6 (6.9) 159.0 (6.1)
Weight (kg)* 6 76.2 (11.5) 64.5 (11.9)
Systolic blood pressure (mm
Hg)**

0 137.1 (20.7) 137.2 (26.2)

Diastolic blood pressure (mm
Hg)**

0 86.3 (12.5) 84.8 (13.4)

Cholesterol (mg / dL)*** 612 227.2 (42.5) 229.7 (46.8)

* - weight was recorded in 5lb categories
** - blood pressure designated as first physician measurement at baseline examination
(see Chapter 11)
*** - due to large number of missing cholesterol values at baseline examination, mean
(SD) is based on cholesterol values from the first follow-up visit (visit 2)

in men and women, but there was greater variability in the women. The mean

diastolic blood pressure (DBP) was slightly higher in men than women, but again

the variability was greater in women. The mean SBP and DBP are in the range

that today is classified as high-normal [139]. Cholesterol was measured at the initial

examination, but only in 3,092 subjects. Table 10.1 therefore shows the mean and

standard deviation cholesterol based on measurements at subjects’ first follow-up

visit (visit 2). The mean cholesterol level is also slightly above the level which

would currently be considered ideal [139].

10.3 All-cause mortality

The dataset we used has survival information up to 31st December 2003. Four

subjects were lost to follow-up immediately following their initial examination at

entry to the study. Of the 5,079 subjects, 4,483 were known to have died by 31st

December 2003. The limited-access dataset does not contain the date of recruitment

to the study. However, of the 596 subjects who have been censored, 528 (88.6%)

have been censored at least 50 years after recruitment, suggesting that relatively

few subjects have been censored due to loss to follow-up.

Since age has a strong influence on mortality risk we examine mortality on the age

time scale. In Figures 10.1 and 10.2 we show the Kaplan-Meier curve (conditional on

being alive at age 30) and smoothed estimate of the hazard function. The Kaplan-

Meier plot shows that the probability of survival to age 100 was close to zero for

both men and women, but that women survived on average longer than men. For

example, for men the estimated probability of survival to age 70 was 0.663 (95% CI

0.641 to 0.685), while for women the estimated probability was 0.803 (95% CI 0.786

232



Figure 10.1: Kaplan-Meier curve for all-cause mortality survival using data from
5,079 subjects in the Framingham Study, conditional on survival to age 30, with
95% pointwise confidence bands
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to 0.819). Figure 10.2 shows, as expected, that the hazard of death increased with

age, and also that the rate accelerated with age. The plots were produced using

Stata’s sts graph command, with the default Epanechnikov kernel used to create a

smoothed estimate of the hazard function.

10.4 Death due to cardiovascular disease

For the purposes of examining cause-specific mortality, we used follow-up data up to

18,600 days after baseline, because (in the dataset we used) cause of death has been

ascertained by the study’s event review committee for all but one of the subjects

who have died by that follow-up time. Censoring all subjects at this time meant

that we discarded the known time and cause of death from 129 subjects, and the

known time of death from 46 subjects, leaving 4,308 deaths.

We categorised deaths into those due to cardiovascular disease (CVD), those due

to cancer, and those due to any other cause (including deaths of unknown cause).

Of the 4,308 deaths, 1,687 (39.2%) were due to CVD, 1,016 (23.6%) were due to

cancer, and 1,605 (37.3%) were due to other causes. Figure 10.3 shows the estimated

cumulative incidence function for death due to CVD, separately for men and women.

The cumulative incidence function gives the absolute probability of death due to a

cause of interest by a particular time, properly allowing for the risk of death due to

other causes [133]. The figure shows that given survival to age 30, men were more

likely to die from CVD by any future age compared to women. Figure 10.4 shows
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Figure 10.2: Estimated hazard function for all-cause mortality using data from
5,079 subjects in the Framingham Study, using the Epanechnikov kernel, with 95%
pointwise confidence bands
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the estimated cause-specific hazard function for death due to CVD. This shows that

the cause-specific hazard for death due to CVD was higher for men compared to

women, with the hazard rate accelerating with age in both groups. The plots were

produced using Stata’s stcompet and sts graph commands.
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Figure 10.3: Estimated cumulative incidence of death due to CVD, conditional on
survival to age 30, using data from 5,078 subjects in the Framingham Study, with
95% pointwise confidence bands
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Figure 10.4: Estimated cause-specific hazard function for death due to CVD using
data from 5,078 subjects in the Framingham Study, using the Epanechnikov kernel,
with 95% pointwise confidence bands
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Chapter 11

Systolic blood pressure

measurements in men

In this chapter we first describe how blood pressure (BP) was measured in the Fram-

ingham study, the schedule for follow-up visits at which blood pressure was due to

be measured and how closely this schedule was adhered to (Section 11.1). In Section

11.2 we investigate the variability of systolic blood pressure (SBP) measurements

within a single follow-up visit, and consider how the multiple measurements within a

follow-up visit can be summarized, with the aim of reducing the modelling complex-

ity and computational demands of our subsequent analyses. Upon concluding that

using the mean of the three measurements of SBP that were made (at most visits)

is reasonable, in Section 11.3 we examine the extent to which the resulting SBP

measurements satisfy the classical measurement error assumptions, when viewed as

error-prone measurements of a subject’s current underlying SBP.

In this and the following chapters we use only data from the men in the Fram-

ingham study. We do this for a number of reasons. First, it has been found that

there are differences in the trajectories of SBP between men and women [14], and as

shown in Chapter 10, men and women differ substantially in terms of both all-cause

and CVD mortality. By using data only from the men in the study, we need not

concern ourselves with modelling such differences between men and women. Second,

using data only from the men reduces the computational demands of our analyses,

which as previously noted, are intended to be illustrative of some of the estimation

methods previously described and proposed.

11.1 Systolic blood pressure measurements in the

Framingham study

Systolic (SBP) and diastolic (DBP) blood pressure (BP) were measured in the Fram-

ingham study using a mercury manometer, in the left arm, with the subject seated

and the arm at heart level. Blood pressure was measured when subjects were re-
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cruited into the study and subsequently at each two yearly follow-up visit. At most

visits subjects had an initial BP measurement performed by a nurse, followed by

two measurements by physicians (sometimes the same physician for both measure-

ments). However, as one might expect given the duration of the Framingham study,

there is some heterogeneity in the number and type of BP measurements which are

available between the visits.

At their baseline examination, subjects who were recruited prior to April 1950

only had a BP measurement performed by a nurse and a single BP measurement per-

formed by a physician. Subjects recruited after April 1950 had three measurements:

one nurse measurement, one measurement was performed by the first examining

physician and another measurement was performed by a second physician. Unfor-

tunately, for those subjects who were recruited in the earlier period, their nurse BP

measurement was recorded in the dataset as their first physician measurement (ac-

cording to the documentation accompanying the dataset). It is not possible, using

the limited access dataset we have, to identify which subjects this applies to. At

visit 4, no nurse BP measurements were made, and for 966 of the men their sec-

ond physician measurement was made by the same physician as their first physician

measurement (personal communication with NHLBI). At the time of visit 11 the Na-

tional Institute for Health funding for the Framingham study ended, meaning that

many of the subjects did not have a follow-up visit at this time (personal communi-

cation with NHLBI). Subsequently funding was obtained and the study resumed as

normal, hence the limited number of subjects with a SBP measurement at visit 11.

At visit 24, there was also no nurse measurement, but instead each physician took

two BP measurements. Lastly, in the documentation for visit 26, it is stated that

for ‘off-site’ visits, the physician BP measurements were performed by a technician.

Off-site visits are where subjects had their visit measurements performed at their

home or care facility, rather than in hospital.

The numbers of SBP measurements available from the men in the Framingham

study by follow-up visit are given in Tables 11.1 and 11.2. In total, there are 82,935

SBP measurements from the 2,294 men in Framingham. The tables show that, with

the exception of visits 1, 4 and 11, of those subjects who have any SBP measurements

at a given visit, the vast majority have three SBP measurements. We also see that

the proportion of men who were still alive at the time of a scheduled visit but who

did not have any SBP measurements steadily increased throughout the study. For

visits 1-13, the proportion of at risk men with no SBP measurements at each visit

increased from around 10% to around 17%. By visit 26 the proportion increased to

around 35%.

Table 11.3 shows the number of missed follow-up visits by age. For the purposes

of this table a missed follow-up visit for a particular man means no SBP measurement

was recorded for the man within one year of the scheduled time of the follow-up
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Table 11.1: Number of systolic blood pressure measurements at follow-up visits 1-13 for men in the Framingham study

Number of men with Number (%) of men with
given measurement given number of measurements

Time since
study entry (years) Visit number Number at risk† Nurse 1st physician 2nd physician 0 1 2 3

0 1 2,294 1,468 2,294 * 2,119 0 (0) 62 (2.7) 877 (38.2) 1,355 (59.1)
2 2 2,271 1,998 2,091 1,985 180 (7.9) 3 (0.1) 193 (8.5) 1,895 (83.4)
4 3 2,230 969 1,921 1,796 309 (13.9) 86 (3.9) 905 (40.6) 930 (41.7)
6 4 2,197 ** 1,971 1,750 *** 226 (10.3) 221 (10.1) 1,750 (79.7) 0 (0)
8 5 2,141 1,878 1,904 1,704 237 (11.1) 5 (0.2) 216 (10.1) 1,683 (78.6)
10 6 2,085 1,801 1,821 1,751 264 (12.7) 1 (0.0) 88 (4.2) 1,732 (83.1)
12 7 2,025 1,763 1,771 1,741 253 (12.5) 1 (0.0) 39 (1.9) 1,732 (85.5)
14 8 1,957 1,696 1,698 1,662 255 (13.0) 2 (0.1) 46 (2.4) 1,654 (84.5)
16 9 1,890 1,605 1,608 1,579 281 (14.9) 1 (0.1) 33 (1.7) 1,575 (83.3)
18 10 1,805 1,494 1,502 1,494 303 (16.8) 1 (0.1) 14 (0.8) 1,487 (82.4)
20 11 1,721 639 1,210 642 510 (29.6) 563 (32.7) 16 (0.9) 632 (36.7)
22 12 1,627 1,336 1,339 1,336 288 (17.7) 1 (0.1) 4 (0.2) 1,334 (82.0)
24 13 1,520 1,272 1,273 1,266 247 (16.3) 0 (0) 8 (0.5) 1,265 (83.2)

† - number of men who were still alive at the visit’s scheduled time and had not been lost to follow-up
* - visit 1 - the first subjects to be recruited to Framingham had only a nurse and single physician measurement. For these subjects, their
nurse measurement was classified as the 1st physician measurement, but we are not able to identify which subjects this applies to.
** - visit 4 - no nurse measurements were recorded at visit 4
*** - visit 4 - for 966 men their second physician measurement was made by the same physician as their first measurement
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Table 11.2: Number of systolic blood pressure measurements at follow-up visits 14-26 for men in the Framingham study

Number of men with Number (%) of men with
given measurement given number of measurements

Time since
study entry (years) Visit number Number at risk† Nurse 1st physician 2nd physician 0 1 2 3

26 14 1,411 1,142 1,142 1,135 268 (19.0) 0 (0) 10 (0.7) 1,133 (80.3)
28 15 1,298 1,008 1,010 1,005 287 (22.1) 0 (0) 10 (0.8) 1,001 (77.1)
30 16 1,188 897 898 890 290 (24.4) 1 (0.1) 7 (0.6) 890 (74.9)
32 17 1,078 797 797 788 277 (25.7) 2 (0.2) 17 (1.6) 782 (72.5)
34 18 961 659 684 683 277 (28.8) 0 (0) 26 (2.7) 658 (68.4)
36 19 841 547 559 559 282 (33.5) 0 (0) 12 (1.4) 547 (65.0)
38 20 734 470 499 499 235 (32.0) 0 (0) 29 (4.0) 470 (64.0)
40 21 630 421 430 429 200 (31.7) 0 (0) 10 (1.6) 420 (66.7)
42 22 533 362 367 367 166 (31.1) 0 (0) 5 (0.9) 362 (67.9)
44 23 452 263 305 305 147 (32.5) 0 (0) 42 (9.3) 263 (58.2)
46 24 368 * 224, 218 193, 190 132 (35.9) 0 (0) 55 (14.9) 9 (2.4) **
48 25 309 177 215 215 94 (30.4) 0 (0) 38 (12.3) 177 (57.3)
50 26 243 114 *** 164 *** 164 79 (32.5) 0 (0) 50 (20.6) 114 (46.9)

† - number of men who were still alive at the visit’s scheduled time and had not been lost to follow-up
* - visit 24 - there were no nurse measurements, but each of the physician measurements was repeated, giving up to four measurements for
each man
** - visit 24 - 172 (46.7%) men had four measurements
*** - visit 26 - for offsite visits, ’physician’ blood pressures were taken by technicians
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Table 11.3: Missing follow-up visits by age for 2,294 men in the Framingham study

Number (% of men at risk) of men
who missed given number of visits

Age (years) 0 1 2 3

30-35 355 (94.4) 20 (5.3) 1 (0.3) 0 (0)
35-40 719 (89.4) 54 (6.7) 20 (2.5) 11 (1.4)
40-45 1,045 (86.3) 101 (8.3) 40 (3.3) 25 (2.1)
45-50 1,330 (86.0) 102 (6.6) 90 (5.8) 24 (1.6)
50-55 1,573 (83.6) 143 (7.6) 100 (5.3) 65 (3.5)
55-60 1,724 (82.8) 175 (8.4) 127 (6.1) 55 (2.6)
60-65 1,564 (77.7) 229 (11.4) 126 (6.3) 95 (4.7)
65-70 1,324 (72.9) 262 (14.4) 170 (9.4) 60 (3.3)
70-75 1,076 (67.9) 261 (16.5) 140 (8.8) 107 (6.8)
75-80 777 (61.5) 260 (20.6) 176 (13.9) 51 (4.0)
80-85 556 (61.7) 195 (21.6) 107 (11.9) 43 (4.8)
85-90 326 (67.5) 106 (22.0) 40 (8.3) 11 (2.3)
90-95 116 (73.0) 30 (18.9) 9 (5.7) 4 (2.5)
95-100 26 (83.9) 5 (16.1) 0 (0) 0 (0)

visit (i.e. from one year preceding the scheduled time to one year following the

scheduled time), provided they were alive and not lost to follow-up one year after

the scheduled visit time. This shows that the proportion of men who missed at least

one visit increased steadily with age, from around 5% at ages 30-35 to around 40%

by age 75-80. The number of men missing two or three follow-up visits is relatively

small compared to the number missing a single visit. This suggests that when men

missed a visit, they tended to return for the subsequent visit, so that few men are

missing two or three consecutive visits. We note that the table also indicates that

relatively few men have SBP measurements in the earliest age band of 30-35 years.

This is of course a reflection of the fact that the majority of men were recruited into

the study at ages greater than 35.

11.2 Data reduction

In this section we consider whether the multiple SBP measurements made within a

follow-up visit can be reasonably summarized by a smaller dimensional function, e.g.

by their mean. Doing so will reduce the complexity of models for SBP, since we will

not need to model within-visit variability. It will also reduce the effective number

of error-prone measurements, and thus decrease the time required to fit models.

To investigate within-visit variability we used the SBP measurements from visit

2, since more SBP measurements are available compared to visit 1, and because

whether each measurement was taken by a nurse or physician was recorded (in

contrast to visit 1, as previously described). Table 11.4 shows the mean and SDs of
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Table 11.4: Mean and SDs (95% CIs) of systolic blood pressure (mmHg) measure-
ments from visit 2 of the Framingham study, based on data from 1,895 men who
had all three measurements available

Measurement Estimated mean SBP SD

Nurse 134.72 (133.76, 135.67) 21.26 (20.23, 22.45)
Physician 1 133.17 (132.23, 134.11) 20.82 (19.78, 21.85)
Physician 2 130.79 (129.85, 131.72) 20.76 (19.66, 22.06)

Table 11.5: Estimated correlations (95% CIs) between systolic blood pressure
measurements from visit 2 of the Framingham study, based on data from 1,895 men
who had all three measurements available

Nurse Physician 1 Physician 2

Nurse 1
Physician 1 0.844 (0.825, 0.860) 1
Physician 2 0.821 (0.801, 0.842) 0.867 (0.852, 0.881) 1

the SBP measurements from visit 2, using data only from the 1,895 men who had a

nurse and two physician measurements. Although each of the pair-wise differences

in means is statistically significant (each p < 0.001), the differences are small in

magnitude. Similarly, the SDs of the three measurement types differ only slightly.

Table 11.5 shows the estimated correlations between the three measurements at visit

2, which indicates that measurements within subjects are highly correlated, as we

would expect. The estimated correlation between the two physician measurements is

slightly higher than that between the nurse measurement and either of the physician

measurements, but the difference is relatively small.

On the assumption that within-visit variability in SBP is neither of interest nor

related to the incidence of CVD, we decided to use the mean of a subject’s SBP

measurements in our analyses. However, as shown in Tables 11.1 and 11.2, the num-

ber of SBP measurements available varies between subject and between the different

follow-up visits. The large correlations between SBP measurements within visit 2

suggest that there is little variation between SBP measurements at visit 2, relative to

between-subject variability. However, the within-visit variations are not necessarily

small relative to within-subject changes in underlying SBP over time. We therefore

decided to use the mean of a fixed number of SBP measurements, rather than the

mean of a subject’s available measurements. This ensured that SBP ‘observations’

had constant variance. At each follow-up visit, of those men who had any SBP mea-

surements, a large majority had three SBP measurements. We therefore chose to

use the mean of the nurse and two physician SBP measurements in our subsequent

analyses. This means that we discarded a subject’s SBP measurements at a visit

if they had only one or two SBP measurements. With the exception of visit 4, at

which no subjects had three SBP measurements, this means discarding a relatively
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Figure 11.1: Within-subject SD versus mean for SBP measurements from visits 1
and 2 in the Framingham study, based on data from 1,099 men
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small proportion of SBP measurements. In the following, we use the term ‘SBP

measurement’ to refer to a mean of a nurse and two physician SBP measurements.

11.3 Classical measurement error assumptions

In previous analyses of the Framingham data log transformations have been used to

improve the normality of the SBP measurements, e.g. Carroll et al [111]. We consid-

ered whether the SBP measurements (i.e. the mean of the nurse and two physician

measurements) required transformation in order to better satisfy the assumptions

of the classical error model, when considered as error-prone measurements of a sub-

ject’s underlying SBP at the follow-up visit at which a measurement was made.

Since a subject’s SBP undergoes changes throughout life, we do not have true repli-

cate measurements for which to assess this. However, particularly at younger ages,

it may be reasonable to assume subjects’ underlying SBP did not change by a large

amount between two consecutive follow-up visits which are two years apart, and

therefore that measurements of SBP from two consecutive visits can be considered

independent error-prone replicates of subjects’ underlying SBP. There were 1,099

men who had a SBP measurement at both visit 1 and visit 2 (i.e. they had a nurse

and two physician measurements at both visits). The mean SBP at visit 2 for these

men was 131.97, in contrast to a mean of 138.11 at baseline. This decrease has been

previously documented [14], and may have been due to subjects being less nervous

at their second visit, resulting in less elevated SBP measurements. Assuming the ap-

parent decrease is due to a reason such as this, we can still use the measurements to
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Figure 11.2: Histogram of difference in SBP measurements from visits 1 and 2 in
the Framingham study, based on data from 1,099 men
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examine whether the variability in subject-level differences between SBP at the two

visits (about the mean decrease of 138.11− 131.97 = 6.14) varied with the mean of

the two SBP measurements. Figure 11.1 therefore shows a plot of the within-subject

SD of a subject’s two SBP measurement versus their mean, as suggested by Carroll

et al [8]. The figure shows that subjects with a larger mean SBP tended to have

greater variability between their visit 1 and visit 2 measurements (p < 0.001 from

linear regression of SD on mean), suggesting that the error variability increased

with underlying SBP. However, since the increase in variability with mean is not

particularly large, we felt that transformation of the SBP measurements was not

warranted, given the consequent loss in interpretability in parameter estimates if a

transformation is used.

Figure 11.2 shows the histogram of the differences in the SBP measurements

from visits 1 and 2 for the 1,099 men who have measurements at both visits. This

suggests that their difference, which is equal to the difference in their two errors, is

approximately normally distributed. Although this does not necessarily mean the

errors themselves are normally distributed, as discussed by Carroll et al [8], that

the plot does not show evidence of gross non-normality gives some reassurance that

an assumption of normality for the ‘errors’ may be reasonable.
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Chapter 12

Risk of death due to

cardiovascular disease between age

70 and 80 and its relationship with

systolic blood pressure levels in

earlier life

In this chapter we report the results of analyses examining the associations between

SBP levels between the ages of 40 and 70 and the odds of death due to cardiovascular

disease (CVD) between age 70 and 80. As in the previous chapter, we restricted

our analyses to men. Below we give our motivation for our choice of outcome and

longitudinal measurements, and describe the data available. In Section 12.1 we

describe a linear mixed model for the SBP measurements, and report the estimated

model parameters. In Section 12.2 we describe the methods we used to estimate

the effects of SBP levels on odds of death due to CVD. We report the results of our

analyses in Section 12.3, and give some concluding remarks in Section 12.4.

We decided to consider odds of death due to CVD because CVD was the leading

cause of death in the Framingham Study, and is known (partly on the basis of

analyses from Framingham) to be strongly related to BP levels. We chose to consider

odds of death due to CVD after age 70 because the majority of CVD mortality

occurs after this age. We considered odds of death in the 10 years following age 70

because this ensured a sufficient number of deaths due to CVD, and because the

mortality status at age 80 is known for all but one man. We restricted our analyses

to those men who were alive at age 70 and had had no previous non-fatal CVD

events recorded, since the associations between SBP after a non-fatal CVD event

with subsequent CVD mortality may differ from those for men who have not had

non-fatal CVD events.
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In preliminary analyses of the longitudinal measurements made between ages 30

and 70, we found that there was little information with which to estimate parameters

corresponding to the underlying SBP values at age 30, due to the fact that very few

men had SBP measurements available between the ages of 30 and 35. We therefore

decided to use only SBP measurements made after age 40 in our analyses.

There were 1,087 men who survived to age 70, had had no previous CVD events

prior to age 70, and had at least one SBP measurement (meaning a nurse and two

physician measurements) between age 40 and 70. The vital status of one man at

age 80 was not known (i.e. he was censored), and so we did not include this man

in the analyses reported in this chapter. From the remaining 1,086 men, there were

9,046 SBP measurements available between age 40 and 70. As before, we denote

the error-prone SBP measurements by Wi (which are the mean of a nurse and two

physician SBP measurements, as described in Chapter 11) for subject i. Between

age 70 and 80, 141 (13.0%) of the men died due to CVD, which we denote by Yi (1

if died due to CVD, 0 if alive at age 80 or died due to another cause), for subject i.

12.1 Longitudinal model

12.1.1 Model specification

To model the longitudinal SBP measurements between ages 40 and 70, we assumed a

piece-wise linear mean trajectory with age, with knots at age 50 and 60 (see solid line

in Figure 12.2). We parametrized this mean structure by defining four covariates:

age40(t) = 1−min(abs(t− 40)/10, 1),

age50(t) = 1−min(abs(t− 50)/10, 1),

age60(t) = 1−min(abs(t− 60)/10, 1),

age70(t) = 1−min(abs(t− 70)/10, 1),

and by having no intercept term. Table 12.1 shows the values of these four covari-

ates at 5 yearly intervals from age 40 to 70. This definition thus meant that the

corresponding fixed effect parameters represent the mean SBP at ages 40, 50, 60

and 70.

To allow for between-subject variability in SBP trajectories, we allowed each

of these four covariates to be random at the subject level. We assumed this four-

dimensional random-effects vector to be multivariate normal, with an unstructured

variance covariance matrix. These random-effects thus represented the difference

between a subject’s underlying SBP at ages 40, 50, 60, and 70 and the mean SBP at

these ages. To be consistent with our earlier notation, we let Xi denote the vector

of random-effects representing subject i’s true SBP at ages 40, 50, 60 and 70. The

elements of Xi are thus equal to the combination of the population mean SBP at
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Table 12.1: Values of covariates used to parametrize the linear mixed model for
longitudinal SBP measurements at 5 yearly intervals from age 40 to 70

t age40(t) age50(t) age60(t) age70(t)

40 1 0 0 0
45 0.5 0.5 0 0
50 0 1 0 0
55 0 0.5 0.5 0
60 0 0 1 0
65 0 0 0.5 0.5
70 0 0 0 1

these ages and the mean-zero random-effects representing the deviation of subject

i’s true SBP at these ages from the population mean. We assumed that the residual

errors were independent of each other, and of the subject-specific random-effects,

and that they were normally distributed. Denoting an SBP measurement for subject

i at age tij by Wij, our model thus assumed that:

Wij = age40(tij)Xi1 + age50(tij)Xi2 + age60(tij)Xi3 + age70(tij)Xi4 + Uij

where Uij ∼ N(0, σ2
U) denotes an independent residual error.

12.1.2 Random-effects assumptions

As a first check on the normality assumption for the random effects, we examined

the distribution of the observed SBP measurements available at age 60. Of the

1,086 men included in the analyses of this chapter, 779 had an SBP measurement

within a year of age 60, whose histogram is shown in Figure 12.1. The distribution

is positively skewed, with a minority of men having very high SBP, indicating that

a logarithmic transformation may improve normality. However, as the distribution

is not grossly non-normal, our analyses are intended to be illustrative, and because

of the previously described robustness results (see Section 8.2.4), we proceeded with

an assumption of normality for the underlying SBP levels.

12.1.3 Model estimates

Tables 12.2 and 12.3 show the estimates (and 95% confidence intervals) of the linear

mixed model parameters, estimated using ML with Stata’s xtmixed command. The

estimated mean SBP at ages 40, 50, 60 and 70 were, respectively, 126.40mmHg

(95% CI 125.10 to 127.69), 129.70mmHg (128.66, 130.74), 136.10mmHg (134.92,

137.28) and 142.59mmHg (141.31, 143.88). SBP was thus estimated to increase on

average by 3.30mmHg (1.91, 4.69) between ages 40 and 50, by 6.40mmHg (5.33,

7.47) between 50 and 60, and by 6.50mmHg (5.25, 7.74) between 60 and 70.
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Figure 12.1: Histogram of SBP measurements at age 60 in the Framingham Study,
based on data from 779 men
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Table 12.2: Estimates of fixed effect parameters and random-effects parameters
from linear mixed model for SBP measurements (95% CI). Units are mmHg

Fixed effects parameter Estimate (95% CI)

SBP at 40 126.40 (125.10, 127.69)
SBP at 50 129.70 (128.66, 130.74)
SBP at 60 136.10 (134.92, 137.28)
SBP at 70 142.59 (141.31, 143.88)

Random effects parameter Estimate (95% CI)

SD(SBP at 40) 12.09 (10.84, 13.48)
SD(SBP at 50) 14.24 (13.39, 15.15)
SD(SBP at 60) 18.30 (17.42, 19.23)
SD(SBP at 70) 18.75 (17.74, 19.81)
SD(Residual) 9.01 (8.84, 9.17)
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Table 12.3: Estimated correlations between random-effects in linear mixed model
for SBP measurements (95% CI)

SBP at 40 SBP at 50 SBP at 60 SBP at 70

SBP at 40 1
SBP at 50 0.84 (0.72, 0.91) 1
SBP at 60 0.71 (0.61, 0.78) 0.79 (0.74, 0.83) 1
SBP at 70 0.55 (0.43, 0.65) 0.50 (0.43, 0.57) 0.67 (0.62, 0.72) 1

The estimated SD of the random-effects representing the difference between a

subject’s SBP and the population mean SBP at age 40 was 12.09mmHg (10.84,

13.48). The corresponding estimates for ages 50, 60 and 70 were 14.24mmHg (13.39,

15.15), 18.30mmHg (17.42, 19.23) and 18.75mmHg (17.74, 19.81), indicating that

between-subject heterogeneity increased with age.

The estimated residual SD, which can be viewed as representing a combination

of deviations from the linear trajectory implied by the fixed and random-effects, plus

within-visit variability, was 9.01mmHg (8.84, 9.17). To investigate how much of this

is due to within-visit variability, we fitted a simple one-way random-intercepts model

to the individual (as opposed to mean of three) SBP measurements at visit 2. This

gave an estimated within-visit SD of 8.49mmHg. This implies an SD for the mean

of three SBP measurements (about a visit-specific true value) of 4.90mmHg. This

therefore suggests that of the estimated residual variance (9.012), around 30% is due

to within-visit variation, and 70% is due to variation around the linear trajectory

implied by the fixed and random-effects.

Table 12.3 shows the estimated correlations between the subject specific random-

effects. As we would expect, SBP is highly correlated within subjects over time, and

the correlation between SBP at two times decreases as the interval between the times

increases.

Figures 12.2 and 12.3 show the SBP measurements for two randomly chosen

men, and in addition, the trajectory implied by the combination of the estimated

population mean evolution of SBP with the BLUPs of the two men’s random-effects.

For the first man (Figure 12.2), who had 14 SBP measurements available between

ages 40.9 years and 69.2 years, the predicted trajectory of his underlying SBP is

determined predominantly from his SBP measurements. In contrast, the second

man (Figure 12.3) has only three SBP measurements, which were made at ages

60.6, 66.4, and 68.4 years. The predicted trajectory for SBP for this man in the

earlier decades thus borrows heavily from information from other subjects, in the

form of the estimated population trajectory and the estimated correlations between

the random-effects representing SBP at the different ages. The plot shows how the

predicted trajectory of underlying SBP between age 60 and 70 for this man is closer
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Figure 12.2: Estimated population mean evolution of SBP, the SBP measurements
for a randomly chosen man, and the best linear unbiased prediction of his SBP
trajectory
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to the population mean than the observed SBP measurements – the phenomenon

commonly referred to as ‘shrinkage’.

12.1.4 Alternative model specifications

The linear mixed model we have specified is obviously a simplification of the truth (as

most models are), since there is no particular reason why underlying SBP should

increase at constant rates over time, with changes in slope only at the start of

decades of age. Frost and White considered a model for the SBP measurements

from Framingham which assumes a piece-wise constant trajectory for each subject,

with instantaneous jumps every five years (although they considered models on the

follow-up time scale, rather than age) [16]. The piece-wise linear model we have

used can be considered a more flexible specification, since it implies a continuous

trajectory for underlying SBP, although our model only allows changes in the slope

of the underlying SBP trajectories every 10 years. In principle more complicated

spline models could be fitted in which the implied SBP trajectories are differentiable

(at least once) in the entire age range. However, given the frequency with which SBP

measurements were made (every two years), and the fact that some subjects do not

have SBP measurements in the earlier decades (due to being recruited at an older

age), the Framingham SBP data probably do not contain sufficient information to

enable fitting of such models with any degree of precision.
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Figure 12.3: Estimated population mean evolution of SBP, the SBP measurements
for a second randomly chosen man, and the best linear unbiased prediction of his
SBP trajectory
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12.2 Estimation methods

In this section we describe the SBP effects we aimed to estimate, before describing

the different estimation methods that we used. We modelled the longitudinal SBP

measurements using the linear mixed model previously described. We modelled the

odds of death due to CVD between age 70 and 80 using a series of logistic regressions,

with covariates consisting of various subsets of underlying SBP at ages 40, 50, 60

and 70. We attempted to estimate the following sets of effects:

• the mutually adjusted effects of SBP at ages 40, 50, 60, 70 on the odds of

death due to CVD between age 70 and 80

• the unadjusted effects of SBP at ages 40, 50, 60, 70 on the odds of death due

to CVD between age 70 and 80

• the mutually adjusted effects of SBP at ages 40 and 70 on the odds of death

due to CVD between age 70 and 80

The first set corresponds to a logistic regression model for Yi with Xi as a four-

dimensional covariate. The second set corresponds to four separate logistic regres-

sion models for Yi, with Xi1, Xi2, Xi3, and Xi4 as the single covariate. The third set

corresponds to a logistic regression with Xi1 and Xi4 as covariates.

Given the estimated high correlations between SBP at the different ages, we

expected the estimation of the independent effects of SBP at the four ages to be

problematic. In contrast, we expected to be able to estimate the unadjusted effects
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of SBP at these ages with reasonable precision. We chose to estimate the mutually

adjusted effects of SBP at ages 40 and 70, as a compromise between the fully adjusted

and unadjusted effects: since SBP at ages 40 and 70 is less correlated than SBP levels

separated by 10 years, and because there are only two covariates, we expected that

estimation of the mutually adjusted effects of SBP at 40 and 70 may be feasible.

We estimated these sets of parameters using the following methods. We did not

use the CS method because the identifiability requirement for the random-effects Xi

would severely limit the number of subjects who could contribute to the analysis.

12.2.1 Regression calibration

Mutually adjusted effects of SBP at 40, 50, 60 and 70

To implement RC we first fitted the linear mixed model to the SBP measurements

Wi as previously described in Section 12.1, using the lmer command from the R

package lme4. We found the BLUPs of each subject’s SBP at ages 40, 50, 60 and 70

years of age, using the fitted linear mixed model. We then fitted a logistic regression

model for the binary outcome (death due to CVD between age 70 and 80), using

the BLUPs of SBP at ages 40, 50, 60 and 70 as covariates.

Unadjusted effects of SBP at 40, 50, 60 and 70

We estimated the unadjusted effects of SBP at each age (40, 50, 60 and 70) by fitting

four separate logistic regression models for the binary outcome, with the BLUPs of

SBP at each age (found using the same linear mixed model fit as used to estimate

the adjusted effects, as previously described) as the only covariate. As we have

discussed in Section 8.6, the RC estimates of the unadjusted effect of SBP at one

age on odds of death due to CVD are only approximately consistent if SBP at the

other three ages have no independent effect on the odds of death. We therefore refer

to these estimates as ‘naive RC’.

Mutually adjusted effects of SBP at 40 and 70

We estimated the mutually adjusted effects of SBP at ages 40 and 70 by fitting a

logistic regression model with the BLUPs of SBP at ages 40 and 70 as covariates.

Again, we refer to the these estimates as ‘naive RC’, as their approximate consistency

relies on SBP at 50 and 60 having no independent effects on the outcome.

12.2.2 Corrected regression calibration

Unadjusted effects of SBP at 40, 50, 60 and 70

To estimate the unadjusted effects of SBP at the four ages without making the pre-

viously described assumption (of no effects of SBP at other ages), we used equation
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(8.3) of Section 8.6.1. This uses the RC estimate of the adjusted effects of SBP at

40, 50, 60, and 70, and the estimate of the variance covariance matrix of Xi, which

is available from the linear mixed model fitted in the first stage of RC. The trans-

formation matrix A involved in equation (8.3) corresponding to the four unadjusted

effects were given by:

(
1 0 0 0

)
,

(
0 1 0 0

)
,

(
0 0 1 0

)
,

(
0 0 0 1

)
.

We refer to these estimates by the term ‘corrected RC’.

Mutually adjusted effects of SBP at 40 and 70

The same approach was used as for the unadjusted effects of SBP at 40, 50, 60 and

70, except with the transformation matrix A given by:

A =

(
1 0 0 0

0 0 0 1

)
.

12.2.3 Maximum likelihood using ascent-based Monte-Carlo

Expectation Maximization (ML1) + multiple impu-

tations (ML1+MI)

Mutually adjusted effects of SBP at 40, 50, 60 and 70

We found ML estimates for the joint model which assumes the linear mixed model

described in Section 12.1, with Xi marginally normal, and in which Yi may depend

jointly on SBP levels at 40, 50, 60 and 70. We used the ascent-based MCEM

algorithm, as previously described in Sections 4.5 and 8.2.2. We used the same

values for the control parameters of the ascent-based method as in our simulations.

As in the simulations described in Section 9.8, the MCEM algorithm failed to

increase the number of imputations from the initial 10, even after many iterations.

As previously discussed in Section 9.8, we believe this was due to the fact that the

same set of imputations are used to update the model parameters and to assess how

much the updated parameters increase the expected complete data log likelihood.

As in Section 9.8, we modified the algorithm by, at each iteration, generating a

second set of imputations from which we estimated the increase in the expected

complete data log likelihood. As in the simulations of Section 9.8, this modification
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succeeded in alleviating the problem. As previously noted, that this issue occurred

for the simulations in Section 9.8 and for the analyses here suggests that it is related

to the dimensionality of the random-effects vector Xi.

Unadjusted effects of SBP at 40, 50, 60 and 70

As in the simulations of Section 8.7, a by-product of the MCEM algorithm used to

estimate the adjusted effects of SBP at the four ages on odds of death due to CVD

is a large set of multiple imputations of Xi. We used these imputations to fit four

logistic regression models to estimate the unadjusted effect of SBP at each of the

four ages. Because the imputations are generated from the fitted joint model which

assumes the odds of death due to CVD may depend jointly on SBP at all four ages,

the resulting estimates are consistent for the unadjusted effect of SBP at a given

age even if SBP at one or more of the other ages has an independent effect.

Mutually adjusted effects of SBP at 40 and 70

As for the estimation of the unadjusted effects of SBP at 40, 50, 60 and 70, we

used the multiple imputations of Xi to fit the logistic regression model for Yi, with

imputed SBP at ages 40 and 70 as the two covariates.

12.2.4 Maximum likelihood assuming conditional normality

for Xi given Yi (ML2)

Mutually adjusted effects of SBP at 40, 50, 60 and 70

We found ML estimates for the joint model which assumes multivariate normality for

Xi given Yi by using our novel approach which consists of fitting a linear mixed model

to the longitudinal measurementsWi and conditioning on Yi, as previously described

in Sections 4.6 and 8.3. This involved modifying the fixed effects specification of

the linear mixed model used in the first stage of RC. Specifically, we added four

additional fixed effects, equal to the four original covariates multiplied by the binary

outcome Yi. We then estimated the log odds ratios corresponding to SBP at 40, 50,

60 and 70 using equation (4.32) of Section 4.6.

Unadjusted effects of SBP at 40, 50, 60 and 70

We estimated the unadjusted effects of SBP at each of the four ages by substituting

the ML2 estimates of the adjusted effects of SBP at 40, 50, 60 and 70, and the

estimated variance conditional covariance matrix ΣX|Y found from the fitted linear

mixed model, into equation (8.8) of Section 8.6.2. This involved using the same four

transformation matrices as for the corrected RC estimates. As previously described
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in Section 8.6.2, the resulting estimates are valid for the effect of SBP at one age

even if SBP at another age has an independent effect.

Mutually adjusted effects of SBP at 40 and 70

As for the estimation of the unadjusted effects of SBP at 40, 50, 60 and 70, except

using the transformation matrix A given by:

A =

(
1 0 0 0

0 0 0 1

)
.

12.2.5 Inference

We found bootstrap 95% percentile confidence intervals by performing 2,000 non-

parametric bootstrap re-samples of the data. Following the sampling scheme which

gave rise to the data, we re-sampled subjects, rather than individual SBP measure-

ments. For some bootstrap samples, some of the methods failed, due to estimated

correlations between SBP at ages 40 and 50 being close to 1. For each estimate, we

report the number of bootstrap samples for which estimation failed, and report 95%

bootstrap percentile confidence intervals based on the centiles of the distribution

from the bootstrap samples for which estimation did not fail.

12.3 Results

12.3.1 Mutually adjusted effects of SBP at 40, 50, 60 and

70

Table 12.4 shows the estimates of the mutually adjusted effects of SBP at ages 40,

50, 60 and 70, on the odds of death due to CVD between age 70 and 80, expressed

as odds ratios for a 10mmHg increase in SBP. The point estimates from the three

estimation methods are very similar. However, the confidence intervals are extremely

wide. This is not unexpected, as SBP levels at the four ages are highly correlated

within subjects (see Table 12.3). Given these high correlations, very large samples

would be required to estimate the independent effects of SBP at each age, adjusted

for SBP at the other three points, with any reasonable degree of precision.

The linear mixed model used in the first stage of RC converged successfully for all

bootstrap samples. In 14 bootstrap samples, the estimated correlation between SBP

at age 40 and 50 was either equal to 1, or was very close to 1. For these bootstrap

samples, R’s glm function (used to fit the logistic regression model) dropped either

SBP at 50 (for one sample) or SBP at 70 (for 13 samples) from the model, due to

the covariance matrix of the logistic model covariates being almost singular. The

MCEM (ML1) algorithm similarly failed (for 56 bootstrap samples) when one of
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the estimated correlations between SBP levels was close to 1. This occurred if the

initial estimates of the log odds ratios from RC contained a missing value (due to

the previously described co-linearity in the BLUPs). It is also occurred for other

bootstrap samples in which the RC estimates of the adjusted log odds ratios were

finite but extremely large. This resulted in numerical problems when evaluating

the rejection probabilities when multiply imputing Xi. The ML2 method, based

on fitting a linear mixed model for Wi given Yi, gave estimates for all bootstrap

samples, although for some bootstrap samples estimates were sometimes zero or

infinite.

12.3.2 Unadjusted effects of SBP at 40, 50, 60 and 70

Table 12.5 shows the estimates of the unadjusted odds ratios for the effects of SBP

at ages 40, 50, 60 and 70 on odds of death due to CVD. With the exception of the

ML2 estimate of the effect of SBP at age 40, and ignoring for a moment the fact

that estimation failed for some bootstrap samples, all estimates were statistically

significant at the 5% level, with higher SBP at each age associated with greater odds

of death due to CVD. The estimated odds ratios were largest for the effect of SBP at

age 40, while SBP at age 60 had the smallest estimated effect. Assuming that SBP

at each age has some positive independent effect on the odds of death due to CVD

between age 70 and 80, we expect the naive RC estimates to be biased upwards.

The estimates support this, with the naive RC estimates larger than the corrected

RC estimates. The biggest difference is for the effect of SBP at 40, for which the

naive RC estimate (on the log odds ratio scale) is 13% larger than the corrected RC

estimate. This may be because only a minority of men have SBP measurements ear-

lier in life, and so the implicit conditional independence assumption is only violated

in this minority of men. In contrast, when predicting SBP at age 40, for a majority

of men the prediction is based on SBP measurements later in life (because they were

only recruited at an older age), and so the conditional independence assumption is

violated to a greater extent.

Compared to the corrected RC estimates, the ML1+MI and ML2 estimates are

slightly larger in magnitude. This is consistent with our previous findings (and

those in the literature) that RC usually gives estimates which are biased towards

the null. Comparing the confidence intervals for naive RC and ML2 (for which both

estimation methods did not fail for any bootstrap samples, and which therefore

permit a fair comparison), the intervals for ML2 are wider than those for RC. This

is consistent with the fact that the ML2 estimates do not rely on an assumption

that SBP at the other ages has no independent effect on odds of death due to CVD,

which is implicitly made by naive RC. We note that the confidence intervals for the

effects of SBP at age 50, 60 and 70 are only slightly wider for ML2 compared to RC,

whereas for SBP at age 40 the ML2 interval is substantially wider. We conjecture
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Table 12.4: Estimates of mutually adjusted odds ratios (OR) (95% bootstrap percentile CI) for the effects of a 10mmHg increase in SBP at
ages 40, 50, 60 and 70 on odds of death due to CVD. Estimates found using regression calibration (RC), maximum likelihood assuming marginal
normality for random-effects via ascent-based MCEM (ML1), and maximum likelihood assuming conditional normality for random-effects given
outcome (ML2). # failures denotes the number of bootstrap samples (out of 2,000) for which estimation failed. Bootstrap percentile CIs are
based on estimates from bootstrap samples in which estimation did not fail.

RC ML1 ML2

SBP at age OR (95% CI) # failures OR (95% CI) # failures OR (95% CI) # failures

40 1.16 (0.14, > 100) 0 1.16 (0.17, 26.73) 56 1.25 (0.03, > 100) 0
50 1.09 (0.001, 6.12) 1 1.11 (0.12, 5.36) 56 1.09 (< 0.001, 18.15) 0
60 0.92 (0.51, 4.62) 0 0.91 (0.52, 1.74) 56 0.89 (0.36, > 100) 0
70 1.17 (0.29, 1.80) 13 1.18 (0.67, 1.71) 56 1.20 (< 0.001, 2.48) 0
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that this may be due to the same reason which caused the corrected RC estimates

to differ most from the naive RC estimates for SBP at 40, i.e. because SBP at age

40 has to be predicted for many men on the basis of SBP measurements at later

ages.

Estimates of the unadjusted effects were found for all bootstrap samples for RC

and ML2. For the 14 bootstrap samples for which the RC estimates of the adjusted

effects of SBP at the four ages were not available (see Table 12.4), the corrected RC

estimates could not be calculated, since this uses the RC estimates of the adjusted

effects. Similarly, the ML1+MI estimates are based on the imputations available at

the convergence of the MCEM algorithm. Since this failed for 56 bootstrap samples

as previously described, the ML1+MI estimates were unavailable for 56 bootstrap

samples.

12.3.3 Mutually adjusted effects of SBP at 40 and 70

Table 12.6 shows the estimates of the mutually adjusted effects of SBP at ages 40

and 70. The point estimates from all four methods are similar, suggesting SBP

at both 40 and 70 was positively associated with odds of death due to CVD. The

largest difference in point estimates between the methods was the ML2 estimate of

the independent (of SBP at 70) effect of SBP at 40, which was 25% larger than

the estimates from the other methods. Although all of the 95% confidence intervals

include 1, their lower limits are only slightly below 1, suggesting weak evidence that

SBP at the two ages have independent effects on the odds of death due to CVD. As

for the estimates of the unadjusted effects of SBP at the four ages, the confidence

intervals for the RC estimates are narrower than those for the ML2 estimates. Also

mirroring the results of the unadjusted analyses, the difference in confidence interval

width between ML2 and RC is largest for the effect of SBP at 40.

12.4 Conclusions

Our results show that mean SBP levels increased with age in the men recruited into

the Framingham Study. As one would expect, a man’s underlying SBP levels at

ages 40, 50, 60 and 70 are highly correlated. Between-subject variability in SBP

increased with age, with the estimated between-subject SD in underlying SBP at

age 70 around 55% greater than the estimated SD of underlying SBP at age 40. By

comparing the estimated within-subject residual SD with an estimate of the within-

visit SD of individual SBP measurements from visit 2, we found that around 70%

of the within-subject variance is attributable to variations around a subject’s linear

trajectory. Our estimates are valid provided these variations are independent and

unrelated to the odds of death due to CVD. This finding does however suggest that

more complex models might be appropriate for these data.
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Table 12.5: Estimates of unadjusted odds ratios (OR) (95% CI) for the effects of a 10mmHg increase in SBP at ages 40, 50, 60 and 70
on odds of death due to CVD. Estimates found using naive regression calibration (naive RC), corrected RC, maximum likelihood assuming
marginal normality for random-effects via ascent-based MCEM followed by multiple imputation (ML1+MI), and maximum likelihood assuming
conditional normality for random-effects given outcome (ML2). # failures denotes the number of bootstrap samples (out of 2,000) for which
estimation failed. Bootstrap percentile CIs are based on estimates from bootstrap samples in which estimation did not fail.

Naive RC Corrected RC ML1+MI ML2

SBP at age OR (95% CI) # failures OR (95% CI) # failures OR (95% CI) # failures OR (95% CI) # failures

40 1.39 (1.17, 1.64) 0 1.33 (1.03, 1.76) 14 1.35 (1.03, 1.77) 56 1.41 (0.98, 2.20) 0
50 1.27 (1.12, 1.44) 0 1.25 (1.08, 1.43) 14 1.26 (1.09, 1.45) 56 1.28 (1.08, 1.55) 0
60 1.19 (1.08, 1.31) 0 1.17 (1.05, 1.29) 14 1.17 (1.05, 1.30) 56 1.18 (1.05, 1.34) 0
70 1.22 (1.09, 1.35) 0 1.21 (1.08, 1.35) 14 1.22 (1.08, 1.36) 56 1.24 (1.09, 1.43) 0
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Table 12.6: Estimates of mutually adjusted odds ratios (OR) (95% CI) for for the effects of a 10mmHg increase in SBP at ages 40 and 70
on odds of death due to CVD. Estimates found using naive regression calibration (naive RC), corrected RC, maximum likelihood assuming
marginal normality for random-effects via ascent-based MCEM followed by multiple imputation (ML1+MI), and maximum likelihood assuming
conditional normality for random-effects given outcome (ML2). # failures denotes the number of bootstrap samples (out of 2,000) for which
estimation failed. Bootstrap percentile CIs are based on estimates from bootstrap samples in which estimation did not fail.

Naive RC Corrected RC ML1+MI ML2

SBP at age OR (95% CI) # failures OR (95% CI) # failures OR (95% CI) # failures OR (95% CI) # failures

40 1.20 (0.94, 1.52) 0 1.19 (0.83, 1.79) 14 1.20 (0.83, 1.77) 56 1.25 (0.76, 2.38) 0
70 1.13 (0.97, 1.31) 0 1.14 (0.94, 1.35) 14 1.14 (0.95, 1.37) 56 1.15 (0.86, 1.47) 0
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The high correlations between SBP at different ages meant that our estimates

of the independent effects of SBP at one age, adjusted for SBP at other ages, on

the odds of death due to CVD between age 70 and 80, were very imprecise. We do

not believe therefore that any conclusions can be drawn from our estimates of the

mutually adjusted effects of SBP at each of the four ages on the outcome.

In contrast, we were able to estimate the unadjusted associations between SBP

at ages 40, 50, 60 and 70 with odds of death due to CVD, much more precisely. Our

results suggest that SBP at each of these ages, without adjustment for SBP at other

ages, is positively associated with odds of death due to CVD between 70 and 80,

with estimated odds ratios for a 10mmHg increase in SBP ranging from around 1.17

for the unadjusted effect of SBP at age 60, to 1.35 for the effect of SBP at age 40.

These estimates are of a similar magnitude to the hazard ratio estimates reported by

the Prospective Studies Collaboration [140], which aimed to estimate associations

between underlying BP levels at the start of a decade of age with CVD events in

the following decade. Although their analysis made an allowance for measurement

error, they used correction methods similar to those used by Clarke et al [15], and

as discussed in Section 1.2.1, the validity of these adjustment rests on number of

questionable assumptions.

Lastly, we considered the mutually adjusted effects of SBP at ages 40 and 70 on

odds of death due to CVD. Although the confidence intervals were relatively wide,

our results suggest that SBP at both ages may have an independent effect on odds of

death due to CVD between 70 and 80. The point estimates suggest that a 10mmHg

increase in SBP at age 40 may have a larger influence, conditional on SBP at 70,

than SBP at age 70 has (conditional on SBP at 40). However, it is important to

note that there was less variability between-subjects in SBP at age 40 compared to

at age 70.

When estimating the associations between SBP levels at one age and odds of

death due to CVD, without adjustment for SBP at all other time points, the naive

RC estimates were larger than the corrected RC estimates. This is in agreement with

our simulation results. The naive RC estimates implicitly rely on the assumption

that SBP at the other ages have no association with odds of death due to CVD,

conditional on the SBP level included as a covariate in the logistic regression model.

If we assume that SBP at each age is independently and positively associated with

odds of death due to CVD, the univariate estimates from naive RC will be biased

upwards, since SBP levels at different ages are positively correlated. The confidence

intervals for the ML2 estimates, which do not make such a conditional independence

assumption, were wider than those for the naive RC estimates, which we believe is

a reflection of the cost in terms of efficiency of relaxing this assumption.

On the basis of the results here, in broad agreement with our simulation results,

we conclude that RC gives estimates which are similar to those obtained by more
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complicated estimation methods, such as ML, when all of the random-effects Xi

are included as covariates in the logistic regression outcome model. When fitting

outcome models with subsets of the random-effects Xi as covariates, although the

naive RC estimates may be biased, one may argue on the basis of these results that

these biases are often small enough to ignore. We had anticipated that correcting the

naive RC estimates would have a larger effect. As with our simulations in Chapter

8 however, the biases in the naive RC estimates may have been beneficial in acting

in the opposite direction to the bias towards the null inherent in RC estimates for

logistic regression outcome models. This cannot be expected to occur in all situations

– if for example the covariates are negatively correlated with each other, but each

is positively associated with the outcome, the bias in the naive RC estimates due to

the violation of the conditional independence will be negative.

The corrected RC estimates were easy to calculate from the RC estimates of the

‘full model’, in which SBP at 40, 50, 60 and 70 were included as covariates, and

the estimated variance covariance matrix of Xi. This approach does not rely on

an assumption that SBP levels which are not included as covariates in the logistic

regression outcome model have no independent effect on odds. Since estimation of

the independent effects of SBP at the four ages is so difficult, due to their high

correlations, we cannot determine with any degree of confidence which SBP levels

have no independent effect. It therefore seems prudent, when estimating other

associations which are not adjusted for SBP at all other ages, to not make any

assumptions regarding lack of independent effects. The corrected RC approach is

therefore, in our view, an appealing approach.

Ascent-based MCEM gave similar estimates to the RC approach. Whereas the

latter can be easily implemented using standard statistical software, the former

required a custom-written program in R, and took longer to run. Given that the

two methods gave very similar estimates, there seems little benefit in using ascent-

based MCEM for estimation for the analyses we have considered in this chapter.

Our proposed method to find ML estimates for the model which assumes condi-

tional normality for Xi given Yi also gave similar estimates to the RC method. Like

RC, our approach can be implemented by fitting a modified version of the linear

mixed model fitted in the first stage of RC. While for the data considered here this

approach gave similar estimates to the corrected RC method, on the basis of our

earlier simulations (see Section 8.7), we believe our approach may be useful when

the effect sizes are larger, where RC gives estimates with non-negligible biases.
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Chapter 13

The effects of current and past

systolic blood pressure on the

hazard of cardiovascular disease

In this chapter we report the results of analyses to investigate how the hazard rate

for the occurrence of cardiovascular disease depends on current and past levels of

underlying SBP. We begin by explaining our choice of outcome and exposure, and

describing the data available. In Section 13.1 we describe a linear mixed model for

the longitudinal measurements, and report the parameter estimates based on the

available longitudinal SBP measurements. In Section 13.2 we describe the various

effects which we aimed to estimate and the two estimation methods used. We report

the results of analyses in Section 13.3, and give concluding remarks in Section 13.4.

As for the analyses described in the previous chapter, we used data only from the

men in Framingham. In order to increase the number of events (compared to the

binary outcome used in Chapter 12), we considered time from age 60 to a man’s first

CVD event (non-fatal or fatal) as our outcome. Since we wish to exclude men who

had previously had non-fatal CVD events from our analysis, by choosing age 60 as

the time origin (as opposed to 70), we increased the number of subjects which could

contribute to the analysis. We thus included only those men who at age 60 had had

no previous non-fatal CVD events. To simplify the analysis we did not use data

from 67 men who were recruited after the age of 60 (although they could have been

treated as ‘delayed entry’ observations from the age at which they were recruited).

Men who died from causes other than CVD, and who had had no previous CVD

events, were censored at the time of their death. There were 1,587 men who satisfied

the above criteria, and were hence at risk at age 60. We censored all those who were

still at risk at age 80, to avoid difficulties in modelling SBP at ages greater than 80,

for which there were far fewer measurements.

In order to relate hazard of experiencing a CVD event to current and past levels

of SBP, we considered models for SBP measurements made from age 40 up to age 80.
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The 1,587 men included in the analysis collectively had 17,176 SBP measurements

between age 40 and 80. Since SBP following a non-fatal CVD event may change as

a result of the event itself or because of treatment given in response to the event,

we excluded 1,811 SBP measurements which took place after such an event from

our analyses, leaving 15,365 SBP measurements from 1,582 men. Of these 1,582

men, 783 (49.5%) experienced either a non-fatal CVD event or died due to CVD

before age 80. By considering hazard of CVD from age 60 onwards, we thus only

considered the influence of SBP in the preceding 20 years, in contrast to our analyses

in Chapter 12, in which we considered SBP levels in the 30 years preceding the ‘risk

period’.

13.1 Longitudinal model

13.1.1 Model specification

We adopted the same linear mixed model for the longitudinal SBP measurements

as used in Chapter 12, extended to allow for measurements up to age 80. We thus

assumed a piece-wise linear mean structure with age, with knots at ages 50, 60 and

70. We also assumed the existence of a five-dimensional subject-specific random-

effects vector Xi ∼ N(µX ,ΣX) such that an SBP measurement Wij made at age

tij:

Wij = age40(tij)Xi1 + age50(tij)Xi2 + age60(tij)Xi3

+ age70(tij)Xi4 + age80(tij)Xi5 + Uij (13.1)

where the covariates age40(t), age50(t), age60(t), age70(t), age80(t) are defined as in

Section 12.1 and Uij ∼ N(0, σ2
U) denotes an independent residual error.

13.1.2 Model estimates

Tables 13.1 and 13.2 show the estimated parameters obtained by fitting the linear

mixed model to the observed SBP measurements using Stata’s xtmixed command

(via ML).

Before considering the interpretation of these estimates, we first note that, as

discussed in the introduction to Chapter 9, for the current analysis we can view the

occurrence of a CVD event as censoring the observation of the longitudinal SBP

process, i.e. subjects ‘drop-out’ from longitudinal observation when they experience

CVD. The linear mixed model fitted to the observed SBP measurements ignores the

time-to-CVD event outcome, and inferences are based on the likelihood function

of the longitudinal measurements. Such analyses are valid providing that ‘drop-

out’, or missingness, depends at most on observed data, i.e. data are missing at
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random (MAR). Under our modelling assumptions, time-to-CVD is driven by the

unobserved random-effectsXi. The longitudinal SBP measurements are thus subject

to missingness which is not at random (MNAR), implying that estimates based on

the likelihood function of the SBP measurements is biased. However, one may argue

that if the error-prone SBP measurements are a good proxy for the underlying Xi,

then after conditioning on observed SBP measurements, Xi is less informative about

missingness, and so the MAR assumption is violated to a lesser extent.

We now consider interpretation of the linear mixed model parameters, assuming

that the missing not at random issue is small enough to be ignored. The esti-

mated mean SBP at ages 40, 50 and 60 were 127.55mmHg (95% CI 126.44, 128.65),

131.86mmHg (130.91, 132.81), and 138.76mmHg (137.71, 139.81) respectively. Since

all subjects were alive at age 60, we may (with caveats regarding the MAR assump-

tion) interpret these as the estimated mean SBP levels in the population of men

who survived to age 60 and who had had no previous CVD.

Following our discussion in Section 9.9, we do not believe the estimates corre-

sponding to parameters concerning SBP at ages 70 and 80 (means, variances, and

correlation) correspond to meaningful population parameters. For those men who

experience CVD between ages 60 and 80, their SBP levels at times following their

event are implicitly imputed using their available SBP measurements when we fit

a linear mixed model to the observed SBP measurements. They are imputed on

the basis of the relationship between SBP levels at 70 and 80 and SBP levels ear-

lier in life, the estimation of which uses data from those subjects who have SBP

measurements in both the earlier decades and the later decades (and hence did

not experience CVD). For those who experienced CVD, their later SBP levels are

thus imputed after the time of their CVD event, assuming that the relationship is

between SBP early and later levels of SBP is the same as in those who do not expe-

rience CVD. For those men who experience a non-fatal CVD event but who survive

to age 80, their SBP to age 80 existed, and if we are willing to assume that SBP

levels following a non-fatal CVD has the same relationship with earlier SBP levels

as those men who survived to age 80 without experiencing CVD, the estimates for

mean SBP at 70 and 80 may legitimately be interpreted as the mean SBP levels in

the population.

However, many of the men died between 60 and 80, due to both CVD and other

causes. For these men, their SBP ceased to exist at the time of death. By fitting the

linear mixed model to the observed SBP measurements, we are implicitly imputing

their SBP levels at age 70 and 80 using their earlier SBP measurements, based on

the relationship estimated in those men who survived to age 80 and thus had SBP

measurements across the entire age range. In effect, for those men who died, the

model imputes what their SBP would have been, assuming the relationship between

earlier and later SBP levels is the same as in survivors. This makes little sense,
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Table 13.1: Estimates of fixed effect parameters and random-effects parameters
from linear mixed model for SBP measurements (95% CI). Units are mmHg

Fixed effects parameter Estimate (95% CI)

SBP at 40 127.55 (126.44, 128.65)
SBP at 50 131.86 (130.91, 132.81)
SBP at 60 138.76 (137.71, 139.81)
SBP at 70 144.44 (143.32, 145.57)
SBP at 80 148.06 (146.41, 149.71)

Random effects parameter Estimate (95% CI)

SD(SBP at 40) 12.88 (11.77, 14.10)
SD(SBP at 50) 16.05 (15.26, 16.88)
SD(SBP at 60) 19.64 (18.85, 20.47)
SD(SBP at 70) 18.81 (17.88, 19.79)
SD(SBP at 80) 20.12 (18.56, 21.81)
SD(Residual) 9.79 (9.66, 9.93)

Table 13.2: Estimated correlations between random-effects in linear mixed model
for SBP measurements (95% CI)

SBP at 40 SBP at 50 SBP at 60 SBP at 70

SBP at 40 1
SBP at 50 0.86 (0.76, 0.91) 1
SBP at 60 0.73 (0.66, 0.79) 0.80 (0.76, 0.84) 1
SBP at 70 0.59 (0.49, 0.68) 0.52 (0.46, 0.58) 0.71 (0.66, 0.75) 1
SBP at 80 0.57 (0.40, 0.69) 0.49 (0.39, 0.59) 0.53 (0.44, 0.60) 0.65 (0.57, 0.72)

and so we urge considerable caution in interpreting the estimates of the parameters

corresponding to SBP at 70 and 80.

13.2 Estimation methods

We assumed a Cox proportional hazards model for the time to a CVD event. We

considered estimation of three different sets of effects:

• the mutually adjusted effects of SBP at ages t, t−10 and t−20 on the hazard

of CVD at age t

• the unadjusted effects of SBP at ages t, t − 10 and t − 20 on the hazard of

CVD at age t

• the mutually adjusted effects of SBP at ages t and t − 20 on the hazard of

CVD at age t

As in Chapter 9, let Mi(t) denote the underlying SBP value at age t. The first

set corresponds to a Cox proportional hazards model with a three-dimensional
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time-dependent covariate X∗
i (t) = (Mi(t),Mi(t − 10),Mi(t − 20))T . The second

set corresponds to three separate Cox proportional hazards models, with scalar

time-dependent covariate equal either to X∗
i (t) = Mi(t), X

∗
i (t) = Mi(t − 10), or

X∗
i (t) =Mi(t−20). The third set corresponds to a Cox proportional hazards model

with the bivariate time-dependent covariate X∗
i (t) = (Mi(t),Mi(t− 20))T .

We used RC and ML (or ML+MI) to estimate the hazard ratios corresponding

to these three sets of effects.

13.2.1 Regression calibration

Mutually adjusted effects of SBP at ages t− 20, t− 10 and t

To implement RC we fitted the linear mixed model to all of the available SBP

measurements (i.e. not risk-set RC). From this fitted mixed model we found the

BLUPs of each subject’s SBP at ages 40, 50, 60, 70 and 80. We used these BLUPs

to calculate the value of X∗
i (t) = (Mi(t),Mi(t − 10),Mi(t − 20))T at each event

time. We then fitted a time-updated Cox model using R’s coxph command, using

the predicted value of X∗
i (t) as a (3 dimensional) time-dependent covariate.

Unadjusted effects of SBP at ages t − 20, t − 10 and t on hazard of CVD

at age t

To estimate the unadjusted effects of SBP at ages t, t− 10 and t− 20 on the hazard

of CVD at age t we fitted three separate time-dependent Cox models, with the

predicted values of Mi(t), Mi(t− 10) and Mi(t− 20) as the single (time-dependent)

covariate.

Mutually adjusted effects of SBP at ages t− 20 and t on hazard of CVD

at age t

To estimated the mutually adjusted effects of SBP at age t and t− 20 on hazard of

CVD at age t we fitted a time-dependent Cox model with the predicted values of

X∗
i (t) = (Mi(t),Mi(t− 20))T as a bivariate time-dependent covariate.

13.2.2 Maximum likelihood using ascent-based Monte-Carlo

Expectation Maximization (ML) + multiple imputa-

tion (ML+MI)

Mutually adjusted effects of SBP at ages t− 20, t− 10 and t on hazard of

CVD at age t

We found ML estimates for the joint model which assumes the hazard at age t may

depend jointly on Mi(t), Mi(t − 10) and Mi(t − 20), using ascent-based MCEM,
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as described in Section 9.5. We used the same values for the control parameters

of the ascent-based method as in our simulations. As for the analyses described

in Chapter 12, we generated a second set of imputations at each iteration, which

was used to estimate the increase in the expected complete data log likelihood.

Due to the computational demands of the algorithm for this model we declared

convergence either when the number of imputations reached 100 or, as before, if the

upper confidence interval limit for the increase in the Q function was less than 0.01.

Unadjusted effects of SBP at ages t− 20, t− 10 and t

To estimate the unadjusted effects of SBP at ages t, t − 10, and t − 20 on hazard

of CVD at age t, we used the multiple imputations of Xi which were available as

a by-product of the MCEM algorithm. We fitted three separate Cox models (for

each imputation) with time-dependent covariate equal to either Mi(t), Mi(t − 10)

or Mi(t − 20), with these values calculated using the imputed value of Xi. We

then averaged (on the log hazard ratio scale) the parameter estimates across the

imputations to give an overall point estimate.

Mutually adjusted effects of SBP at ages t− 20 and t

As for the unadjusted effects, to estimate the mutually adjusted effects of SBP at

ages t and t − 20 on hazard of CVD at age t we fitted a Cox model (for each

imputation) using Mi(t) and Mi(t − 20) as time-dependent covariates, the latter

being calculated using the imputed value of Xi. The estimates were then averaged

across the multiple imputations (on the log hazard scale) to give an overall point

estimate.

13.2.3 Inference

Due to the additional computational burden of estimating the parameters of the

joint model (relative to the case of a binary outcome), we used non-parametric

bootstrapping (200 bootstrap samples) to estimate the standard error of the RC, ML,

and ML+MI estimates. We used these estimated standard errors to form Wald-type

95% confidence intervals for the estimated log hazard ratios, and back-transformed

these to give 95% confidence intervals for the estimated hazard ratios. Inspection of

histograms of the 200 bootstrap estimates confirmed that an assumption of normality

for the RC and ML estimators was reasonable.
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13.3 Results

13.3.1 Mutually adjusted effects of SBP at ages t−20, t−10

and t

Table 13.3 shows the estimates of the mutually adjusted effects of SBP at ages t,

t− 10, and t− 20 on hazard of CVD at age t. We begin by noting that estimation

of these adjusted effects was much more precise than the corresponding estimates in

the case of a binary outcome (Chapter 12), as indicated by the confidence intervals

in Table 13.3. We comment further on the likely reasons for this in our Conclusions

(Section 13.4).

The point estimates from both RC and ML for the effects of SBP at ages t, t−10

and t − 20 on hazard of CVD at age t are all greater than one, suggesting higher

SBP levels were independently associated with greater hazard of CVD. Both the RC

and ML estimates of the adjusted (for SBP 10 and 20 years earlier) effect of current

SBP are statistically significant at the 5% levels, with a 10mmHg increase in current

SBP estimated to increase hazard of CVD by 13% (95% CI 5.3%, 21.3%) using RC

and by 16% (6.2%, 26.7%) using ML. The estimated effects of SBP both 10 and

20 years earlier were smaller (for both RC and ML), although their 95% confidence

intervals indicate the data are consistent with them having no independent effects.

The point estimates from RC suggest that SBP 10 years earlier has an indepen-

dent effect on current hazard that is approximately 80% greater than the indepen-

dent effect of SBP 20 years earlier. In contrast, the ML estimate of the adjusted

effect of SBP 10 years earlier is similar (in fact slightly smaller) to that of the effect

of SBP 20 years earlier. It is unclear why this difference in the relative importance

of SBP levels between RC and ML occurred.

It is important to note that the validity of the both the RC and ML estimates

rely (in addition to assumptions regarding the model for SBP) on the assumption

that the hazard depends on the longitudinal SBP history only via its current value,

its values 10 years earlier, and its value 20 years earlier. If, between ages 70 and

80, the hazard depends on SBP levels between 40 and 50, we would expect bias to

occur in general.

13.3.2 Unadjusted effects of SBP at ages t− 20, t− 10 and t

Table 13.4 shows the estimates of the unadjusted effects of SBP at age t, t − 10,

and t − 20 on hazard of CVD at age t. All of the estimates are highly statistically

significant on the basis of the lower limits of the 95% bootstrap confidence intervals,

with an increase in either current, 10 years earlier, or 20 years earlier SBP level by

10mmHg associated with around a 25% increase in current hazard.
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Table 13.3: Estimates of mutually adjusted hazards ratios (95% bootstrap normal
CI) for the effects of a 10mmHg increase in SBP at ages t, t−10, and t−20 on hazard
of CVD at age t. Estimates found using regression calibration (RC) and maximum
likelihood assuming marginal normality for random-effects via ascent-based MCEM
(ML).

SBP at age RC ML

t 1.130 (1.053, 1.213) 1.160 (1.062, 1.267)
t− 10 1.087 (0.951, 1.242) 1.055 (0.909, 1.226)
t− 20 1.048 (0.917, 1.197) 1.057 (0.923, 1.210)

The RC point estimates are all larger than the ML+MI estimates, with the

difference being largest for the unadjusted effect of SBP 20 years earlier. Assuming

that SBP at ages t, t − 10 and t − 20 are all independently positively associated

with hazard at age t, for the reasons discussed in Section 9.3 and our simulation

evidence (Section 9.8), we expect the RC estimates of the unadjusted effects to be

positively biased, although this may be partly negated by the inherent bias towards

the null in RC estimates for Cox models. The point estimates are thus consistent

with our earlier findings regarding the bias of RC when outcome models are fitted

which exclude important covariates (which are a function of the longitudinal process)

when fitting the Cox outcome model, although the differences are not particularly

large.

We conjecture that the difference between RC and ML+MI may be largest for

the effect of SBP 20 years earlier partly for the same reason as the difference between

RC and corrected RC/ML estimates for the effect of SBP on odds of death due to

CVD between 70 and 80 were largest for the unadjusted effect of SBP at age 40

(Chapter 12). For events occurring between the ages of 60 and 70, SBP levels 20

years earlier correspond to SBP between ages 40 and 50. For those men who were

recruited after the age of 50, and who necessarily have no SBP measurements prior

to age 50, their SBP levels at ages between 40 and 50 must be predicted solely on

the basis of SBP measurements made at later ages. If SBP at these later ages has an

independent effect on hazard at current age, we expect RC to give biased estimates,

as discussed in Section 9.3.

Conversely, for the unadjusted effect of current SBP, for events occurring be-

tween the ages of 60 and 70, aside from intermittent missingness of follow-up visits,

men should have SBP measurements available with which to predict their current

underlying SBP. Conditional on such measurements, earlier (and indeed later) SBP

measurements provide less information, and therefore the bias in the RC estimates

of the unadjusted effect of current SBP should be smaller. A second contributory

reason for the largest difference occurring for the effect of SBP 20 years earlier may

be if current SBP has a larger independent influence on current hazard than SBP

20 years earlier. In this case, the conditional independence assumption on which
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Table 13.4: Estimates of unadjusted hazards ratios (95% bootstrap normal CI)
for the effects of a 10mmHg increase in SBP at ages t, t− 10, and t− 20 on hazard
of CVD at age t. Estimates found using regression calibration (RC) and maximum
likelihood assuming marginal normality for random-effects via ascent-based MCEM
plus multiple imputation (ML+MI)

SBP at age RC ML+MI

t 1.248 (1.203, 1.294) 1.246 (1.199, 1.295)
t− 10 1.257 (1.210, 1.306) 1.248 (1.200, 1.298)
t− 20 1.281 (1.223, 1.343) 1.253 (1.193, 1.317)

RC estimates of unadjusted effects is based is violated to a greater extent, and so

we might expect the consequent bias to be greater.

Lastly, we note that the confidence intervals for the ML+MI estimates of the

unadjusted effects are of a similar width to those for RC. This is despite the fact

that in contrast to RC, the ML+MI estimates are valid for the unadjusted effect of

SBP at one age even if SBP at the two ages have an independent effect on current

hazard.

13.3.3 Mutually adjusted effects of SBP at ages t− 20 and t

Table 13.5 shows the estimates of the mutually adjusted effects of SBP at age t

and t − 20 on hazard of CVD at age t. Using either RC or ML, the estimates and

confidence intervals suggest evidence that current SBP (relatively strong evidence)

and SBP 20 years earlier (weak evidence) are independently and positively associated

with current hazard of CVD. The point estimates from both RC and ML suggest that

current SBP has a larger independent effect than SBP 20 years earlier on current

hazard of CVD. The ML+MI estimates suggest a greater relative importance of

current SBP compared to SBP 20 years earlier than the RC estimates, although the

point estimates do not differ by a large amount.

Analogous to the unadjusted effects, we expect the RC estimates here to be

positively biased if SBP 10 years earlier has an independent effect on current hazard

of CVD. That the RC estimates place more relative importance on SBP levels 20

years earlier than the ML+MI estimates may again be due to the fact that SBP at

ages between 40 and 50 had to be predicted on the basis of SBP measurements made

at older ages for those men who were recruited to the study after age 50. Thus as

for the unadjusted effect estimates, the RC estimates may place more importance

on SBP 20 years earlier due to the violation of the implicit conditional independence

assumption on which it relies.
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Table 13.5: Estimates of mutually adjusted hazards ratios (95% bootstrap normal
CI) for the effects of a 10mmHg increase in SBP at age t and t − 20 on hazard of
CVD at age t. Estimates found using regression calibration (RC) and maximum
likelihood assuming marginal normality for random-effects via ascent-based MCEM
plus multiple-imputation (ML+MI)

SBP at RC ML+MI

t 1.170 (1.101, 1.242) 1.186 (1.112, 1.265)
t− 20 1.113 (1.030, 1.202) 1.096 (1.010, 1.188)

13.4 Conclusions

The estimates of the adjusted effects were much more precise than those of the

adjusted odds ratios of Chapter 12. This is likely to due to a number of factors.

First, the analysis in this chapter is based on a larger number of subjects. Second, by

considering the occurrence of events over a longer period (20 compared to 10 years),

and also by considering non-fatal CVD events, a greater proportion of the subjects

in the analyses of this chapter experienced the event of interest. Third, the binary

outcome used in Chapter 12 can be viewed as a coarsened version of the outcome

‘time to death due to CVD’, and such coarsening would in general be expected to

result in a loss of information. Fourth, in the analyses of this chapter we considered

the mutually adjusted effects of three correlated covariates, rather than four.

Our estimates suggest that, conditional on earlier SBP levels, current SBP is

positively associated with current hazard of CVD. The estimated effect of a 10mmHg

increase in current SBP, holding earlier SBP levels constant, was to increase current

hazard of CVD by 13.0% (95% CI 5.3%, 21.3%) using RC, and by 16.0% (6.2%,

26.7%) using ML. Although the point estimate for the effect of SBP 20 years earlier

on current hazard, conditional on current and SBP 10 years earlier, suggested a

positive effect, the 95% confidence interval included the null value of 1, indicating

the data are consistent with SBP level 20 years earlier having no independent effect

on current hazard. The same was true for SBP 10 years earlier.

There was strong evidence that unconditionally (i.e. not adjusted for SBP at

other times), current SBP, SBP 10 years earlier, and SBP 20 years earlier are each

positively associated with current hazard of CVD, with unadjusted hazard ratio

estimates of around 1.25 for a 10mmHg increase in SBP. There was also evidence

that, current SBP and SBP 20 years earlier have independent effects on the current

hazard of CVD.

Broadly speaking, the RC and ML estimates were quite similar. However, when

estimating the unadjusted effects of SBP, the RC estimates were larger in magnitude

than the ML+MI estimates. As previously discussed in Section 9.3 and shown in

our simulations in Section 9.8, we expect RC to give biased estimates of effects when

important time-dependent covariates which are a function of the longitudinal process
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are omitted from the Cox outcome model. That the RC estimates of the unadjusted

effects were larger than the corresponding ML+MI estimates is consistent with this,

assuming that current SBP, SBP 10 years earlier, and SBP 20 years earlier have

positive independent effects on current hazard of CVD.

However, as in our simulations of Section 9.8, these biases may have acted in

the opposite direction to the bias towards the null inherent in RC estimates of

effect in Cox models. The net effect was that the differences between the RC and

ML+MI estimates were not particularly large. However, on the basis of our earlier

simulation results (Section 9.8) we would expect greater discrepancies in situations

in which the longitudinal process has a greater effect on hazard. Furthermore, in

other situations the biases in RC estimates caused by omitting an important time-

dependent covariate may act in the same direction as RC’s inherent bias towards

the null, causing larger differences between RC and estimates based on ML+MI. It

is also important to note that the ML approach used assumes that hazard at time

t only depends on past SBP via its current level, its level 10 years earlier, and its

level 20 years earlier. In particular, it assumes that at ages between 70 and 80, SBP

levels between 40 and 50 have no independent influence on current hazard of CVD.

Given these findings, at least for the Framingham data we have considered, we

would not advocate use of the complicated ML or ML+MI method over RC, since

the two methods gave estimates which differed by only relatively small amounts. The

fact that RC is so easy to implement, relative to methods such as ML, and that it has

often been found to give similar estimates to more complicated methods [94, 130],

explains its continued attraction for estimating the parameters of joint models for

longitudinal and time-to-event outcomes.

As discussed in Section 9.10, our implementation of ML, via ascent-based MCEM,

is extremely slow, due to the inefficiency of the rejection sampling used to multiply

impute Xi (see Section 9.5.1). While a more computationally efficient implemen-

tation could no doubt be produced, our proposal is inherently computationally de-

manding due to the looseness of the bound used in the rejection sampler. We would

not therefore advocate its use for finding ML estimates for such joint models, unless

a more efficient approach to generating the required imputations could be found.

The analyses of this chapter are based on a model in which we assume that

for each subject there exists a five-dimensional random-effects vector Xi, of which

the last two elements determine SBP at ages 70 and 80. Since some subjects died

between the ages of 60 and 80, it is not clear how these random-effects can be

unambiguously defined for all subjects. As discussed earlier in Section 9.9, we believe

further research is needed regarding this issue.
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Part IV

Conclusions
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Chapter 14

Conclusions

In this thesis we have investigated methods to allow for classical covariate measure-

ment error, and considered extensions to life-course studies. In Part I we considered

the effects of, and methods to allow for, classical covariate measurement error in

regression models for continuous, binary, and censored survival time outcomes. We

summarize our contributions to this area and give some broad conclusions in Section

14.1. In Part II we considered the extension of the methods considered for classical

covariate measurement to life-course studies. In such studies, interest lies in the

relationships between aspects of the trajectories of longitudinal processes of inter-

est, which are measured periodically and with error, with subsequent outcomes. We

summarize our contributions from this part in Section 14.2. We illustrated some

of the analysis methods we have described and proposed in two analyses of data

from the Framingham Heart Study, which we summarize in Section 14.3. Lastly, in

Section 14.4 we outline areas of interest for future research.

14.1 Classical covariate measurement error

In Part I of the thesis we described and compared some of the many estimation

methods which have been proposed for dealing with classical covariate measurement

error in continuous covariates. We have considered arguably the three most common

types of outcome: continuous, binary, and censored survival times, focusing on the

setting in which internal replication data are available.

14.1.1 Continuous outcomes

In Chapter 3 we reviewed the effects of classical covariate measurement error in linear

regression models, the simple method of moments (MOM) correction approach,

and introduced the regression calibration (RC) method. We compared these two

approaches, highlighting the efficiency advantage of RC compared to MOM.

We then described the parametric maximum likelihood (ML) approach. The

ML approach has been used less than RC in applied work, do to the increased
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computational complexity and scarcity of software for finding ML estimates. We

have shown how maximum likelihood (ML) estimates of the model (which assumes

normality for the true covariate Xi measured with error, conditional on the outcome

Yi) parameters can be obtained by fitting a standard random-intercepts model to

the error-prone measurements Wi, with the outcome Yi entering the model as a

fixed effect. This work has recently been published in the journal Statistics in

Medicine [27].

We reviewed the method of multiple imputation to deal with missing data, and

discussed its application to deal with covariate measurement error. We showed how

the fitted random-intercepts model involved in our novel approach to find ML esti-

mates can be used to multiply impute the unobserved true covariate Xi. We noted

however that having found the MLE, which is a simple function of the estimates of

the fitted random-intercepts model, no efficiency can be gained by multiply imputing

Xi, since ML estimators are asymptotically optimal, assuming the model is correctly

specified. This was confirmed in our simulation results. We similarly showed how

the recently proposed moment reconstruction (MR) method could be implemented

in the context of internal replication data by using the estimated parameter values

from the random-intercepts model used in our novel approach to find ML estimates,

and confirmed in simulations that the resulting estimates had the same efficiency as

ML.

For continuous outcomes, RC is an efficient and intuitive approach to dealing

with classical covariate measurement error. It can be easily implemented in two

stages using commands in modern statistical packages. Based on our simulation re-

sults, and in accordance with the findings of other studies, in many situations RC has

efficiency which is very similar to that of more complicated (from an implementation

and software perspective) methods such as ML. We would therefore recommend its

use for dealing with classical covariate measurement error with continuous outcome

models.

14.1.2 Binary outcomes

In Chapter 4 we considered binary outcomes, focusing on the popular logistic regres-

sion model. We showed how the Monte-Carlo Expectation Maximization (MCEM)

algorithm can be used to find ML estimates for models in which a binary outcome

is assumed to follow a logistic regression model. The implementation we consid-

ered involved, at each iteration of the MCEM algorithm, multiply imputing the

true covariate Xi from its conditional distribution given observed data. By doing

this, standard commands for fitting logistic regression models can be used in the

M-step of EM. We also showed ‘ascent-based’ MCEM, can be implemented to con-

trol the number of imputations used in the EM algorithm and for deciding when the

algorithm has converged.
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We extended our novel approach for obtaining ML estimates by fitting a random-

intercepts model to the case of binary outcomes, which was included in our Statistics

in Medicine paper [27]. This approach provides ML estimates in the setting of inter-

nal replication data under the normal discriminant model that Xi is conditionally

normal given the binary outcome Yi. A limitation of this approach is that in the

presence of error-free covariates Zi, the method can only be used under the restric-

tive assumption that Xi and Zi are multivariate normal given Yi. To address this,

we proposed using the fitted random-intercepts model to multiply impute Xi, and to

estimate the logistic regression parameters by fitting logistic regression models using

the imputed Xi. As the number of imputations is increased, the resulting estimates

have the same asymptotic efficiency as the MLEs for the joint model which assumes

conditional normality for Xi given Yi and Zi.

The MR method for binary outcomes is based on the same parametric assump-

tion of conditional normality forXi given Yi as our novel approach to ML estimation.

Analogous to the case of continuous outcomes, in the case of internal replication

data, there may be no benefit in using MR for estimation, given that the MLEs are

available having fitted the random-intercepts model previously described.

We reviewed the conditional score (CS) method, which makes no distributional

assumptions about the unobserved covariate Xi. Although developed over 20 years

ago, this method has hardly been used as far as we aware in applied work, pre-

sumably due to its perceived complexity in implementation and a lack of available

software commands. We were able to implement the method with relatively little

programming in R, and to use commands to solve non-linear equations to find the

CS estimates. In simulations, except when measurement errors were very large, the

method was fast and had little bias.

RC gives approximately consistent estimates of the model parameters when the

outcome model is logistic regression for a binary outcome. However, consistent

with findings in the literature, we found in simulations that when the effect of the

covariate measured with error is large estimates using RC are biased by a non-

negligible amount. This bias is greater when the outcome is not rare. However,

even in these situations, the biases were arguably still moderate, validating the view

that for logistic regression RC is an attractive approach to estimation. However,

our novel approach to ML estimation, based on fitting a random-intercepts model

to the error-prone measurements, may provide an alternative approach in situations

in which RC is expected to suffer from non-negligible biases.

14.1.3 Survival outcomes

In Chapter 5 we considered censored survival outcomes, focusing on Cox’s propor-

tional hazards model. We reviewed the application of RC to Cox’s proportional

hazards model, and the justification for the risk-set modified version of RC.
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We showed how the MCEM algorithm can be used to find ML estimates for

such models when covariates are measured with classical error. This included a

novel proposal for how rejection sampling can be used to draw imputations from the

conditional distribution of Xi given error-prone measurements Wi and the censored

survival outcome.

We applied recent results by White and Royston [103] concerning the use of

multiple imputation to deal with missing covariates in Cox’s proportional hazards

model to the case of classical covariate measurement error. We showed how the

random-intercepts model used in our novel approach to finding ML estimates in the

case of continuous or binary outcomes could be adapted to include the censored sur-

vival outcome as fixed effects. However, in simulations we found that this approach

carried considerable bias, and gave estimates which were at least as biased as those

obtained using RC.

Our simulations confirmed previous findings that RC provides approximately

consistent estimates for Cox proportional hazards outcome models, providing the

covariate effect is not too large. As the effect size increases, and the proportion

of subjects who are censored decreases, RC becomes increasingly biased. In con-

trast, MCEM, using our novel proposal to use rejection sampling to multiply impute

Xi, resulted in estimates with little bias across all scenarios investigated. We also

demonstrated through simulations that the conditional score (CS) method, which

has been apparently little used in applied work, performed well in the simulation set

up used, providing estimates with little bias, except when the covariate effects were

moderate and measurement errors were large. Particularly for Cox proportional

hazards outcome models, where RC may carry appreciable bias, methods such as

ML (for example by MCEM) or CS should arguably be considered more often as an

alternative to RC.

14.2 Extensions to life-course studies

In Part II of the thesis we considered the extension of these estimation methods

to the more general setting where error-prone measurements follow a linear mixed

model, in which the random-effects Xi play the role of the covariates measured with

error. This provides a framework for models used in life-course epidemiology, in

which interest lies in relating characteristics of the trajectories of longitudinal pro-

cesses to an outcome of interest. We showed how the estimation methods described

for dealing with classical covariate measurement error can be extended to this more

general setting.
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14.2.1 Continuous outcomes

For continuous outcomes we showed how our novel approach to ML estimation

in the case of classical measurement error, based on fitting a random-intercepts

model for Wi with Yi as a fixed effect, can be easily extended to this more general

setting. Our approach involves fitting the linear mixed model which is assumed for

the longitudinal error-prone measurements, with a modification to the fixed effects

structure to include the outcome Yi.

Using simulations, mirroring our results from the classical covariate measurement

error, we found that RC had efficiency which was very similar to ML. This was the

case even in the situations in which we expected the efficiency difference between

the two would be greatest: when the covariates Xi were strongly predictive of the

outcome Yi, and when the number of error-prone measurements differed widely

between subjects. On the basis of our simulations, and as for the case of classical

covariate measurement error, RC is a highly efficient and easy to use estimation

approach, and we would recommend its use in the the case of longitudinal error-

prone measurements and continuous outcomes.

14.2.2 Binary outcomes

For binary outcomes we noted that the MCEM approach to ML estimation, de-

scribed in detail in the case of classical covariate measurement error, is easily ex-

tended to the life-course setting in which error-prone measurements follow a general

linear mixed model. Most implementations of ML for such models involve using

quadrature techniques to approximate the intractable integrals which are involved

in the EM algorithm. Quadrature methods rapidly become computationally infea-

sible as the dimension of the random-effects Xi increases. The MCEM approach

based on multiple imputation may therefore offer an attractive alternative approach

to estimation when the dimension of Xi is moderately large.

We showed how our novel approach to ML estimation in the case of classical

measurement error, can also be adapted when the outcome is binary, under the nor-

mal discriminant model. However, this approach is limited because in the presence

of error-free covariates Zi, it can only be used to find ML estimates under the re-

strictive assumption that Xi and Zi are jointly normal given Yi. To overcome this,

we therefore proposed, analogously to the case of classical covariate measurement

error, that the linear mixed model which includes Yi and Zi as fixed effects can be

used to multiply impute Xi. Logistic regression models can then be fitted using

these imputations of Xi and the observed error-free covariates Zi.

In reviewing recent proposals extending the CS method to the longitudinal set-

ting, we noted that a condition of the method for the available longitudinal mea-

surements may limit its use in certain applications. Specifically, a subject can only
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contribute to the analysis if all of the elements of Xi are identifiable from their

longitudinal measurements.

Using simulations we found that RC performed well, with biases of a similar mag-

nitude to those in the case of classical measurement error. ML estimates obtained

from both MCEM (assuming marginal normality for Xi) or based on our novel pro-

posal based on fitting a linear mixed model for the error-prone measurements Wi

conditional on the outcome Yi (assuming conditional normality for Xi given Yi), had

little bias. Mirroring our results from classical covariate measurement error, RC had

efficiency similar to these more complicated techniques.

14.2.3 Survival outcomes

Estimation for models in which a longitudinal process and survival, or time-to-event

outcome are observed has received a vast amount of attention in the methodological

literature over the last 15 years. We aimed to concisely summarize the findings

from this literature, including the extension of the RC and ML methods to this

setting. For RC, we highlighted the different versions which have been employed,

including RC based on a single linear mixed model fit to all available longitudinal

measurements and the risk-set version. While the latter has been found to be less

biased, it is more variable, and is far more computationally intensive.

We were able to generalize our rejection sampling approach from the simpler set-

ting of time-independent covariates measured with classical error to the life-course

setting in which the covariates are time-dependent and are measured longitudinally.

However, the resulting algorithm is extremely slow and inefficient, due to the loose-

ness of the bound derived for the rejection sampler. Although in a small simulation

study the algorithm gave estimates with little bias, we would not recommend using

our implementation of MCEM for finding ML estimates of such joint models due to

its high computational cost.

In simulations, with small effects of Xi non-risk set RC (i.e. based on a single

linear mixed model fit for the longitudinal measurements) performed well, giving

estimates with little bias. However, as with the case of time-independent covari-

ates measured with classical error, we found that with larger effect sizes RC gave

estimates with relatively large biases. With moderate effect sizes therefore, use of

more complex methods such as ML may be required. A major limiting factor for

the latter however is the lack of available software for fitting such models, although

as we have noted, this is gradually being addressed.

In much of the literature regarding joint modelling of longitudinal and survival

data, simple random-intercepts and slopes model are assumed for the longitudinal

trajectory. We have explored recent suggestions to use random-effects models to al-

low more complicated evolutions in subject-specific trajectories over time. However,

when modelling data in which subject die, following which the longitudinal process
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is usually undefined, the use of such models may not be inappropriate. This is be-

cause some of the random-effects Xi may be defined such that they only affect the

value of the longitudinal process at later time points, by which time some subjects

may have died. It is then not clear how to unambiguously define the meaning such

random-effects for all subjects. We have suggested however, that this issue may not

necessarily prevent valid inferences when interest lies in estimating the associations

between the longitudinal process and the hazard of the event of interest, as opposed

to marginal inference for the longitudinal process.

14.2.4 Alternative outcome model specifications

In applications we rarely, if ever, know which characteristics of a longitudinal process’

trajectory are important for the outcome of interest. Furthermore, the components

of the random-effects vector Xi may be highly correlated, so that estimation of their

independent effects on Yi is difficult. If, upon fitting the ‘full model’ for Yi given Xi,

we find that there is no evidence of an independent effect of one of the components

of Xi, this may well be as a result of very low power, as opposed to there being

no independent effect. Thus while we may then wish to proceed to fit models for

Yi in which this component is no longer a covariate, we may be wary of making an

assumption that it has no independent effect on Yi. We may therefore be interested

in fitting a number of different models, which have different specifications for how the

longitudinal process influences the outcome, and where we may not necessarily wish

to make the assumption that the omitted components of Xi have no independent

effect on the outcome.

RC apparently offers an appealing approach in this situation. Having specified

a suitable linear mixed model for longitudinal measurements, we can predict the

unobserved random-effects Xi by their best linear unbiased predictions (BLUPs).

We can then fit a variety of alternative outcome models for the outcome of interest,

using different subsets, or functions of Xi, as covariates. This approach has recently

been used in an analysis of a longitudinal study, to investigate the relationship

between SBP levels throughout adult life and subsequent mortality, by Boshuizen

et al [119]. We have shown why, from analytical considerations, and empirically

verified through simulations, such an approach may produce biased estimates of the

parameters of interest. Such biases occur whenever, conditional on the subset or

function of Xi included in the outcome model, the longitudinal measurements Wi

are predictive of the outcome. The simplest example of this is when an element of

Xi is omitted from the outcome model when it is independently (of the included

components of Xi) predictive of the outcome. Our letter raising this issue in relation

to the analysis by Boshuizen et al was recently published in the American Journal

of Epidemiology [131].
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For linear and logistic outcome models, we have shown how the parameters of

alternative outcome models, with subsets or functions of Xi as covariates can be ex-

pressed (sometimes approximately) in terms of the parameters of the outcome model

in which Xi is entered as a covariate (the ‘full’ model). These expressions can be

used to find estimates of the parameters of alternative outcome models, by using

estimates from the ‘full’ model and the estimated variance covariance matrix of Xi.

In simulations we confirmed that these expressions can be used to provide either

unbiased (linear regression) or, under appropriate conditions, approximately consis-

tent (logistic regression), estimates of the parameters of such alternative outcome

models. We termed this approach ‘corrected RC’.

An alternative solution is to first create multiple imputations of Xi, under the

‘full’ model which assumes the outcome may depend jointly on all elements of Xi.

Such imputations can be created using estimates of the model’s parameters. In the

case of continuous outcomes, imputation is simple under an assumption of multi-

variate normality. For binary and survival outcomes, the rejection sampling scheme

we have used as part of the MCEM algorithm can be used. Indeed, a by-product

of the MCEM algorithm we used to find ML estimates is a large set of multiple

imputations of Xi, imputed under the ‘full’ model.

Multiple imputations of Xi can be used to directly estimate the parameters

of alternative outcome models. In the simplest case in which interest lies in an

outcome model with one or more elements of Xi not included as covariates, we can

simply fit the outcome model using the imputations of only those elements of Xi

we wish to include. More generally, if we are interested in the effect of a function

of Xi on the outcome, we can apply this function to the imputations of Xi and fit

the outcome model with the resulting values as covariates. This approach may be

particularly appealing in the context of Cox proportional hazards models with time-

dependent covariates, for which we do not believe simple expressions relating the

parameters of the full model to those of alternative outcome models are available.

As we have discussed previously, our proposal for using the MCEM algorithm to

find MLEs when the outcome model is Cox’s proportional hazards regression with

time-dependent covariates, and as a by-product, multiple imputations of Xi, is very

computationally intensive. A more viable alternative may therefore be to estimate

the full model parameters using an approach such as RC, and then to create multiple

imputations, using the RC estimates of the full model parameters in the rejection

sampling procedure, as opposed to the MLEs.
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14.3 Analyses of data from the Framingham Heart

Study

In Part III we reported the results of two illustrative analyses, using data from men

in the Framingham Heart Study. In Chapter 12 we reported analyses considering

the odds of death due to CVD between ages 70 and 80 in those men who were

alive and had had no previous CVD at age 70. We proposed a piece-wise linear

model for the trajectories of men’s SBP between ages 40 and 70, with knots at

ages 50 and 60. Our analyses illustrated the application of our proposed corrected

RC approach when some components of the random-effects vector Xi are omitted

from the logistic regression outcome model. We also illustrated our proposals to

combine ML via MCEM followed by MI to estimate the parameters of such models,

and also estimates based on our proposal involving fitting a mixed model to the

longitudinal measurements conditional on the binary outcome. With the caveat that

the analyses are illustrative and ignore many important epidemiological aspects, our

results suggested that SBP levels between the ages of 40 and 70 are associated with

increase odds of death due to CVD between ages 70 and 80. Estimates of the

independent effects of SBP at the various ages were very imprecise, due to the high

correlations of SBP within subjects over time.

In Chapter 13 we considered models for relating the hazard of CVD events (non-

fatal and fatal) between the ages of 60 and 80 to both current and earlier levels

of SBP. We illustrated the application of non-risk-set RC, and also our proposed

approach to ML estimation based on the MCEM algorithm. However, given the

very high computational burden of the latter approach, we would not advocate its

use. Our results suggested that systolic blood pressure (SBP) is positively associated

with the incidence of cardiovascular disease (CVD), and that, conditional on current

SBP, SBP levels 20 years earlier may have an independent effect on current hazard

of CVD.

Our analyses raised a number of important practical issues in studying the rela-

tionship between longitudinal processes and outcomes of interest. The trajectories

of longitudinal processes during life are often relatively smooth, so that levels of the

process at different times are highly correlated. On the basis of our illustrative anal-

yses of data from the Framingham Study, SBP levels at different ages during adult

life were highly correlated within men. Such high correlations mean that estimation

of the independent contributions of the longitudinal process levels at different times

to the outcome of interest is difficult. One approach may be to model the longitu-

dinal process in a simpler way, using a random-effects vector of smaller dimension.

Such models may however be overly simplistic for longitudinal processes measured

over long periods of life, such as SBP. Thus unless subject matter knowledge indi-

cates particular features of trajectories which determine the outcome, this naturally
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leads to richly specified longitudinal models and exploratory analyses of how the

outcome depends on various aspects of the longitudinal trajectory. We believe that

some of the methodology (i.e. that for alternative outcome model specifications) we

have proposed may be useful in this context.

Another pervasive issue, which is particularly relevant in the context of longi-

tudinal processes measured periodically with error, is that of missing data. In our

analyses of the Framingham data many men had ‘missing’ SBP measurements from

the earlier decades of adult life due to the fact they were recruited into the study at

an older age. Other measurements were missing because men missed one or more

follow-up visits for some reason.

The RC approach can be used in such situations where the longitudinal data are

highly unbalanced, provided the probability of missing measurements depends at

most on the observed longitudinal measurementsWi and the error-free covariates Zi.

The ML approach also accommodates such missing data. For continuous and binary

outcomes ML is valid under the less restrictive assumption that missingness depends

at most on the observed longitudinal measurements Wi, the error-free covariates Zi,

and the outcome Yi. For censored survival time outcomes, the ML approach is valid

providing the probability of a subject missing a longitudinal measurement depends

at most on the past longitudinal measurements and any error-free covariates Zi.

The CS approach, which makes no distributional assumptions regarding the

random-effectsXi is a potentially a useful alternative estimation approach. However,

in the longitudinal setting it requires (for binary outcomes) that each subject has

sufficient longitudinal measurements to identify Xi. This may limit its applicability

for certain applications, for as in our analysis of odds of death due to CVD using the

Framingham data, a large number of subjects may not satisfy this requirement. For

survival outcomes, subjects can only contribute to a risk-set if their preceding lon-

gitudinal measurements identify the time-dependent covariate X∗
i . Unfortunately,

due to time limitations, we were unable to investigate the use of this method using

the Framingham data.

14.3.1 Limitations

Our analyses of the Framingham data were intended to be illustrative of some of the

estimation methods previously described, and there were a number of limitations to

them.

In our analyses we chose to reduce the data by using the mean of the three

SBP measurements which took place at most follow-up visits in our analyses, rather

than modelling the individual measurements themselves. A benefit of this was that

the computational burden for estimation was reduced, partly due to the fitting of

simpler models, and partly because the number of error-prone measurements in the

analyses was reduced. It also meant that the R programs we had written for our
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earlier simulation studies could be adapted with minimal modifications. There are

however a number of disadvantages to this choice. First, we lost information from

discarding SBP measurements at visits at which a subject had only one or two SBP

measurements made. Second, it meant that we were unable to decompose within-

subject variability in SBP measurements. Instead of modelling the mean of three

SBP measurements at a visit, we could have specified three level longitudinal models

for the individual SBP measurements. Such models would allow us to decompose

within-subject variability into within-visit variability, which might be thought of as

‘pure’ measurement error, and deviations of the visit specific ‘true’ values around a

subject’s underlying trajectory (as defined by subject level random effects Xi). The

magnitude of the variance corresponding to these visit effects would give an indica-

tion as to the adequacy of a particular specification for the underlying trajectories of

SBP, as dictated by the random subject effects Xi. We believe that each of the esti-

mation methods discussed in Chapters 8 and 9 could be used with such a three-level

model for SBP measurements, including our approach to ML estimation based on

fitting a mixed model for the error-prone measurements conditional on the outcome

Yi. Although the MCEM algorithm could also be applied with such a model, this

would involve generating and storing multiple imputations of random visit effects

for each visit at which a subject had SBP measured. Given the large number of

follow-up visits in Framingham, this would substantially increase the computational

burden of using the MCEM algorithm.

We found evidence that within-subject variability in SBP measurements in-

creased with the underlying mean being measured, but since the relationship was

moderately small in magnitude, we ignored this in our analyses. Ideally this should

be accommodated either by modelling the variance function, or by applying some

kind of transformation. We also found evidence that the distribution of subjects’ un-

derlying SBP levels was somewhat skewed. Our analyses assumed normality for the

distribution of underlying SBP, since it has been shown that parametric methods

are robust to non-normality of the random-effects Xi when information on them

from longitudinal measurements is sufficiently rich. However, we did not investi-

gate whether in the Framingham study there was sufficient information in subject’s

longitudinal measurements for this robustness property to hold. Again applying a

transformation to the SBP measurements may have improved the normality assump-

tion. Alternatively, we could have used the SIMEX methods as proposed by Huang

et al [122] to assess whether the violation of the normality assumption adversely

affected our estimators.

A further limitation of our analyses is that we did not include any covariates

in our models. A more thorough analysis would include other covariates which are

predictive of CVD, such as weight, cholesterol, and smoking status. Weight and

cholesterol both change throughout the life-course, and are measured with varying

284



degrees of measurement error, and so would need to be included as secondary lon-

gitudinal processes. Similarly, smoking status often changes during life. However,

assuming self-reported smoking status can be assumed to be error-free, this might

be included in outcome models as a directly observed, time-varying covariate. The

inclusion of such additional time-varying covariates introduces the complexity of

time-varying confounding, a subject which we have not discussed, but for which

there is a growing statistical literature [141].

14.4 Future research

14.4.1 Software and implementation

We believe our novel proposal for finding ML estimates by fitting a linear mixed

model to the error-prone measurements Wi, conditional on the outcome Yi, offers

an appealing approach to finding ML estimates. Although it can be implemented

using standard linear mixed model commands, the method could be programmed as

a single command (similar to the gllamm command in Stata) to enable researchers

to use it routinely.

The ascent-based MCEM approach we have used required a moderate amount

of programming effort in R, and certainly more than many researchers would be

willing, or perhaps able, to do. Packaging the algorithm into a single command, for

a statistical package such as Stata or R, would enable greater use, and would permit a

more computationally efficient implementation. However, we believe that additional

experience is needed to ensure its performance (statistically and computationally)

is satisfactory, before programming the algorithm into a command/package.

The availability (or rather lack) of software is probably the main factor why other

methods, such as the CS approach, are not used more routinely. Thus it would be

desirable if such methods were wrapped into single commands. This would require

relatively little programming effort, since it would consist only of writing functions

to evaluate the estimating equations, their first derivatives, and then passing these

to a non-linear equation solver which is usually available in statistical packages.

14.4.2 Methodology

In our investigations into classical covariate measurement error we focused (exclu-

sively in our simulations) predominantly on the case in which a single covariate Xi

is measured with error. Although we indicated how the various methods could be

extended to the case of multivariate Xi, it would be of interest to investigate the

performance of the various methods in this case. Our simulations in Chapters 7, 8,

and 9 addressed this to a certain extent, but they assumed at most a correlation of
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0.5 between elements of Xi. As our analyses of the Framingham data showed, in

applications the correlations between covariates may often be much larger.

Further research is needed regarding the use of models for longitudinal and sur-

vival data in which random-effects are defined which only affect the value of the

longitudinal process at later times, by which point some subjects may have died. In

such settings, it is not clear how such random-effects can be defined without am-

biguity or resorting to definitions in terms of a hypothetical situation where death

does not terminate the existence of the longitudinal process in question.

In recent years statistical methods have been developed to analyse data in which

there are time-varying exposures and confounders [141]. In these methods it is usu-

ally assumed that exposures and confounders are measured at discrete time points

and without any measurement error. These methods, and the principles they are

founded on, undoubtedly have implications for the analysis of data in which the

exposures and confounders are measured periodically, and with measurement error.

14.4.3 Framingham Heart Study

Our analyses of the Framingham Study data have suggested that risk of CVD may

depend jointly on both recent levels of SBP and levels of SBP earlier in life. However

we have ignored many important factors which would need to be considered in a

more thorough epidemiological investigation of the data. We would therefore plan

to perform a more detailed analysis of the Framingham Study data, to investigate

more fully the contributions of blood pressure levels throughout the life-course to

CVD risk later in life.
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Appendix: R code for simulations

with logistic regression subject to

classical covariate measurement

error

Listing 14.1: R code for logistic regression simulations with Xi marginally normal,

subject to classical measurement error, corresponding to results in Tables 4.1 and

4.2

args <- commandArgs(TRUE)

#arguments to R program

# 1 = fileNamePrefix

simulationSet <- Sys.getenv("SGE_TASK_ID")

fileNamePrefix <- args [1]

library(lme4)

library(nleqslv)

runSimulations <- function () {

createImputations <- function(numberOfImputationsNeeded) {

newImputations <- array(0, dim=c(n,

numberOfImputationsNeeded))

for (i in 1:n) {

numberNeeded <- numberOfImputationsNeeded

numberAlreadyFound <- 0

while (numberNeeded >0) {

#generate new draw from X given W

newDrawXGivenW <- rnorm(numberNeeded , mean=

xBLUP[i], sd=VarXGivenW[i]^0.5)

newUniform <- runif(numberNeeded)

rejectionProb <- (1-y[i])*(1/(1+ exp(beta0+

betaX*newDrawXGivenW )))+y[i]*exp(beta0+

betaX*newDrawXGivenW )/(1+ exp(beta0+betaX

*newDrawXGivenW ))

acceptReject <- 1*(newUniform <=

rejectionProb)

if (sum(acceptReject) >0) {

successfulImputations <-

newDrawXGivenW [acceptReject ==1]
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newImputations [i,(

numberAlreadyFound +1):(

numberAlreadyFound+sum(

acceptReject))] <-

newDrawXGivenW [acceptReject ==1]

numberAlreadyFound <-

numberAlreadyFound + sum(

acceptReject)

numberNeeded <- numberNeeded -sum(

acceptReject)

}

}

}

newImputations

}

#conditional score equations

equation1 <- expression( y - exp(CSbeta0+CSbetaX*(wMean+y*(sigma_u_

sq/n_i)*CSbetaX) -0.5*CSbetaX*2*(sigma_u_sq/n_i))/(1+ exp(CSbeta0+

CSbetaX*(wMean+y*(sigma_u_sq/n_i)*CSbetaX) -0.5*CSbetaX*2*(sigma_

u_sq/n_i))))

equation2 <- expression( (y - exp(CSbeta0+CSbetaX*(wMean+y*(sigma_u

_sq/n_i)*CSbetaX) -0.5*CSbetaX*2*(sigma_u_sq/n_i))/(1+ exp(CSbeta0

+CSbetaX*(wMean+y*(sigma_u_sq/n_i)*CSbetaX) -0.5*CSbetaX*2*(sigma

_u_sq/n_i))) )*(wMean+y*(sigma_u_sq/n_i)*CSbetaX))

D11 <- D(equation1 , "CSbeta0")

D12 <- D(equation1 , "CSbetaX")

D21 <- D(equation2 , "CSbeta0")

D22 <- D(equation2 , "CSbetaX")

CSestimatingEquations <- function(parameter) {

CSbeta0 <- parameter [1]

CSbetaX <- parameter [2]

array(rowMeans(rbind(eval(equation1), eval(equation2))),

dim=c(2,1))

}

CSgradient <- function(parameter) {

CSbeta0 <- parameter [1]

CSbetaX <- parameter [2]

array(c(mean(eval(D11)), mean(eval(D21)), mean(eval(D12)),

mean(eval(D22))), dim=c(2,2))

}

fileName <- paste(fileNamePrefix , "_", simulationNumber , "_",

simulationSet , ".dat", sep="")

mu_x_true <- 0

sigma_x_sq_true <- 1

sigma_u_sq_true <- sigma_x_sq_true*(1/reliability -1)

simulations <- 100

n_i <- c(rep(2,n1), rep(1,(n-n1)))

rcalEstimates <- array(0, c(simulations))

rcalSE <- array(0, c(simulations))
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conditionalScoreEstimates <- array(0, c(simulations))

conditionalScoreConverged <- array(0, c(simulations))

mlEstimates <- array(0, c(simulations))

mcemEstimates <- array(0, c(simulations))

pseudoMcemEstimates <- array(0, c(simulations))

GammaY <- array(0, c(simulations))

sigmabArray <- array(0, c(simulations))

betaSE <- array(0, c(simulations))

varPhi13Array <- array(0, c(simulations))

idealEstimates <- array(0, c(simulations))

fiellerCILower <- array(0, c(simulations))

fiellerCIUpper <- array(0, c(simulations))

mcemSE <- array(0, c(simulations))

#MCEM configuration

maxNumEMIterations <- 100

maxImputations <- 1000

imputations <- array(0, dim=c(n,maxImputations ))

beta0Estimates <- array(0, dim=maxImputations )

betaXEstimates <- array(0, dim=maxImputations )

sigma_u_sqEstimates <- array(0, dim=maxImputations )

sigma_x_sqEstimates <- array(0, dim=maxImputations )

alphaLevel <- 0.25

betaLevel <- 0.25

gammaLevel <- 0.05

zAlpha <- qnorm(1- alphaLevel)

zBeta <- qnorm(1- betaLevel)

zGamma <- qnorm(1- gammaLevel)

QIncreaseConvergenceCriterion <- 0.01

for (simul_n in 1: simulations) {

newSeed <- (as.numeric(simulationSet) -1)*(simulations*

scenarios)+( simulationNumber -1)*simulations + simul_n

set.seed(newSeed)

#print(simul_n)

#simulate data

x <- rnorm(n, mean=mu_x_true ,sd=sigma_x_sq_true ^0.5)

w1 <- x+rnorm(n, mean=0, sd=sigma_u_sq_true ^0.5)

w2 <- x+rnorm(n, mean=0, sd=sigma_u_sq_true ^0.5)

xb <- beta0True+betaXTrue*x

prob <- exp(xb)/(1+ exp(xb))

y <- 1*(runif(n)<prob)

analysisMod <- glm(y ~ x, family="binomial")

idealEstimates [simul_n] <- analysisMod$coef [2]

longData <- array(c(1:n, y, w1), dim=c(n,3))

longData <- rbind(longData , array(c(1:n1 , y[1:n1], w2[1:n1

]), dim=c(n1 ,3)))

longData <- data.frame(longData)

colnames(longData) <- c("id", "y", "w")

wMean <- w1

wMean [1:n1] <- (w1[1:n1]+w2[1:n1])/2
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#regression calibration

rcalMod <- lmer(w~1+(1| id), data=longData , REML=FALSE)

vc <- VarCorr(rcalMod)

mu_x <- fixef(rcalMod)

sigma_u_sq <- attr(vc , "sc")^2

sigma_x_sq <- vc [[1]][1]

xBLUP <- (sigma_x_sq/(sigma_x_sq+sigma_u_sq/n_i))*wMean

VarXGivenW <- sigma_x_sq*(1-sigma_x_sq/(sigma_x_sq+sigma_u_

sq/n_i))

analysisMod <- glm(y ~ xBLUP , family="binomial")

rcalEstimates[simul_n] <- analysisMod$coef [2]

rcalSE[simul_n] <- vcov(analysisMod)[2 ,2]^0.5

#conditional score

fit <- nleqslv(c(analysisMod$coef[1], analysisMod$coef [2]),

CSestimatingEquations , CSgradient)

conditionalScoreEstimates[simul_n] <- fit$x[2]

conditionalScoreConverged[simul_n] <- fit$termcd

#ML under assumption of marginal normality for X, using

ascent -based MCEM

beta0 <- analysisMod$coef [1]

betaX <- analysisMod$coef [2]

EMIteration <- 0

EMConverged <- FALSE

while (EMConverged == FALSE & EMIteration <maxNumEMIterations)

{

EMIteration <- EMIteration + 1

if (EMIteration ==1) {

additionalNumImputations <- 10

} else {

additionalNumImputations <- max(

totalNumImputations , round( (var(

QIncrease)*(zAlpha+zBeta)^2) / ((mean(

QIncrease))^2) ))

additionalNumImputations <- min(

maxImputations , additionalNumImputations

)

}

print(paste("Iteration number: ", EMIteration , sep=

""))

print(paste("Starting number of imputations: ",

additionalNumImputations , sep=""))

iterationCompleted <- FALSE

numImputations <- 0

xBLUP <- mu_x+( sigma_x_sq/(sigma_x_sq+sigma_u_sq/n_

i))*(wMean -mu_x)

VarXGivenW <- sigma_x_sq*(1-sigma_x_sq/(sigma_x_sq+

sigma_u_sq/n_i))

while (iterationCompleted == FALSE) {

#generate additional imputations required

290



totalNumImputations <- numImputations +

additionalNumImputations

additionalImputationsIndexVector <- (

numImputations +1):totalNumImputations

imputations[,

additionalImputationsIndexVector] <-

createImputations(

additionalNumImputations)

#maximize complete data likelihood in

additional imputations

#first maximize f(y|x)

for (i in additionalImputationsIndexVector)

{

logisticModel <- glm(y ~

imputations[,i], family=binomial

)

beta0Estimates [i] <- logisticModel$

coef [1]

betaXEstimates [i] <- logisticModel$

coef [2]

}

beta0New <- mean(beta0Estimates [1:

totalNumImputations ])

betaXNew <- mean(betaXEstimates [1:

totalNumImputations ])

#maximize f(w|x)

for (i in additionalImputationsIndexVector)

{

u <- w1-imputations[,i]

u <- c(u, w2[1:n1]-imputations [1:n1

,i])

sigma_u_sqEstimates[i] <- sum(u^2)/

(n+n1)

}

sigma_u_sqNew <- mean(sigma_u_sqEstimates

[1: totalNumImputations ])

#maximize f(x)

mu_xNew <- mean(imputations [,1:

totalNumImputations ])

for (i in additionalImputationsIndexVector)

{

sigma_x_sqEstimates[i] <- (var(

imputations[,i])*(n-1))/n

}

sigma_x_sqNew <- mean(sigma_x_sqEstimates

[1: totalNumImputations ])

#estimate increase in expected complete

data log likelihood
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#first estimate Q at new parameter

estimates

logLikXNew <- colSums (-0.5*log(sigma_x_

sqNew) -(( imputations [,1:

totalNumImputations ]-mu_xNew)^2)/(2*

sigma_x_sqNew))

logLikUNew <- -(n+n1)*0.5*log(sigma_u_sqNew

) -(1/(2*sigma_u_sqNew))*sigma_u_

sqEstimates [1: totalNumImputations ]*(n+n1

)

logLikYXNew <- y %*% (beta0New+betaXNew*

imputations [,1: totalNumImputations ])-

colSums(log (1+ exp(beta0New+betaXNew*

imputations [,1: totalNumImputations ])))

logLikNew <- logLikXNew+logLikUNew+as.

vector(logLikYXNew)

#estimate Q function at last iteration ’s

estimates

logLikX <- colSums (-0.5*log(sigma_x_sq) -((

imputations [,1: totalNumImputations ]-mu_x

)^2)/(2*sigma_x_sq))

logLikU <- -(n+n1)*0.5*log(sigma_u_sq) -(1/

(2*sigma_u_sq))*sigma_u_sqEstimates [1:

totalNumImputations ]*(n+n1)

logLikYX <- y %*% (beta0+betaX*imputations

[,1: totalNumImputations ])-colSums(log (1+

exp(beta0+betaX*imputations [,1:

totalNumImputations ])))

logLik <- logLikX+logLikU+as.vector(

logLikYX)

#estimate increase in Q function

QIncrease <- logLikNew -logLik

print(paste("QIncrease: ", mean(QIncrease),

sep=""))

#estimate asymptotic standard error

ase <- sd(QIncrease)/(totalNumImputations

^0.5)

#calculate CI lower bound for increase

QIncreaseLowerBound <- mean(QIncrease) -

zAlpha*ase

print(paste("QIncrease CI lower bound: ",

QIncreaseLowerBound , sep=""))

if (( QIncreaseLowerBound >0) | (

totalNumImputations == maxImputations )) {

iterationCompleted <- TRUE

} else {

#increase number of imputations

numImputations <-

totalNumImputations
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additionalNumImputations <- round(

numImputations /3)

if (numImputations +

additionalNumImputations >

maxImputations ) {

additionalNumImputations <-

maxImputations -

numImputations

}

print(paste("Increasing number of 

imputations to:", numImputations

+additionalNumImputations , sep="

"))

}

}

#save updated parameter estimates

mu_x <- mu_xNew

sigma_x_sq <- sigma_x_sqNew

sigma_u_sq <- sigma_u_sqNew

beta0 <- beta0New

betaX <- betaXNew

#decide whether MCEM has converged

QIncreaseUpperBound <- mean(QIncrease)+zGamma*ase

if (( QIncreaseUpperBound <

QIncreaseConvergenceCriterion ) | (

totalNumImputations == maxImputations )) {

EMConverged <- TRUE

}

}

mcemEstimates[simul_n] <- betaX

#estimate standard errors

outcomeInformationSum <- array(0, dim=c(2, 2))

scoreArray <- array(0, dim=c(totalNumImputations , 5))

for (imputation in 1: totalNumImputations ) {

#outcome model

X <- cbind(array(1, dim=c(n,1)), imputations[,

imputation ])

mu_i <- exp(X %*% c(beta0 ,betaX))/(1 + exp(X %*% c(

beta0 ,betaX)))

v_i <- mu_i*(1-mu_i)

outcomeScore <- t(array(y, dim=c(n,1))-mu_i) %*% X

outcomeInformationSum <- outcomeInformationSum +

array(c(sum(v_i), sum(imputations[,imputation]*v

_i), sum(imputations[,imputation]*v_i), sum(

imputations[,imputation ]^2*v_i)), dim=c(2,2))

#true covariate model

trueCovariateScore <- c(sum(imputations[,imputation

]-mu_x)/sigma_x_sq , -n/(2*sigma_x_sq)+sum((
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imputations[,imputation]-mu_x)^2)/(2*sigma_x_sq

^2))

#measurement model

measurementScore <- -(n+n1)/(2*sigma_u_sq) + sigma_

u_sqEstimates[imputation]*(n+n1)/(2*sigma_u_sq

^2)

scoreArray[imputation ,] <- c(outcomeScore ,

trueCovariateScore , measurementScore )

}

trueCovariateInformation <- array(c(n/sigma_x_sq , 0, 0, n/

(2*sigma_x_sq^2)), dim=c(2,2))

measurementInformation <- (n+n1)/(2*sigma_u_sq^2)

observedInformation <- bdiag ((1/totalNumImputations )*

outcomeInformationSum , trueCovariateInformation ,

measurementInformation ) - var(scoreArray)

varcov <- solve(observedInformation )

mcemSE[simul_n] <- varcov [2 ,2]^0.5

# ML (under assumption of X|Y normal)

mlMod <- lmer(w ~ y +(1|id), data=longData , REML=FALSE)

#extract parameter estimates

Gamma <- array(fixef(mlMod), dim=c(2,1))

GammaY[simul_n] <- Gamma [2,1]

vc <- VarCorr(mlMod)

sigma_u_sq <- attr(vc , "sc")^2

sigma_b_sq <- as.numeric(vc [[1]])

sigmabArray[simul_n] <- sigma_b_sq

#calculate ML estimate (under assumption of X|Y normal) of

beta

mlEstimates[simul_n] <- Gamma [2,1]/sigma_b_sq

phi12 <- Gamma [2,1]

phi13 <- sigma_b_sq

varPhi12 <- vcov(mlMod)[2,2]

#first calculate elements for those subjects with 1 w

k <- 1

V <- array(1, dim=c(k,k))*sigma_b_sq+diag(1,k)*sigma_u_sq

v_inv <- solve(V)

res <- w1[(n1+1):n]-Gamma [1]- Gamma [2]*y[(n1+1):n]

resSumSq <- t(res) %*% res

lsigma_b_sqsigma_b_sq <- (n-n1)*0.5*sum(diag(v_inv %*%

array(1, dim=c(k,k)) %*% v_inv %*% array(1, dim=c(k,k)))

) - sum(diag( v_inv %*% array(1, dim=c(k,k)) %*% v_inv %

*% array(1, dim=c(k,k)) %*% v_inv %*% resSumSq ))

lsigma_u_sqsigma_u_sq <- (n-n1)*0.5*sum(diag(v_inv %*% v_

inv)) - sum(diag( v_inv %*% v_inv %*% v_inv %*% resSumSq

))

lsigma_b_sqsigma_u_sq <- (n-n1)*0.5*sum(diag(v_inv %*%

array(1, dim=c(k,k)) %*% v_inv)) - sum(diag( v_inv %*%

array(1, dim=c(k,k)) %*% v_inv %*% v_inv %*% resSumSq ))

#now for subjects with 2 ws
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k <- 2

V <- array(1, dim=c(k,k))*sigma_b_sq+diag(1,k)*sigma_u_sq

v_inv <- solve(V)

res <- cbind(w1[1:n1]-Gamma[1]- Gamma [2]*y[1:n1], w2[1:n1]-

Gamma [1]- Gamma [2]*y[1:n1])

resSumSq <- t(res) %*% res

lsigma_b_sqsigma_b_sq <- lsigma_b_sqsigma_b_sq + n1*0.5*sum

(diag(v_inv %*% array(1, dim=c(k,k)) %*% v_inv %*% array

(1, dim=c(k,k)))) - sum(diag( v_inv %*% array(1, dim=c(k

,k)) %*% v_inv %*% array(1, dim=c(k,k)) %*% v_inv %*%

resSumSq ))

lsigma_u_sqsigma_u_sq <- lsigma_u_sqsigma_u_sq + n1*0.5*sum

(diag(v_inv %*% v_inv)) - sum(diag( v_inv %*% v_inv %*%

v_inv %*% resSumSq ))

lsigma_b_sqsigma_u_sq <- lsigma_b_sqsigma_u_sq + n1*0.5*sum

(diag(v_inv %*% array(1, dim=c(k,k)) %*% v_inv)) - sum(

diag( v_inv %*% array(1, dim=c(k,k)) %*% v_inv %*% v_inv

%*% resSumSq ))

varcov <- array(c(lsigma_b_sqsigma_b_sq , lsigma_b_sqsigma_u

_sq ,

lsigma_b_sqsigma_u_sq , lsigma_u_sqsigma_u_

sq), dim=c(2,2))

varPhi13 <- solve(-varcov)[1,1]

varPhi13Array[simul_n] <- varPhi13

term1 <- 1/sigma_b_sq

term2 <- -Gamma [2,1]/(sigma_b_sq^2)

betaSE[simul_n] = (varPhi12*term1 ^2 + varPhi13*term2 ^2 )

^0.5

f0=phi12 ^2 -1.96^2*varPhi12

f1=phi12*phi13

f2=phi13 ^2 -1.96^2*varPhi13

fiellerCILower [simul_n] =(f1 -(f1^2-f0*f2)^0.5)/f2

fiellerCIUpper [simul_n]=(f1+(f1^2-f0*f2)^0.5)/f2

}

write.table(cbind(idealEstimates , rcalEstimates , rcalSE ,

mlEstimates , betaSE , fiellerCILower , fiellerCIUpper ,

mcemEstimates , mcemSE , conditionalScoreEstimates ,

conditionalScoreConverged),

file=fileName)

}

scenarios <- 12

#parameters of simulation

n <- 5000

n1 <- 500

#beta0True =-2.2 needed for betaXTrue =0.1 to get 10% prevalence

#beta0True =-2.57 needed for betaXTrue =1

simulationNumber <- 1

beta0True <- -2.2

betaXTrue <- 0.1

295



reliability <- 2/3

runSimulations ()

simulationNumber <- 2

beta0True <- -2.2

betaXTrue <- 0.1

reliability <- 1/2

runSimulations ()

simulationNumber <- 3

beta0True <- -2.2

betaXTrue <- 0.1

reliability <- 1/3

runSimulations ()

simulationNumber <- 4

beta0True <- -2.57

betaXTrue <- 1

reliability <- 2/3

runSimulations ()

simulationNumber <- 5

beta0True <- -2.57

betaXTrue <- 1

reliability <- 1/2

runSimulations ()

simulationNumber <- 6

beta0True <- -2.57

betaXTrue <- 1

reliability <- 1/3

runSimulations ()

simulationNumber <- 7

beta0True <- 0

betaXTrue <- 0.1

reliability <- 2/3

runSimulations ()

simulationNumber <- 8

beta0True <- 0

betaXTrue <- 0.1

reliability <- 1/2

runSimulations ()

simulationNumber <- 9

beta0True <- 0

betaXTrue <- 0.1

reliability <- 1/3

runSimulations ()

simulationNumber <- 10

beta0True <- 0

betaXTrue <- 1

reliability <- 2/3

runSimulations ()

simulationNumber <- 11

beta0True <- 0
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betaXTrue <- 1

reliability <- 1/2

runSimulations ()

simulationNumber <- 12

beta0True <- 0

betaXTrue <- 1

reliability <- 1/3

runSimulations ()
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